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PROGRESS REPORT. 


The committee notes with great pleasure that Mr. S. Ramannjan, 
a member of the society, who went to Cumbridge as a research scholar 
from Madras, has recently obtained the rare distinction of being elected 
a Fellow of the Royal Society. This is a great honour of which the 
whole of India may be proud, and the fact that he was elected|to the 
Fellowship on the first occasion when his name was proposed, and at 
the comparatively early age of thirty, is eloquent testimony to the 
excellent work that he has done in the field of Mathematics. It is the 
earnest hope of the Committee that Mr. Ramanujan may be blessed 
with long life and health to enable him to engage in further research 
work, winning fresh laurels for himself and bringing credit and lustre 
to his motherland, while at the same time serving humanity at large by 
valnable contributions to the advancement of science. 


D, D. Kapapta, 


Honorary Secretary. 


Complex Roots of Equations. 
By M. T. NaRANIENGAR. 
Introduction. 7 

It is proposed to discuss in this paper graphic pea a bese Se 
the complex roots of an equation. To this end Argan c Nae hi 
freely used, and complex roots obtained as the real ae a a 
plane curves. The method of the Theory of Functions of Complex Vari- 
ables is briefly indicated towards the close of the paper. 

- The paper is conveniently divided into three Sections: (1) The 
First Section treats of equations up to the fifth degree by means of the 
elementary methods of curve tracing; (2) In the second Section, 
Approximations to Complex Roots of a general algebraical equation, are 
developed by means of Cauchy’s expansion and Taylor’s theorem, and 
incidentally a “Method of dealing with the Intersections of Plane 
Curves” is referred to and its connection with the properties of Polar 
Curves explained ; (3) The third and last Section is devoted to a brief 
discussion of Transcendental equations. 


The Post Script"deals with simultaneous equations involving two 
Complex Variables. 


The computation of imaginary roots of Numerical Algebraic Equa- 
tions has not received much/attention on! the part of mathematicians. 
There is a reference to a modification of Horner’s method so as to apply 
to imaginary roots on page 12 of MarupmaricaL Monocrarus, No. 10.— 
The Solution of Equations by M. Merriman*. Mc Clintock in 1894 pub- 
lished a method of development in series of the roots of an equation by 
means of his Calculus of Enlargement+. His method can be used for 
approximate computations when the series is convergent. 
1903 gave out a similar method of expansion by 
applicable to Algebraic, as well as, Transcen 
method consists in introdu cing @ second variah 
two of an equation and putting it equal to unity after the expansion of 
the first variable is obtained by Maclaurin’s theorem. 

Dr. F. S, Maca tay in his Algebraic Theory of \Modular Systeme, 1916, 
No. 19 of Camspripan TRACTs, gives the follo 


wing further references : 
Transactions of the American Mathematical Society, No, 3, 1902; and 
No. 5, 1904. 


Lambert in 
Maclaurin’s formula, 
dental Equationst, This 
le into all the terms but 








* Sheffler, Die Auflésung der algebraischen and 
Braunschweig, 1859; and Jelink, Die Anfl 
chungen, Leipzig, 1865. 

+ Bulletin of American Mathem 
Journal of Mathematics, Vol XVII, p 


transzendenten Gleichungen 
Osung der hoheren numerisehen Qlej- 

atical Soc., 1894, Vol. I, 
+ 


' p. 89—110, 
ft American Philosophical Society Proceedings, Vel, 42. 


P. 37; also, American 
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Section (1). 
1. Consider the quadratic equation 
2+ 2p2-+¢q=0. (1) 
We may write its roots in the form (#+ty) withoutjloss of genera- 
lity. Substituting in the equation and separating real and imaginary 
arts, we have 
(a'—y? + 2pa+q)+2iy(a+p)=0, 
which is equivalent to the two equations 
(a?'—y?+ 2pa+q=0: } (2) 
y(@+p) =0. 
Drawing the curves (2), we find (#,y) a8 their intersection. In 
other words, the Argand representations of the complex roots (w+sy) 


are the real intersections of the Cartesian curves (2). It is quite easy 


to see that these intersect outside the axis of # only when the roots of 
Fig. 1 





bad 


the quadratic are complex. In this case the graphic points A, A’ will 
represent the complex roots 


{ —pttvq—p' $ [see Fig: 1.] 
2. Next, suppose the equation is 
f@QHP2+3p2?+3q2+7r=0. a en te) 


Proceeding as before, we have 
2 ‘ay 
fwtiy)=f@) tty f(@)—Ff' @)$ FF "@) = 
which breaks up into the two separate equations 
f@)—2z y f"(@)=0 
Lf’ @)—3 vf" @)I]=9 x 
The factor y=0, in the second equation leads to f(v)=0, determining 
the real roots ‘of the proposed equation. The complex roots (when 
they exist) are represented graphically as the real intersections of 
fia)—a ¥ f"(@)=0 


(4) 
f'(@)—3 9 fF") =0. 
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Now the cubic and conic represented by (4) can be readily traced 
and their intersections obtained ; or (+) may be reduced to a cubic equa- 
tion ina by eliminating y? and the real roots of this resulting cubic 
obtained. The corresponding real values of y will then give the 
graphic points, required. 

(cf. MacRobert’s Theory of Functions, pp. 16—19. | 


3. The biquadratic equation f(z)=0, treated similarly leads to the 
intersections of the curves 
f(@)—-2 yf "(@+y=9, = (5) 
f'@)-t Vf" @=9, ¥ 
which are of the 4th and 3rd degrees respectively. 


The elimination of y? between these gives an equation in & which 
may also be used for locating the real values of 2, but the process is 
tedious. 


4. Instead of the Cartesian (a-+7y) for the complex root, we may 
take the standard form 7(cos 9+: sin 9). The auxiliary curves corres- 
ponding to the complex roots will then reduce to 


r” cos nO+ pr" cos (n—1)O04+ pr" cos (n—2)O0+...+ Pn=9, 
rm sin nO+pyr""! sin (n—1) 0+ pyr"? sin (n—2)O+...+ py, =O. 


5. In connection with the method of this section the following 
hints on curve-tracing may be of use: 


Suppose F(a,y)=0 is any plane curve. Then in relation to the 


curve the set of points in the plane of the curve may be grouped into 
three classes : 


G@) The group of points for which F(a,y) takes a positive value ; 
say, the positive group. ; 


Gi) The group of points for which Ffx,y) takes a negative value ; 
say, the neyaitve group. 


(ui) The group of points for which F(a,y) takes a zero value ; 
say the zero group. 


The last group defines the curve, 


and 
parated by it. nd the other two groups are se- 


Thus the whole plane is divi i 
Bae ivided into compartments of 
positive and neyative points, whose boundary is the curve iteolf 


7 os sak P be any Positive point and Q any negative point. Then 
= ne ee of continuity we infer that there must be deals point 
etween P and Q lying on the curve, which can be approximately 
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found. The method, though laborious, is useful in locating a curve coti- 
sisting of several branches. Further, its essential importance as a me- 
thod consists in its negative character; it does not require any know- 
ledge of points on the curve, as in the usual method of curve tracing. 
By this method we can locate a curve of any degree’ in relation to two 
points taken at random. 


Ex. 1.—As an illustration, let us consider the equation 2°—4:—2=0 
[Cajori: Theory of Hquations, p. 29]. 
The auxiliary curves being denoted by P and Q, we have 
=s* cos 50—4r cos 9@—2=a°—10a'y*+5a7'—40—2=0, 
=r sin 50—4r sin 9=y(5a*—10a"y/? + y'— 4) =0. 
(1) The P—curve :—Considering P as a quadratic in y*, we find 
that the discriminant 
D =1002° — 202(a°— 4a—2) =40(20°+42a+ ) and is positive for all 
values of a not lying between O and—-48, since D=0 for z=—48 
nearly. 
Hence y has real values except when x lies between these limits. 
Again all the values of y will be real only, if ¢=(a'—4a—2)/z is 
positive. The latter changes sign when #=1:52,—‘51,—1-24 nearly. 


Fig. 2. 


/ - 
~‘ \ \ + ey of Pai 
Py OF ee ee ae BE Kags? 
S \ / VA ZZ 
Pp _—~ ~ \ / / ot ee 
Pa, at tis re I 
-/,24\0 9 BlS~sZia-— + 9f +152 
——\Lr/ wo Mh, . 
—_— a 7 ». oh ite ‘Were 
P eas OG ‘ded FL: \ Ba mie * 
7 i Lia \ ~ 
oe if \ \ ~ 
Z / \ Ne 
ar oe \ LY? 
eX bhi je ne yeas 
pI / \ 
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‘Thus the following cases arise 
(i) ¢=+, when a>1'52 ; 
(ii) ¢=—, when 152>2>0; 

(ii) ¢=+, when 0O>a>— ‘D1; 

(iv) ¢=—, when —‘51>a>—1°24; 
(v) ¢=+, when —1°24>z. 


In case (i) y has four real values, 
(ii) y has two real and two imaginary values, 
Gii) y has four tmaginary values, if O>z>—"48, and four 
real values, if—"48>2>—'d1, 
(iv) y has two real and two imaginary values, 
(v) y has four real values. 


(2) The Q—Ourve :—This consists of the axis of # and two hyper- 
bolic branches as is easily seen. 
[N.B.—The asymptotes to the P and Q curves are cos 50=0, 
sin 56=0 respectively ]. 
A tracing of the curves is given in Fig, 2, 
Their real intersections furnish the roots of the quintio, and they are 
A, B, C, corresponding to the real roots : 
D, HE, corresponding to the imaginary roots. 
Their approximations are 
+1°52, —'51, —1-24; +1241 44y/ => 
The approximation to D is found by changing the origin to (0, 1/2), 
so that Q comes 
yf = VE an nearly ; 


and P becomes (on substitution for y) 
502+ ga’ -1=0, 


whence w=e='12 
roovVe alee 
or waza’ =,12!, Y¥=V2+y'=1-44. 


It may be remarked here, 
orthogonal always; and that the P 
and the Q—curve in f’()=0. 


By Rolle’s theorem, therefore, it follows 
p times, Q crosses it in at least (p—1) times. 
real, P and Q will n 


that the P and Q curves are 
—curve cuts the axis of # in f(#)=0, 


that if P crosses the axis 


If all the roots of f(z) are 
ever cut in real points, 


Ex.2. Asa second example, we may take the cnbic 
e—z—9—0, 
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Here =a*—3ay?—a2—9=0, 


Q=y(82?—y"—1) =0, 
The graphs are as under. 


Fig. 3, 


41.65 


(eel BASS 


Lo | 
> PPL ee, | 


22ALIA 


The roots are +224; —112+1-65\/ —j. 


6. The method of ‘vectors? may be employed in a few typical 


cases, as the following examples will show :— 
Ex. (1): To solve 22°+2z41=0... see 


Let OB represent the vector 2, then =" is represented by OC, where 


A A 
AOB=BOC, and OA.OC = OB’; so that the equation is written 


OA+20B+4200 =0, 


Fig. 4. 
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- Now, since OB bisects the angle AOC, equation (ii) requires that 
900 should be equal to OA. 
Putting OB=7, we have 


; ee! 
av) 
Also 27 = —2 cos AOB, from (ii.) 
cos AOB= —Fy 


AOB=135°. 
Hence, the valne of z corresponding to OB is 
r (008 185°+-4 sin 135°)=— = (i4). 
ix. (2) 2°—9z—12=0. 


Here z is easily written in the form [¥/3+1/9] and the several 
valoes of z are therefore 
a+b, aa+ba’, wa’+ba, 
where a= 7/3, b=/9, a =cube root of unity. 


Hence, we obtain the following construction for the roots of the 
cubic. 


Describe concentric circles of radii a, b; inscribe equilateral tri- 
angles A,A,A, B,B,B, in them as in the figure. 


Fig. 5. 





Bs -=——— 


Then the roots are represented by 
2 0Z,, 2 OZ,, 2 OZ, 
where Z, Z, Z, are the mid-points of A,B,, A2Bs, A;B,; 
Ex. 3. s—18:?_48-—39 —0, nt: 


wae eae 8 } + ; 
In this cas e t=aa+ba?+ca* where a=3 ',b =3?,c=34, and a‘=1] 
construction for the several en 
y values of ¢ corres yonding t 
of & (0 the four v 
of a is as follows: . : wu 
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Draw concentric circles of radii a,b, ¢; inscribe squares in them 
as shewn in the figure. Then the four roots are represented by 3 OZ, 
3 OZ,, 3 OZ;, 3 OZ,, where Z, Z, Z, Z, are the mean centres of A,B,C,, 
A,B,C., A;B,C,, ApB,C, 





7. The vector method can be successfully employed in the case of 
a ctrculant equation of any degree whatever. 
For, we know that the roots of such an equation of the n™* degree 
can be written 
aa+ ba’+... lat 
where a”=1. [Burnside and Panton: Theory of Uquations, Vol. I, p. 62.] 
To represent the roots graphically draw concentric circles of radii 
a,b,c,...1 and place in them regular »—sided polygons 
AyAg---Ag, ByBgeee By, cei soo Ly Lig... ig 
Then the roots of the circulant equation are given by 
nOZ,, NOZs,..++++ nOZ,, 
Zi, Zzeve+e-Ly, being the mean centres of A,B,...L,,,A,B,Cg...,AsBeCy..., the 
suffixes having a period x. 
8. The general cubic and biquadratic equations can also be solved 
by the above method. 
The circulant equation of the third degree is 


oie a b 
| b —a a|=0, 
a b —a! 


which is the same as 
o°—B8aba—a?—b'=0; 


comparing with «"+qa4-7=0, we have 
q=—sab, r= —(a*+b*). 


2 
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Thus a,b are the roots of 
P+-ct—q'/27 =O; 
aa the graphical representation of « is as in § 6, Ex. 2 
Again, the circulant equation of the fourth Meee is 





—1 a b c 
C.-—2@ a b 
ea [=O 
b Cc’ —2@”. @ 
a b c —2 





which reduces to _ 
a'—2 x? (P+2ac)—4b x (a +0%)40 (bt L4a eo (a?=-c?)*=0. 
Comparing with a*+q a°+r a+s=0, we. have 
g=—2 (0°+2 ae), r= b (a’+c’), 
s=b? (BW —4 ac)— (a—c? yy" 


Eliminating a and c, the cubic equation for b? is 
P+3¢q P+(3 —ts)t—y ’=0, 
which is identical with the ‘ auatliary cubic’ of the biquadratic. 


The difference between Huler’s method and this method, however, 
consists in the expression for the roots of the quartic in terms of those 
of the cubic. According to Huler’s method the roots of the quartic are 

Vi+VtotVty 
Vi—-Vte—Vie 
—VitVi—-vVts 
—Vh—Vie+ Vi; ; 
whereas our method gives them in the form 
—b+(a—c) 7, b+(a+e), 
b, a, c standing for 
—Vh; 5 Vts (l—7)—3 vt, (E+7),'3 Vts(1+7)—2 Vt, (1—) 
respectively. 
Section (II). 

9 We shall consider in this Sectiontapprox’mations to complex 

roots of an algebraic equation by means of Cauchy’s theorem, viz. : 


FO=f@+—a) p@+ E>) pra. 
This series leads to the following approximations, provided there is 
® root in the neighbourhood of a point a. 


The first approximation is (a+h,), such that 
f(a) +h. f(a) =0. 
- hy=—f (a)/f'(a). (i) 
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The second approximation is (a+-4+/,), such that 
f (a+hy)+haf’ (a+h) =, 


ie, f @+h F@+ HF’ +h f (®)=0, 
h=—3 LOR P@llr wy. (ii 


And so on. 
These approximations are graphically equivalent to the following 
construction : : 
Corresponding to a in the z—plane, let 
A be the point f (a) in the w—plane, - 
reeks sessseeeee f (@) in the same, 





then hy=—f (D/F (@) 
=OB/OA: [Make OA’. O1=OB?=0A". 

In other words, h, is the vector equal to OC in the figure whose © 
vectorial angle is equal to A’OB. 

The firet approximation to the root is thus 

' a+h, = say. 
Similarly, the second approximation is 
a+h, +h, =, Say. 
And so on, for further approximations. 
Fig. 8. 





The actual complex root < Qf: the proposed, equation is therefore 
graphically determined ae the point of convergence of the polygon 


0 DA, Aq. 


J 


$04. 


9-1. The assumption that 
a,=a+h, aes 
is a better approximation than a depends upon the following results : 


» =D 


where @ is a complex root or real root of f (2). Now, when ais an ap- 
proximate complex root, the corresponding partial fraction on the right 
side will have its modulus very great when z=a. 

‘L(@) 
f(a) 


that is, | h, | =— Non 


Heuce is large when @ is an approximate complex root. 





is small. 





ji) f@) =1@+hr + “p@t 
(= BG” (a), since y= —S(a)/f’ (2). 
a f(a) _hy f'(@) 


f(@)- 2 f@ 


is’small for a similar reason as in (i). 








And in general If ‘@ 
f (2) 


is Small. 


Hence ee 





Thus f (a;) is a better approximation than f (a) under the ciroum- 
Btances. 


92. The degree of approximation in taking a,=a+h, instead 
of a may be investigated as in the usual methods for real roots. 


| 10. The approximations found in the last article may also 
be directly obtained by separating the real and imaginary parts at each 
stage of the approximations. , 
Thus, putting f(a) =a+28, 
f(a)=a'+72', &., 
we have 
w=u-+tv =f(a+zy) 
=aA+ttB+ (at+iy~a—iZ) (a'+78’)+... 
Kquating real and imaginary parts : 
u=a+[ (@—a) a’_(y_£) A] 4... 
=A+a,+45+..., say ; 
v=£+[84'(e ~2)+a’(y— 8)) +... 
=B+ Bit Bat+..., say. 
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The first approximation is thus the intersection of the straight 

lines 
a+a,=0, 8+ 8,=0, 
which are obviously rectangular. 

It may be observed that all the successive approximations are 
orthogonal, being conjugate functions. 

11. The approximations here investigated are capable of inter- 
pretation by means of ‘ the theory of polars’ of a binary form. 

For, corresponding to any point a, the (n—1)th polars with respect 
to uw and v are easily seen to be identical with the first approximations in 
§ 10; and therefore, the first approximation is geometrically interpreted 
as the point of intersection of these polar lines, which are at right 
angles, Similarly, for farther approximations. 


12. A general method of dealing with the intersections of two 
plane algebraic curves suggests itself from the preceding. 

Take any point in the neighbourhood of a point of intersection and 
construct the polar lines of the point with respect to each curve. Then 
the point of intersection of these polar lines will be a first apprommatzon ; 
similarly we can construct further approximations. 


Section (Ill), 
13. In this last Section we shall apply the method of approxi- 
mations to investigate the complex roots of a T'ranscendental Kquatton. 
Consider the equation 
Z =: C08 2, 
which readily breaks up into the two equations 
P=a—cos a cosh y=0, 
Q=y-+sin z sinh y=0. 
The P and Q curves are traced by writing them in the forms 
cosh y= sec 2, 
sin 2=—y cosech y ; 
and using the lambda table (vide : A. Lodge’s Diff. Calc., p. 82), aleng with 
the ordinary mathematical tables. 
A tracing of portions of P and Q. prepared with reference to the 
subjoined tabular values, follows : 
Table (1): cosh y=sec 0 =a. sec a. 


























w | 3n/2 | 611 Qn | 51/2 
are Ty ae For 
| cos 6 0 16 je 0 values of a 
aa I Oe Be , | ono | between 
9 | gor | scr | 81° | 90° |p aioe bm 
y | @ |25(min)| 254] o 








ae rm 
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‘able (2): sin a=—y cosech y; sinh y=tan 6 















































| 238°20' 213°57 | 197°29' | 180°) 


y | 0 1 2 gs | © 
TAP Ee crores aoe 
9 , ° °17’| 90°! For values of 
6 0 49°36 74 40" ~ Bae 17’ | Aw 
nae a ee a shee Te z between — 
sin @ —l — 851; —°558 | _ "+3003 | jy ey 2 
| —_——- | —_ | |_ and 2-71. 
» |Bm/2=270° 01°40 | 326°3' | 342°31' | 360° 








Fig. 9. 


Pp P 


Tv 6T. 58% oe 
uo nw 


From the diagram it is obvious that the P and Q curves orogs in 
the po Ge ee of the point 


[w=5'8 ; y =2'5]. 
To determine the first ae 
dP’ 
iy — ke real eee) 
ag 


Qh 4 pe 
; pe 
where P’, Q’ stand for 5 valnes of P 
y=2i=, Bay. 


we take the equations 


and Q when’r=5'8=a, say; 
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Writing sin @—sin 5'8=sin 332° 19’ 
=— °4645 
cos 4=cos 332° 19’ = ‘8855 
sech 8 =sech 2°5 
=cos 80° 40’= +1622 
tanh 8 = sin 80° 40°= ‘9868 
from the tables and solving the two equations for h and k, we get 


h=-074, k =-039, 


Henee, a first approximation to the complex root in the neighbour- 

hood of (a, @) is 
e=5'874; y =2i39 ; 
or z= 5874+ 2°539 7. 
14. We might have proceeded more dzrectly thas— 
f(2)=2—cos s=(a—cos a)+(2—a)f'(a), approximately, 
where a=a+7; so that 
s—a=—(a—cos «)/f’ a) 
=—(a—cos a)/(1+sin «) 
*, s=a—(a—cos a)/(1+sin a) 

=(a sin a+cos a)/(1+sin a) 

=[(a+if) sin (a+7¢2)+cos (a+12)]/[1+sin(a +72)] 

=a,+7f,, say. 
Calculating @,, 4;, we get for the first approximation 

5'874. +4 2°5372 

Other complex roots may be obtained similarly by drawing the 
remaining branche: of the P and Q curves and noting their inter- 
sections. i 

Postscript. 

15. Two simultaneous equations involving tw. variables are usually 
represented by plane graphs and their real solutions obtained as the 
intersections of the graphs. When there are no veal intersections, 
however, the corresponding complex solutions of the equations may be 
visualized as follows :— 

(i) First Method.—Consider 2, 7 as the unknown complex quanti- 
ties satisfying the equations 
f]@ 7)=9, $(2, 27) =0. 

Write z=a+iy, 2’ =«'+ty' in the above and separate the real and 
imaginary parts, so that, we have four equations in the four unknowns 
(ay @,y’). 

Now, these four unknowns may be regarded as determining a real 
point in space of four dimensions, and the resulting equations in them 
as relating to four hyper-surfaces. The common points of these hyper- 
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anrfaces would consequently represent the complex solution of the 
proposed equations. 

The difficulty of conceiving four dimensional space detracts from 
the usefulness of this method of representation. 7 ; 

(ii) Second Method.—In this method <, <’ may be associated with 
a line in space in as much as four co-ordinates are necessary to determine 
a line completely. Accordingly the two proposed simultaneous equa- 
tions on being split up into real and imaginary parts specify four noe 
plewes in space, and the complex solntions of the equations are geometri- 
cally represented by the lines common to the four complexes. The 
intuitive difficulties of the previous method exist in this case also, in so 
far as line-geometry and hyper-geometry are intimately connected. 

(iii) Third Method.—This is only a relic of the line-representation, 
being a representation of the two variables 2 and 2’ by a point pair in 
the same or in different planes. A few simple properties of the two 
plane representation are discussed in Forsyth’s Theory of Funetions of 
Two Complex Variables, § § 15—20. 

(iv) Fourth Method.—lastly, we may eliminate one of the vari- 
ables 2’, between the proposed equations and treat the resulting equa- 
tion by the methods applicable to functions of a single variable. 

16. In simple cases, however, the vector method will be found quite 
suitable, as the following examples will prove :— 
Example 1.—Solve 2°+ 2°=a?, z4+2'=b; where b?>2a?, 
Let z=a cos 0, z’=a sin 0, where @is a complex quantity. Then 
we may write 
*=a(cos a sec @—7 sin a tan £), 
2’ =a(sin a sec 8+7 cos a tan 8), 
a, @ being real quantities. 


Fig. 10. 
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Hence the following construction for the veotors 2, 2.— 


In the figure OL =a, OB=b, OQ=PL, cc.; and we have 
ON =OL sec cos a=a sec & cos a, 
NZ=0Q sin a=PL sin a=a tan 4 sin a. 


OZ—ON+NZ=a(cos a sec B—1 (tan # sin a) 
| =2, 
Again NP=a sec £ sin a. 
QR=a tan #8 cos a; 
on ir’ =NP+RQ. 7 
But 7 =b—z=ZBb=ZN+NB 
an NB=NP, and ZN =RQ. 
In other words, a=7/4, ON=3 b. 
The vector solutions are thus OZ, ZB, corresponding to the complex 
quantities 
[} bi VCE Bat) 
Example 2. Solve 2?/a?+22/b°=1, 2-+2'=c; where c’ > a’+b’. 
Here, we can write 
z=a (cos a sec 8— 7 sin a tan £) 
7 =b (sin a sec +7 cos a tan &). 


Proceeding, as before, 





Fig. 11. 
2=0Z, 7 =Z0=ZN + NC. 

Aso ¢ #22. (XE+RQ). 

* a 


' b 
Hence N=! NP, ZN=- RQ. 
a 
*, OPC =90°, ian-a oie a=c cos a cos £; ke. 
a 
The vector solutions are thus OZ, ZC, corresponding to the com- 
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i'he Function of Mathematics in Scientific Research. 
By Prorressor G. A. MILLER. 
(Concluded from p. 225 of Vol. IX.) 


This common ground of investigators may serve to explain the 
fact that many of the most influential research organizations, like the 
National Academy of Sciences in our own country, embrace all the 
sciences. In recent decades there has been a tendency to organize re- 
search separately in the various subjects in the form of national societies 
named after these subjects. In fact, there are those who think that the 
latter have assumed such a preponderant sphere of influence as to threa- 
ten the very life of the former as serious factors in research. On the 
other hand, the maintenance of a common scientific life seems to be of 
the highest importance in view of desirable interactions and special em- 


phasis on what is most fundamental. 


The history of mathematics has taught us that some subjects which 
were apparently far apart and which were long developed separately 
were later seen to have most important common elements. The dis- 
covery of those common elements aud their development has led to 
marked advances in the separate fields themselves. By way of illus- 
tration I need only refer to the fields of Algebra and geometry so hap- 
pily welded through the work of Descartes, Fermat and many others. 
In modern times the theory of groups and invariants has exhibited 
many important connections between subjects which had been supposed 
to be widely separated. The same tendency has, of course, manifested 
itself in other sciences and may be assumed to become more dominant 


as knowledge advances. ie 


A pertinent difference between the mathematical investigators and 
investigators in other sciences is that the former are compelled to stay 
with their problems until a solution is reached which can be proved to 
be in accord with deductions from certain definite assumptions, while 
the latter enjoy much greater freedom in regard to the stage to which 
they may pursue a problem before announcing results. Hence these 
may hope for success in dealing with much more difficult questions than 
the mathematician could reasonably hope to solve at the present time. 
The limitations thus imposed upon the mathematician are compensat- 
ed, at least in part, by the finality of his results as regards questions 
of rigor. Mathematical results cen never be disproved, other accepted 
results Aave never been disproved. With respect to sisiplicity and 
style, the mathematical developments are “scldem- final, and in many 
cases, they appear to admit endless variations. } 
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As: instances of final mathematical results may be cited the wsefal 
tables which when once computed serve all succeeding generations, 
Such finality may be said to be a goal of all scientific endeavor, since 
the results enrich countless ages by increasing their capacity for ac- 
complishments. In fact, such tables may be regarded as typical illus- 
trations of the mathematical contributions to the advancement of 
knowledge even if they constitute a very minor portion of these contri- 
butions. The fact that mathematical results have increased the capa- 
city of the world for doing things may be emphasized by noting, in 
particular, that in recent years prime numbers have been found which 
could not have been proved to be prime by the method employed by 
Hratosthenes, if the entire human race had been working in an orga- 
nized manner on this single problem since the days of the ancient 


Greeks. 


The present seems to be an especially appropriate time to consider 
the interrelations of scientific research in view of the rapidly growing 
public appreciation of the value of such research, Several decades of 
comparative peace immediately preceding the present great and 
deplorable conflict were unusually rich in great scientific triumphs. 
As well-known instances we may cite wireless telegraphy and the 
construction of the great Panama Canal, which became possible by 
our advanced knowledge in regard to sanitation. The world-wide 
liealth activities under the auspices of the Rockefeller Foundation and 
the activities of our agricultural colleges in directing attention to ad- 
vantages resulting from scientific methods of farming are strong forces 
working towards a popular appreciation of science. Since the great 
European war began it has become evident through the new elements 
introduced by the submarines and other scientific devices that the very 
existence of a great nation may depend upon the scientific attainment 
of its people, and hence the question of scientific research has taken a 
prominent place among those of national policy. It is perhaps signifi- 
cant that our National Academy was founded in the midst of the Civil 


War. 


Scientific research is as old as civilization and has oftea been pro- 
tected by kings in a patronizing manner, bnt it is anew experience in 
the history of the world to see kings turn to scientific research for 
protection. For centuries governments have recognized the value of 
science and have provided with growing liberality for her development, 
put now they are calling to her to save them from destruction. They have 
noticed that in spite of many excellencies in other directions the iBnO- 
rance of causes may entail their destruction as separate nations. This 
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new attitude towards our field of work may at first tend to gratify us, 
but a second thought reveals the fact that it is, fraught with grave 
dangers. Kings in government and finance are interested in the dead 
results of science instead of in the great living and growing organism 
itself, whose growth seems to have just begun and whose development 


has always been more keenly inspired by love of truth than by hope of 


gain, 


Is there not a danger that the sudden recognition of the great poli- 
tical importance of certain types of research will have somewhat the 
‘same effect on science as the discovery of gold in California and in 
Australia about the middle of the preceding ceutury had on the deve- 
lopment of the regions concerned? People flocked from one mining 
camp to the other and often neglected duties which are essential for the 
harmonious development of the resources of a country. Hence there 
seems to be a special need at present to urge our colleagues to remain 
at their posts of duty, notwithstanding glowing reports of chances to 
amass scientific fortunes quickly in certain newly'discovered| gold fields. 
The get-rich-quickly schemes in science should be scrutinized as care- 
fully as similar schemes relating to the accumulation of money. 


The remaining at one’s post of duty in scientific research does 
not imply a lack of support in the solution of pressing problems or a 
lack of vacation trips and acquaintance with other fields of work. In 
fact, such support and acquaintance are highly desirable. It is, how- 
ever, a question whether the nomadic scientific life, which seems to 
have become fashionable during the last few decades, at least in mathes 
matics, is the one which will in the long ran bring the best results. 
Science is not primarily a grazing country. Large tracts are suited 
for agriculture and mining. What is new is not necessarily good and 
what is good is not necessarily new, and prophesies in regard to the 
great importance of certain new developments have not always been 
fulfilled. On the other hand, it should be remembered that reasonable 
hope and optimism are essential for Progress, and that we need pros- 
pectors as well as miners in the scientific world. 


It should be noted that. the miner needs some 
of the prospector since he is apt to meet with new 
to take advantage of the available by-products. 
mining for gold he may strike de 
the gold deposits which he was P 
mathematical discoveries were m 
primarily for other results, an 


of the qualifications 
Situations and needs 
In fact, while he is 
posits of copper which are richer than 
rimarily seeking. Some of the richest 
ade while the investigator was looking 
d even problems which have not been 
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Solved at all up to the present have been the'source of very useful de- 
velopments. I understand that similar conditions hold in other fields of 
scientific effort and these facts point to the great importance of free- 
dom on the part of the investigator, and, incidentally to the danger o* 
too much organization in scientific research. 


As a very recent instance of an unexpected mathematical by-pro- 
duct, I may be pardoned for referring to a somewhat trivial case which 
has, however, the important property that it can be understood by all. 
It is well known that the theory of substitution groups was developed 
for the purpose of clarifying the theory of algebraic equations and not 
for the purpose of adding to the enjoyment of parties engaged in play- 
ing games of cards. In fact, the study of such an advanced mathema- 
tical theory as that of substitution groups might appear to involve con: 
cepts, which are at the opposite pole from those entering the minds of 
people seeking recreation at card tournaments. 


Notwithstanding this apparent wide separation, [ was pleased to 
be able to say recently to a friend, whe desired to have each one of a 
large party play once and only once with each of the others during a 
series of successive games, that an arraugement of the players meeting 
this condition could be determined directly by means of substitutions of 
certain transitive groups. This should perhaps have been expected, 
since a transitive substitution group is an ideal republic treating all its 
etters in exactly the same way. On the contrary, an operation group 
may have elements enjoying special privileges and hence it has more ex- 
tensive contact in the actual world of thought. 


A little study of the stated pioblem revealed the interesting fact 
that when the number of tables is any power of 2 the substitutions of a 
well-known type of substitution groups and its group of isomorphisms 
exhibit directly how the players can be arranged so that each one will 
play once and only once with, and twice and only twice against, each of 
the others in a certain series of games, To make myself perfectly clear, 
I may say that if 8 tables, or 32 players, are involved, one can write 
directly by means of a certain regular substitution group of order 32 a 
set of possible arrangements so that in 31 successive games each one of 
these 32 players would play once and only once with each of the others 
and twice and only twice against each of them. This was, however, not 
the first solution of the general problem in question. In fact, about 
twenty years ago Professor KE. H. Moore published a different solution 
of it in Volume 18 of the American Journal of Mathematics under the 
title “‘ Tactical Memoranda,” 
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Ihave referred to this matter here mainly saa the purpose of 
emphasizing the fact that intellectual penetration is often attended by 
the most unexpected by-products, bnt I should also be pleased to have 
people know that certain kinds of penmentien can easily be enriched by 
making use of results which the mathematician developed for a totally 
different purpose, Science should and does enrich both work and play: 
More than a thousand years ago the Hindu astronomer Brahmagupta 
said : 
As the sun obscures the stars, so does the proficient eclipse the 
Zlory of other astronomers in an assembly of people by the recital of 
algebraic problems, and still more by their solutions.* 

- The playful question, Where do the finger nails find so much dark 
dirt to put under them ? may serve to arouse a thoughtful attitude on 
the part of the boy who has been taught to keep his hands clean. In 
fact, our play and recreation are perhaps as fundamentally affected by 
questions of science as our serious work and the victrolas and moving 
pictures should have a marked influence on the popular attitude to- 
wards science in view of the fact that they reach so many people. If 
it is true that the greatest service which science is rendering the human 
race is the reduction of superstition, it is Clear that the efficiency of 
science depends largely upon its popularity. 

The hypothesis that space and the operations of nature are dis- 
continuons clearly excludes the hypothesis that they are continnons, but 
it is interesting to note that the mathematics relating to the disconti- 
nuous does not exclude that relating to the continuous. On the cont- 
rary, there are the most helpful interrelations between these two types 
of mathematics. Such a subject as number theory, relating decidedly 
to discrete quantities, has been greatly extended by analytic methods 
relating to continuoas quantities, and, on the other hand, processes 
relating to the ‘study of continuots functions are lat gely based upon 
those relating to the discontinnous. 


This may perhaps tend to show that even if our hypotheses in 
regard to the continuity of space and the operations of nature have to be 
largely modified, as seems now probable, the mathematical methods of 
attack may require less modification than might at first appear to be 
necessary. ‘T’he langnage which mathematics has provided for science 
Includes not only concepts relating to the continuous and the disconti- 
nnous, but fortunately it also shows relations between these c % t 
and these relations become more pronounced with its develannstiiiad ; 





H. T. Colebrooke, “ Aigebra with Arithmetic and M 


Ssugkrit,”” by Brahmagupta and Bhaseara, 1817, p 879 CARUTSUICR {70m BAD 
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' In view of the age of this language and its contact with Various 
sciences it may be readily understood why mathematical history occu- 
pies @ prominent place in the history of science. In fact, the history 
of science constitutes one of the fields where scientists may find common 
interests most fully represented, even if the past is too rich in events 
to be studied completely. It may therefore be appropriate on this occa- 
sion to refer to a few recent deyelopments relating to the history of 
mathematics, especially since the interest in the history of science has 
increased rapidly during recent decades, as is partly evidenced by the 
efforts that are now being made to establish an institute of historical 
scie tific research in our land. 

One of the most interesting questions relating to the early history 
of mathematics is the use of positional values of numbers and the closely 
connected use of a symbol for zero. Until a decade or two ago it was 
commonly assumed by mathematical historians that the use of zero as 
a positional number symbol originated in India, and this view has not 
yet been entirely abandoned, notwithstanding the fact that the Babylo- 
nians employed numbers with positional value and a symbol which 
seems to have fulfilled the main function of our zero several centuries 
before the Christian era. On tho other hand, the first definite evidence 
of tiie use of zero among the Hindus falls in the second half of the first 


millennium of this era. 


In view of these facts it is extremely interesting to note the early 
use of zero, in connection with numbers having positional value, by the 
Maya, a people inhabiting the Atlantic coast plains of southern Mexico 
and northern Central America. One of the worthy alamni of your 
university recently referred to this matter in the columns of Scruycz in 


the following words : 

Special interest attaches to the occurrence of zero-symbols and the 
principle of local value among the inhabitants of the flat lands of 
Central America, at a period as early as the beginning of the Christian 
era, iftnot much earlier. It would scem that in this invention, the 
Maya in Central America possessed priorty over Asiatic people by a 
margin of five or six centuries. 

If further investigation will lead mathematical historians to agree 
that the zero as a symbol in a numerical notation with positional value 
vas actually first used in America, according to the preserved records, 
it will effect a very fundamental change as regards interest in the early 
attainments of the American aborigines. Unfortunately 
ome the source of ex” 
They exhibit clearly 


mathematical 
these early mathematica! attainments fajled to bec 


tensive further developments on American soil. 


316 


that central concepts may be discovered independently and they direct 
attention to the danger in trying to establish one source for a particular 
concept in historical insvestigation. ‘They also show that the small 
strip of country marked now by Boston has not always been the intel - 


lectual hub of America. 

The history of some of the mathematical attainments of the Maya 
people has recently been made more easily accessible through the 
publication of “An Introduction to the Study of the Maya Hieroglyphs,”’ 
prepared by S. G. Morley and published as Bullettin 57 of the Bureau of 
American Ethnology, Smithsonian Institution of Washington. On page 
92 of this bulletin a dozen different symbols for zero are noted and on 
page 131 numbers varying from 21 to 12,489,781, and involving the use 
of zero, are represented in the Maya notation. It is of interest to note 
that the value of a unit in a higher position is always 20 times the value 
of a unit in the next lower position, except in the case of the third place> 
where its value is only 18 times that of the second place. 

In historical research and elsewhere,the mathematician seeks cordial 
cooperation with other scientists, and he regrets that the confusion of 
tongues, resembling the experiences at the tower of Babel, is making it 
more and more difficult to understand each other. Inthe case of 
scientists this confusion is mainly due to a rapid growth of language 
in various directions. May we not hope that as many theories which 
were supposed to be distinct suddenly exhibited profound connections, 
so also this extensive language will tend towards unity and simplicity as 
we see more clearly the fundamental underlying principles. Science 
knows no bounds in method or in subject-matter and the artificia! limi- 
tations set by man for his own convenience in making a start must 
break down before the onward march of truth. All science is a unit 
and all scientific investigaton should be inspired by their common 
interests. 
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Astronomical Notes. 
Eclipses. 


The first eclipse of the year 1918 will occur on June 8; when there 
will be a.total eclipse of the Sun. The eclipse will be visible as a par- 
tial eclipse from the north-eastern part of Asia, the north polar regions 
and the whole of the north American continent. The track of totality 
runs from a point in the Bahamas Islands nearly to the Hast coast of 
China; as it rans right across the centre of the United States the eclipse 
is likely to be well observed in spite of the war; the remainder of the 
central track lies in the Pacific Ocean. 


There will be a partial eclipse of the Moon on the night of June 
23—24, the eclipse is a small one, magnitude 0:135 and is invisible in 
India. 


R. A. S. Gold Medal, 


The Gold Medal of the Royal Astronomical Society was awarded 
this year to Mr. J. Evershed, Director of the Solar Physics Observatory 
at Kodaikanal. 


Astronomical Consequence of a Curvature of Space. 


In Mon. Not. R. A. 5. 1917 Noy. de Litter investigates the effect on 
astronomical phenomena of a curvature of space taken in conjunction 
with Hinstein’s theory. 


It is quite clear that two dimensional beings living on the surface 
of a sphere of very large radius might conceive themselves to be resi- 
dent on a plane, and a similar notion may be extended to space in three 
dimensions, but by extending our observations to a distance comparable 
with the radius of curvature, we may hope to detect the difference ; 
hence it is to astronomical observations that we must look for any ef- 
fect of curvature of space. 


The new solution of Hinstein’s equations leads to a form of space 
with constant positive curvature. Such space may be either 


(1) Riemapn’s spherical space in which all straight lines starting 
from a point intersect again in the antipoda! point, whose distance from 
the starting point is 7. R (R=radius of curvature) along all lines, and 
this is the greatest possible distance between two points ; or 


(Il) Newcomb’s elliptical space, in which any two lines have at 
most one point in common, and the largest possible distance between 
two points is-377, R. 

4 
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tn (1) All lines are of length 27rR; in (IT) all lines are of length aR 

de Litter finds that (on the assumption of a curved space) no star 
can possibly have a parallax less than a/R where a is the distance bet- 
ween the Harth and Sun. 

Secondly it is found that the lines in the spectra of very distant 
stars and nebule will be displaced towards the red, producing a spuri- 
ous positive radial velocity ; a similar result holds in rectangular space 
on Hinstein’s theory, but the displacement is considerably augmented 
in @ curved space. Jn this way it may be possible to account for the 
very large velocities of spiral nebula, which are certainly very distant, 
should they turn out to be positive on the whole. de Litter makes a 
number of estimates of the value of R, the data of course is some- 
what scanty, since the smallest parallaxes are naturally the most un- 
certain, and very few absolute parallaxes are known, while the number 
of spiral nebula of which we have reliable determinations of radial ve- 
locity is very small (de Litter uses only three). R comes out about 
10” Astronomical Units. 


If space is curved we should see an image of the sun at the anti- 
podal puint, that is the point of the sky opposite to the sun, but opi- 
n1ons appear to differ as to whether this image would be as large and 
te as the sun or whether it would appear as an extremely faint 
star, 


R. J. Pocock. 
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Question 329. 

(M. Burmasena Rao) :—If the pedal circle of I with respect to 4 
triangle ABC touches the nine-points-circle of ABC, show that the sum 
of the angles PAB, PBC, PCA is constant. 

Additional Solution by the Proposer. 

The following simple result concerning the rectangular hyperbola 
which may be proved easily by the anharmonic property of conics is 
here assumed :— 

ABCPQ is a rect hyp, perpendiculars QD, QE, QF are dropped on 
the sides of ABC intersecting PA, PB, PC in A’, B,, C’. 

Then QD. QA’ =QE. QB’=QF. QC’ +e va, (1) 

This is the converse of the theorem. ‘If two triangles ABC and 
A'B'C’ are conjugate with respect to a circle, they are in perspective ; 
if P and Q be the centre of perspective and the centre of the circle 
respectively, the conics ABC PQ and A’B’C’ PQ are rect hyp. 

If P and Q be isogonal conjugate points and D'E’ F’ the pedal 
triangle of P 
we have PD’. QD=PE’. QE=PF’. QF bas ee(2) 

From (1) and (2) we see that when ABC PQ is a rectangular hyp, 
QA’, QB’ and QC’ are proportional io PD’, PE’ and PF’, and being 
parallel respectively, the triangles A'B’'O' and D‘R’F’ are homothetic. 
But we know that any inverse triangle of ABC—call it LMN— 
with respect to Pis similar to the pedal triangle of P, the angle of 


similitude being the complement of PAB+ PBC+PCA. It follows there- 
fore that A’B’C’ and LMN are similar and being in perspective, one 
of the two alternatives arises — either they are homothetic, or ABCP 
is concyclic as also A’B’C’ P. The second alternative being rejected 
since P is not on the circum circle of ABC, we see that A’B’O’ and 
LMN are homothetic. Therefore D’E’E” which is the pedal triangle of 
P, A’B'C’ and LMN are homothetic taken two by two, and the angle of 
similitude vanishes. ‘ 

Hence PAB+PBC+PCA is equal to one right angle. 

Corollary. When a triangle ABC and its inverse with respect to @ 
point P are orthol ogic, the pedal circle of P with respect to either 
triangle touches|the nine-point-circle of that triangle. 

The above proof fails when P is on the circumeircle of ABC; but 
in this case the result follows more easily. For properties of the points 
of intersection of McCay’s cubic and the cixcumcircle of ABC, see 
Mr. S. Narayanan’s paper on Three special points’ page 85, Vol. J 
of the Journal, 
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Question 427. — 
(S. Ramanujan) :—Express 
(Au?-+ Buy -+Cy?) (Ap*+ Bpg+Cq’) 
in the form Aw + Buvt+ Cv’, 
aad hence shew that if 
(2a? + 3ay + 5y*)(2p?-+3pq +59") =2u? + 3uv+ 5v’?, 
one set of values of wu and », is 


w= (@-+y)(p-+q)—2up, v= 2qy—(@+y)(p+9). 


Solution (1) by ‘ Zeio’, (2) by S. Narayan. 
G1) Let f(y) =Aa*+ Bay + Cy’=A(a—ay)(e— fy), 


then S(pqy=Ap'+ Bpg+ Cy’=A(p—aq)(p—Bq), 
where a and £ are the roots of A\°+BX+C=0 
Now fy) Fp.Q=’ { («—ay)(«—By)(p—29q)(p—Bq) } 


SAP p+ a°qy—a(py+qa) $ 
{ pe+ B°qy—B(py +9) } 
But Aa’+Ba+C=0, and AZ?4+BA+C=0- 
f@wf(p, N= { Apa—Aa(py + qx}—gy(Ba+C) } x 
{ Ape—AB(py + 92)—gqy(BB +C) } 
=A(u—av)(u—Bv) 
=Auv?+Bur+Cvr",. 
where Apu—Cqy=uV Kx, A(py+q2)+Bgy=vvV A, 
A general solution can be obtained by the following artifice. Take 
(a,b) such that 
f(a, b)=a square 
=c? (say). 
Then f(y )-f(pq).f(ab) = A*(a— ay)(a—By)(p—aq)(p—Bq) 
(a—ab)(a—£b). 

By virtue of the quadratic Aa Ba+C=0, the product (a—a y? 
(p—aq) (a—ab) can be reduced to the form (w—av), where u and v are 
rational functions of (« y pq a b) 

Similarly (—Bly) (p—B q) (a—B b)=u— vr. 
2 f(@ 9). f(e q). flab) =A(u—av) (u— Br) 
=A*%(A w+ Buv + Cv’) 


i.2., c*. f(ay). f(p q) =AA u*+- Buv+Ov?) 
Hence f(xy). (f p q) =A u?4- Bw’ v4 Cr’? 
where wu’ =Au/c, v' =Av/c, 


The general solution of the indeterminate equation 


. f(a, b)=c? 
leads to a corresponding general solution of the propose 


d question, 


$21 
In the particular case of A=2, B=3,\C =5, one solution of 
| 2a? + 3ab+5b*=c? ; : 
isa=1, b=—1, c=2, and we easily write a set of values of u and v 
different from those given by the proposer. 


(2) Aa®+Bay+Cy? may be easily thrown into one of the three 
forms 


(la +-ly)*+- (ma+ny’, 
(le+my)?+ (na+y)’, (la 4+ my)? + (a+ny)?, 

provided B*?+4AC<0. 

Similarly Ap’+ Bpg+Cq? may be expressed. 

And since (a?+ 5") (c?+d*) 
can be expressed as the snm of two squares in two ways, it follows that 

(Az®+B ay+Cy’) (Ap’+ Bpg+Cq") 
can be expressed as the sum of two perfect squares. Hence expressing 
; Av? 4- Buv + Cv? 

as the sum of two squares and comparing with the above form, the 
values of wand v are easily obtained. Itis clear that there are 108 
ways of doing this, The values of u,v given by the proposer for the 
particular question constitute one of these ways. | 


And u=Spn—Ly—Hety) (+9) 
3 1 


oS qythre—Gety) (p+). 
constitute another solution. 


—_— 


Question 508. 
(S. P. Sincaraveru Mopavisr):—lIf sy stand for the sum of the 
reciprocals of the first » natural numbers, find the sum of the infinite 


series. eos 
1 ; " ‘* 2 
ae (Gy sate ‘1 cl ear 


Remarks by H. Br. 


We are required to evaluate 


ie 
s=))(-1" a, S141 


n+l 
n=0 
TS pcs 2Qn—1 Aen tee 1 
where a, = Se Gar” and &,,4,;=1 +5+ eee | 
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It is easy to obtain a variety of definite integrals, (simple, double, 
and triple) for the valae of 8, bnt T have not been able to find a for- 
mula giving its numerical value—- 





1 
pe ime Le peed $9241 
(1) As it log (1—2). adn = “eh, 
1 = 
S=—| dw log (1—z). Yay? (—a0)” 
I, 4 Ya, (=a) 
f 
ie 6) 
2 
Now (14-2 sin? @)~ ==) la,(—a)" sin” Q ; 
Oo 
fate 
> deere) TS are 2)", 
and BAS: Ls jog (1—2:. 
2 (Fg | crema 


The integration with respect to # can be easily performed, but the 
result does not throw any fresh light on the subject 


Ne 


(2) Again we may take a, =a 2 2 sin" sec™™¢ d@ d¢, and 


is 
we get 


es prey : log (l—2). da dO \d¢. 
o@ 9d 


n° o ita sin’® cos¢ 


(3) We have Gnd SOne tae SS ks 
into 8 “ary | 


bli Ss 
° eri =2(a,’—a, 441) 
“je? 2 sin””Q. sin’ +. cos*¢.d ¢ 
and (—1)"sn41 is the coefficient of 


+t in (¢—1) ) (é¢—2) (t-8).. )..-(§—n ed 1) 
(mpl 





©. 
bo- 
os 


+ 2DdO d¢. cos*¢. ye SUED Vent) 


~sin’® sin’ (n+ 1)! 


sin?"+9 gin’+?¢ — 


7 
-. S=coefficient of tin, (2 fe 
es, 


” 7 
= coefficient of ¢ ins | 2/2 dQ d¢. cos’¢ | — 1+(1+sin’O cos*$)’ zy 
0 


A sin’9@ sin*¢l _ 


<i he ahs 1) 
a ao cosy CL et wg) 
ms sin’@. sin’ = 1+sin*@ sin*¢ 


(4) Another from of the integral may be obtained by using the 
fact that 
d6 


: Ee PO Pe we 
i, V1—2r cos 8+72 bod 








Question 591. 
(A. H. Krisunaswamt Atyancar):—T'wo circles intersect at A and 
B; the tangents at the extremities of a double chord through A meet 
in X. Shew that XY perpendicular to BX envelopes a circle. 
Solution by ‘ Zero’. 
Let PAQ be the double chord. then 
XPA + XQA = PBA + QBA = PBQ. 


x 





“. PBQX is cyclic. 
‘Now BP|& AB sin (¢4+4)/ sma 
BQ = AB sin (¢+@)/ sin B 
Also BP. BQ = BX. BA, since in the cyclic quadrilateral PBQX 


PBA =¢= XBQ. fs 
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Hence BX = AB sin? (¢4a)/(sin a sin 2) ; 
AB { (1—cos (2¢4+2a) } /(2 sin a sin f) 
oc { l1—cos (17+9—8+2) }, 
where @ =. ABX = (2¢—7+a+). - 
In other words, the locus of X is the cardioide 
r =a {(1+cos (0+a—£f)}, 
shewing that the envelope of XY is a circle. 


a 


Question 650. 
(N. B. Panpra) :—Circumscribe an ellipse about a given: triangle so 
that incentre of ellipse may coincide with the incentre of the triangle. 
3 Solution by C. Bhaskaratya. 
The areal co-ordinates of the B centre are 
a: 3 ¢. 
If Fyz + Gza +Hay=0 be the required ellipse, the polar w. r. t. if 
of (4: b: c) ought to be identical with the line at infinity, s+y+z2=0. 
cG+bH=Ha+cF=Ga+bF., 
F: G@; H=a (a—b—c): b(b—c—a): ¢ (c—a—b) 
Hence the ellipse is 
a (b+c—a). yz+b (c+a—b) za+e (a+b—c) ay=0, 
To trace the ellipse put ,=> and see where it cuts the bisector 


of the angle A; and so on. 
Question 671. 
(K. J. SanJana, M.a.):—The numbers from 1 to 2“—] being arrang- 
ed on ” cards on which the least numbers are respectively 2°, 2’... ... 
2"-1 as in Question 640, prove that the sum of the numbers on the +!* 


card is rp Q%+7—8__pn—3 
Solution by N. Sankara Atyar and V. Anantaraman. 


The first number on the r*” card is-2’— and all numbers will be 


found on it which when divided by 2” Jeave remainders greater than or 
equal to 2’), 


Hence the numbers on ee: vard are 
{ 27 4.(2" 4 14, : + (27-14 2°-1__ 1) } + { (2° 4+-2°-1) 4 (9° 


page ag BS 
+ { (22427) 4 (207427141) 4 * ++) 


+ {GP ea gay ee 
SoS 8 eb OND eS te 217) } ee 
_Qh—"+1 ; _ a = 


+ my— (041+... aes 27-14), - 


325 
ova. a 4Q"-". sare (2"-1—1) 


= Qa Qataw 4 ons. 97-1 (97-11) 


= ga"t—2 + On+r—3__ gn—s 





Question 682. é 


(S. RaMANnuJaN) :—Show how to find the cube root of surds of the 
form A+ 7/B; and deduce that 


Virn=Vi-Wivi 


Solution by ‘ Zero.’ 


If a denote a cubic surd any expression in 4 can be written in the 
form (a+b a+ca‘) and further 


(a+ba+ca*)=P+Qa+Ka? (say). 
Thns, when either Q or R is zero, we have a binomial cubic surd on 
the right side. 
Hence we can write , 
Y(A+VB)=r3(a+ba+ca'), 
and proceed to find the values of a, 6, c, a satisfying the following : 


rP=A rP=A 
Q=0 | or R=0 
rRa?= Be rQa= —Bé 


in the particular case stated, A=—1, B=2; 
Si P=a'+b'a°+c'a°+6abca', 
Q=8a"b +3ac*a'+ 3b*ca', 
R=3ab?+3a°%c+3be’a'*, 
and suitable values for a, 6, c, r are seen to be 
d—-b=c=l ral 
ne 
More generally if AQ=BP, we may put a=c and a=~+/B, so that 
R=0 reduces to 
a?-+-b?-+-abB=0 
; 1 
b=—m a,if B= (m+—) . 
and we may, without loss of generality, write a=c=1, b=—m. 


‘The problem is thus solved, when B is of the form (m+—), 
and 3A { B(lL—m)—m } =B { B*—B(m'+6m)+1 3 


i 





5 
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Question 725. 
(K, B. Mapuava) :-—Shew that 
* icoaiats converges, 


but that 

OO w#de 

| 1+-a* sin’ 

Solution by S. R. Ranganathan. 
The condition for the convergence of 
i p® agp 
+24 sin? « 

are fully discussed in Bromwich: Infinite Series, App. III. Art. 166. It 
is proved there that the integral converges or diverges with the series 


a 
>i Cami 
tc., according as a>2(8+1) or a<2(2-+1). 


Now taking 2 =8, we get that 
-CO 2 


diverges. 


| eet 
14-0" sin? a 
converges if 4>8, and diverges if a < 8. 
Hence the results given in the question. 





Question 800. 
(S. Mannart Rao) :—Shew that the sum of all fractions which may 
be represented by a recurring decimal of the form .abe¢ d is 50, provided 
a+c=ab+d=9, 
Solution (1) by G. L. Gupta, M.A, and 8. V. Venkatachalayya. 
(i) For all values of a, b, ¢ and d the reenrring decimal ‘a b cd 
_abed—ab _ (1000a+100b410c+d)—(10a+b) 
9900 9900 sa) are 
_ 990a+-99b+ 10¢+4+d 
iad bas ea sae 2) 
But here a+c=b+d=9, 
(1) which may be written as 
10(a+¢)+(b+d)+98(10a+ 5) 
9900 pox 








reduces ty 


994+ 98(10a+5) 994.9848). - : 
9900 ~~~ 9900 we a! 
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But since each of a and b *may have any of the values 0,1,2,3,...9 
ab includes all integral numbers from 1 to 99, besides 0, 
Hence the ee sum 


{ (99 x 100) +-98(14+243+..,.4+99) } 


ay) | 
~ 9000 
Note :—'There is a slight mistake in the printed question in which 
the decimal reads (abcd). 
Solution by H. Br. and (2) K. B. Madhava, 
(2) The recurring fraction (.abed) 
_ 1000a+100b+410c¢+d 
3 9999 
_ 99.(10a +b) +10(a-c) + (b+) 
" Soman ee ee. 2 


* aa 


9900-4 a } =50. 


_10a+6+1 
a aL 
As a and b assume independently all values from 0 to 9 (inclusive). 
the numerator assumes (once only) every integral values from 1 to 100, 
The sum of the fractions is therefore 
14243+4......+100_ 50 
101 


, as"ateo=b+d=9, 








Question 802. 
(S. KrisHNaSwamMit IyenGar) :—Prove that 


2 
: Wm+l( 1, 4 4 _/- 
(1) ») Tint2)(:n Wa (S= va yy 
n VW (n+3) 1 hell 
(ii) AT (n+1) (Qm+2n+1)° (m+n+1) 


(m+ +3) _ 2 POn-Ft)) 
T(m+1) ~Bm+1° T(m+s) J’ 
Solution by S. BR. Ranganathan and S.V. Venkatachallayya. 
(i) This is the same as Q 664 solved on p. 69 of Vol. VIII, J.1.M.S, 


(ii) We have, for 0<ae<l, 
(l—2) Fa14 +o g? 4. 


“4 W(n+3) 4 
so that, r@)d—2) == -DreHt ‘ ‘ 
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1 lw 
. —1 r n+ s myn 
so that, T(3)/a”(1~a) ae ct es 


0 


AT (edt 3 a+" dae 
i ue 


T(n+ 2) 1 
T(n+1) m+n+l? ” 


i a P(m+1)— YW @+ 3) 2 LN 
t.6,, { (=) } T'(m+2) — T'(n-+1) m+-n+1 











In the above the change of order of integration and summation is 
permissible since the integral on the left is convergent and the terms 
in the series on the right are all positive (cf. Bromwich Infinzte 
Series App. III, Art. 175. Theorem B.) 


By treating similarly the expansion of (Les) 7 we get 


tyra: Fat NW l 
2 (FG) } F(m+1)~ Tu 1) (2m+2n+1) 


\ (n-+3) 1 
T(a+1) (2m + 2n + 1)(m-+-n+-1) 
o 








ie @) 
“2 763} eer} 
. ore 2m+-2n+-1 m+n § 


: F(m+4)_T(m-+1) 
(TO tp pete 





=e" {peti 2. T(m+)) 
P(m-+1) (2m+1) T(m-+3) 


Question 810. 


(T. P. TRiveDI, M.a., L.L.B, ):—Find the values other than zero which 
satisfy the yes _ 


e=y—z ; y=r—a; muy, 
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Solution by H. Br. 8. Gangadharan, K. Santanam, Kasturi Redd, 
13, Sc., and F. H. V, Gulasekkaran, B. A. 
We have 
e=y—s 
yr=s—a@ et hed 
a=a—y, 
sate 
ty +e = B 
and at-+y! SS eee w)(@—y) = — aty*a? 
[The system of equations B is composed of the system A together 
with the system derived from A by changing the signs of «, y, 2.) 
Let (a, y, z) be the roots of #—pt?+qt—r=0. Then from (B), 
pi=2q) 
pq=sr 
and r(p+r)=0. 
If r=0, we get p=q=0, or w=y=7=0. 
If r=0, we get g=—3, r=—pi; p= —6. 
Thus a, y, z are the roots of 
t®—pt?—3t+p=0, where p?=—6. 
Put p=pi+2, and we get 
p'+6e+ 16=0, 
The roots of this equation are 
1 
3 


Ha=V2% 4-G— AO ~(342y2)! } 
po= Vz{ G—2vV2) ° Sw (3422) Sw? } 


fis=s ee oy ee 
Vrom these we erred me following types of a be ae #, Y, %. 
100z = — 1532: 
100y =—118 —462- > approximately. 
100:= 118—462. 
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QUESTIONS FOR SOLUTION. 


i 1 
943. (Hemera) :—If x be prime anc 
(a+1)(a+2)...(a+n—1) 
=—gtl4y A, gt? } Ae a8 A 


shew that all the odd A’s except A; are divisible by n?— 


944. (Sapananpd) :—Prove the identity 


(2) +Si¢'(a).a—S,¢"(a). w+ soeee ’ 
1! 3! 
= $(2e)—8,4" (20) at + Sid!” (Ba) at eve 
21 4! 


where §,,, 1s the #th Eulerian number and 8,,, is the 2 the” prepared 
Bernoullean number. 


NS) S S Ss S 
Deduce that log2 = he a eg Bea tip mee 


945. (Sapanayv):—Fill up the vacant cells of the following 
magic square ;— 
ap) (ee ag 
= [sai hep eta 
~ 50) ase 
73). | ale ah ae 














946. (M. K. Krvarramanr) :—Show that there are forty points on 
the curve 2?/a?+-¥?/b*=8a7y*, Such that if tangents be drawn from them 
to the ellipse 2*/a?+-y?/b?=1, the points of contact have got their eccent- 
ric angles in the ratio 1 ; 2. 


947. (M. K. KeVALRAMANI):—A triangle ABC inscribed in any 
lipse, touches a confocal ellipse at the points D, B, F respectively. 
Show that the ratio of the triangle DEF to ABC=r/(2R), where r, R 
refer to the triangle ABC as usnal. 


948. (M.K. KBVALRAMANI):—A perfectly elastic particle, acted on 
by no forces is projected from the centre of a rectangle whose sides are 


2a and 2b (a>b) to strike the bigger side first and then goes on re- 
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bounding from iis sides. If it ever pass through an angular point 
show that the direction of projection makes with the smaller side an 
-~!l 
angle tan (° a Ss ) where m & n ave integers, and if it ever strike 
b 2m+1 


any point of the smaller side other than the extremities, the angle 


= 
must be of the form tan eae ~) 


949. (C. Krisuxamacnary):—With the usual notation for the 
numbers of Bernoulli and Euler, show that 


2n=B, # (2—1)() —B, 2 @—1) (“P) +B, 2-1) (F) 
Fe + (—1) *" Bn 2” (2%—1). 
(—1)" Ky (2n+-1)=(—1)" B,, gun (2-1) tool mk 





(—H)" By 24 (291) (MFT) 4 —B, arc (2m 
+ (2n+1) 


950. (C. KrisHNamacuary) :—Collect the co-efficients of a in the 
series— 
RAD RE ss b3 x" 1:35 a 
Iz (l—a2)* 2! (T=2)* 3! (—2y 
and Show that its sum is zero when x is odd, and(—1) 
1:3:5:(2m—1) 
2°4°6° 2m 


mL 


when # is 2m. 


951. (C KrisHnamacuary) :—Prove that 
7 


(1) Ie (log tan a) “du= En oy nigel 


2n+2 


n ‘ 2} 4 
(2) (4 ___ (log tan #) ad en) Bont 


coz # (cos #+sin 2) 2n 
7 
"4 (log tan Ei pe  Baniors 
(3) | cos 2x oe a? eam 
0 
n 


(log tan 2) a 
lhe COs & (CdS arin) i 
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1 of an 
Sep (Communtcatep BY Mr. Heras) :—The polar reciprocal of a 
© dol a with respect to a rectangular hyperbola having its 
pints at the pole and touching the spiral is the curve itself. 


_ (Communicated BY Mr. Hemras) :-—Two of the common 
eons AS circle S and a conic T meet in P and the other two in Q. 
Show that P and Q lie on the same confocal to T. 


954. (K. B. Mapsava) :—When asked his age De Morgan once 
humorously observed: ‘I am one of those whose age shall be in a cer- 
tain year belonging to the century of their birth the square root of that 

ear.’ For, being born in 1806 A. D., he was 43 years old in 1849, 
and +/(1849)=43. Show that the same observation will be true in the 
case of those born in 9 particular years in all subsequent centuries. 


955. (K. B. Mapwava) :—The 5th, 13th, 17th, 29th and 37th roots 
(if rational) of a number end in the same digit as the number itself, the 
numbers when fractional being expressed in decimals. Prove this pro- 
perty and illustrate how it enables one to give out at sight the above 
rational roots of big numbers. 


956. (K. B. Mapuava) :—Find the years of the present century in 
wkich the month of February will have (i) no full moon, (ii) no new 
moon. : 


957. (Marryn M. Tuomas, M, 4.):—From a flexible envelope in the 
form of a surface of revolution formed by the curve s=f (y) revolving 
about the axis of x, the part between two meridians the planes of which 


are inclined to each other at an angle = is cut away, and the edges 
m 
are then sewed together. Prove that the meridian curve of the new en- 
velope will be s=j("Y ‘ 
m—l1 


Hence show that, if a lune of angle 7" be cut off from an oblate 


spheroid, the minor axis of whose generating ellipse is c, and eccentri- 
city 5, the meridian curve of the new surface of revolution will be the 
curve of sines y=te sin =, 

c 


958. (Magryn M. Tuomas, a, A.,) :—Hstablish the formula 


gs —y’-" Te gt q?-" af? gqe-4 gta an-? Pe 
dar de da?-" dah-4 da? xP ) | 
where n>p>q>r. , 





959. (M.T. Na®anieNncak) :—The sides AB, AC of a triangle ABC 
are produced to D, E such that BD =CH=BC. 


If the circle ADE cuts the straighttne ATi 
1,J=2 II, 


ee 


1 in J, prove that 
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PROGRESS REPORT. 


The committee regret to have to report the premature death at, 
Chicago U.S, of Mr. B. K. Srinivasa Iyengar, M.A., who was an Asso- 
ciate of the Society since August 1910. The deceased was a brilliant 
graduate of the Madras University and held the post of Assistant 
Professor of Mathematics in the Central College, Bangalore. He went 
to America as a Mysore Government Scholar to study ‘Systems of 
Education’ some two years ago. In him the Society has lost an ardent 
lover of Mathematics and an enthusiastic member. 


Poona, ; D, D. Kapapia, 


31st May 1918. Honorary Secretary. 


On the addition Formulae for the Jacobian 
Functions E and 1L. 


In the following pages I propose to"deduce a few of the expressions fo, 
Eu,+Eu,-+ Eu,+ Eu, and those for I1(w,@) + 11 (u,a) + 1L(us, a) +11 (u,, 2) 
in terms of the sn, cn, dn functions of 1, We, Us, M4 WhED Uy + Ug Ugh My 


is congruent to zero. 

§I. Preliminary. 

1. To begin with let us establish a few preliminary results which 
will. be helpful to us in what follows. 

For this purpose, let us consider the points of intersection of sts 


fixed curve 


y® =a(1—«)(1—ke) a bee viene Deh) 
with any arbitrary chosen parabola 
y=l+ma+ne® be Se sascha 


Now, if any point (a, y,) be taken on the cubic (i), the equation in u 
sn?(u, k)—a,=0, where & is constant, 
has two solutions +%,—%, and all other solutions are congruent to 


these two. 
Again since” (sn*u) =2snuenudn u, we have 
fe) aie 
| (ona) | =e 


Let us choose u, to be the solution for which ks (sn’u)=+2y,; and 
u 





let («,, y,), Where r=1, 2, 3, 4, be the points of intersection of (i) and 
(ii); so that a, 2, a, 2, are the roots of the equation 
F (@) =(1+ ma+na’)*—a(1—z)(1—k*a) =0 .-« (iii) 
and F (x) =(« —a,)(%—a,)(a—a,)(%—2,). a oe 
The variation 0x, in one of these abscissae due to the variation in 
position of the parabola (ii) is given by the equation 
F'(@,)02%,—2(1-+ m x, +n 2*,)(Al + 4,0m+2?,dn) =O. 
Remembering that 1+ ma,+» #,2=y,, we obtain 
02, _ +2(0l+2,dm+<a*,n) 
ae, "ICs Bile we’ alae) 
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Then since af(#) is of lower degree than F(a), 
4 
f(@)_ N\ fle) _% (vi 
F@) FP) a, alla 





provided Dy @y, B, @, are all unequal, and F’(a,) >= 0, 
Putting #=0, in (vi) 





Hence the sum of the parameters of the point of intersection 1s s 
constant and independent lof the position of the parabola and it may 
be easily shewn to be congruent to zero. 


Hence so long as u,+u,+u,-+-u,=0, we may deduce relations be- 
tween symmetrical functions'of s,, c,, d,, (where 8,, ¢,, d, stand for sn u,» 
on w,, dn u, respectively) from the values of the Ayman) functions 
of the roots of the equation. eT RF ant et 


2. We have — i (iii) and (iv) above, 
ki m 
p= —2—. - re 


8389858, = V 2X sy, 4 see +e ses (B) 
a ao 





Cy096,01= V (1. —2,)(1—a,)(1 —a,)(1—a,) = 
dydydyd, =+/ (1 — Wx, (1— Ha.) (1— Way) (1— ha) 
=1+#. hee, i we - (8) 


‘Hence eliminating J, m, ee (8), (y) and (§); we obtain the 
yell known identity of Gudermann 

hi? — h7he’*8,856,8 4+ h? C6400, — dy, =O, tee (A) 

Bare k{=1—k’. 


ee +> ose E 
; Lie aad BP = 


——e oreo ~~ == 
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Writing in the identity (A) successively, (w,+K, ir pa aele : 
u4+7K’), (us +K—2K’, uw —K+#’K) for (us, us) Feapeouyelys we age 
the following relations quoted in Whittaker and Watson 8 eee: a 
lysis (Revised Edition) from H. J. S. Smith, Proceedings, Lond. Math. 


Soo. (I) X 








k?(81850,64—C1C98,84) — 4,42 + dyd, =0 My ns ee 
ht?( 88, — 8,84) + dydo6sC4— C1090, =0 eee eee ( ) 
81891314 — 148,84 Cg04— 040g =O eee ove ace (A3) 
3. Again, let us evaluate the functions 
4 4 4 
SS latte ye 7 Se in terms of 1, m, n. 
Cy v 
r=l zt r=l r=1 
We have 
4 4 a 
a Cry _ Yr — as 
og ap 
r= 3 r= z r=l 
aD sean Wt 
By 
Sint 
ae ae 
: — sd : \ 1+ m2, na,” 
A ag + — _Ys =)) a Soe 2 r 
gain >} i Tt agit) 


This function is best evaluated by substituting p, for 1—a, and 
forming the equation whose roots are the four values of Pr. We can 
then by easy algebraical processes deduce that 


Dy sd,_kh ik 
COM l+m+n 
Similarly from the equation whose roots are 1—kw,, we deduce that 
Neer a lk§+ mk? n(1+k’) 
Gide n(n + mk*+lk) * 
From all the foregoing, we are in a position to deduce several rela- 
tions. We shall select only such as will be useful for our purpose. 


4, Wehave 
Hoda Nay Me 
a EV (28,7 —e,808454+ 2e,0q0,0,—2) ane + (BI) 
=V(2—2d,? 4 2ddedyd, —2k4s808,8,) in ~~ (B8) 
“PEG Poe 
EW Fares si <a as) .- _(B8) 
1 8a, y a 
B= Weep 2) a See Sa 


m 1 a ity 
- TR Gd, ra see eee vee (B53) 
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Further, writing u,+K for wu, in B3 and in B4, and u,—7 K’ for u, 
in B5, we obtain 


1 —l 16 
ee Oe eg gee ees (B6 
M (04090504) + (didadd,)* Z_ 0,4, 
1 16 
ee LO EE Bue B7 
Wk'*(d,dadd4)~*— (8188984) 48,4 ee 
F808 84 Or0s0s04 QV Sr (B8) 
age Rap ee 7 


the summation extending to the suffixes l, 2, 3, 4. 


By eliminating x between the equations (i) and (ii) of § I, we 
obtain the equation whose roots are ¥1, Ya; Ys) Ya Evaluating from this 
+ 
equation ae. we can easily prove 
r=1 
4 
4 -1 1 
LL _ { (esse 8+ (cree) + aydaded)= ++) 
n 80,4, 


T= 


(B9) 





$If. DE(u,, k) when 4+u.+u,+u,=0. 
5. Wehave E (u,, k)=f(dn*u,) Ou, 
=u,—k? f (sn* u,)du, 
a 1 (a, 02, 
ie H| Ye 


4 4 
l x, Ox 
y i =e 3 Sie 5) Mt ae 
E (u,, k) 5) ye (2) 


ew r= 
Now going back to our equation (v) of $I 
$a, +2, (Ol+2,0m+2,? On) 
a, 2 Se 
Yr E'(a,) 
By the method of partial fractions, we can easily prove that 
4 4 4 
e 9 \) 9 <A Vea 1 


oe a ae = d a +—. 
LiFe) ’ E B’(a,) an : ¥ (2,) n® 
t= 


ful 





r= 


a, On, 2 
Hence Ts On. 


Yr 


Me 


’ 


rank. 


B, Ow, 2 
—_—— =) 
J Yy n 


=—— 


Me 


t= 
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4 ' 
1 
>, ir ; PY rt (eer rr coe ae ‘ 
. from (2), > K(u,, k) =k (-) (0) 
r=l1 
4 
Hence FS K(u,, &) has for its values in terms of 3,, ¢,, d,, 
fa 


each of the expressions in B1—B 9 in § I multiplied by 4’. 

6. E(u,%)+E(us, &)+E (us, &) when m+u,+u;=0. 

In the above, putting u.=0, we ceduce that when w+ ->u,=0, 
E(u, k) + E(ug, &)+- E(t, #) 


=hY524 5,2+ 9,94 2¢,0,¢,—2 Sy wee «. (D1) 
shyinoi aaa Romy nis ile ie 
= /(1—d? —d,* —d, 3° + 2d,dads) see eee eee (D3) 
=—hk? 8188s . eee eee eee (D4) 

Ke a 2h Se, : 
es BAe Cy 1g A ae Saf = 

hk? § 8°Cq MA 

Tt dddey ai oh zi. rg yas + (D6) 


SI. LTII(u,, k, a) Be Uy + Ug-+-u,+u,=0. 
7. Now, since 
Ge bay k*sna ena dna sn? u, 
1—k'*sn a sn? u 


Ge a)-+98 2 cn ¢ adna a4, = one dna Ou, 
na sna J 1—k*sn*’asn*u,° 


oe 





Th : ae wt ete a OR in eens 
en putting sn*u,=a,; en Se ee ap ft; and remember- 
4 


ing that ms u,=0, we easily deduce that 
r= 3 


Dae. k, oi) = = =}. + (W) 


Again fae back to equation ©) of § I, 
_ +2(52+-2,$m+2, +2,26n) _ if(a, 
a =-_—— = Re: = pes POS (suppose). 


f(@,) 
Si ia. “2+ aA oe “Ji any 
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. Again from (iv)-of § 1, 
a et Tee Se) 


FOX) _ f(a, 
FOX) Sth 
since, f() is of lower degree Aa F(X), 


4 
Hence Sy 1 Ox, __f (\) _ +20 (d+ mh+0h?) 
\—2, Yy F(X) ~ (l+mh+n?)?— pw 3 











= 








=< O(l+mdr+nh*)  O(l-+mdhK+nd?) - 
Bw Ll+md+n?— pe L+md+nd?+ 
limhr+n\?— 





Oz, _} L4+mrK+n\?— 
pie Y; 08 Temi aR 
4 


oy II (thy, Ie a)=5 log 
r= a 


l+-m\+nd*—p 
I-md+nX? pw 

=¥% log 4, say. ee ww (H) 
After substituting for \ and p, 


14+.” isn? an i 
ie snot — sn Pa des sna cna dna 


¢ =— es . — a 


2 
Cos Kenta +4 Kenta + sna cna dna 
n n n 





Hence after substituting from (f), (y) >f § IT and from (0) of § ll 


respectively, 
' Se 1+P sn’a ’sn*a + Q sn‘a—R sna ena dna. 
" T4P sn’a+Q sn ‘a+R sna cna dna. 





where 
P =h?( 0,620,064 — 81828381 — 1) = (d,ded,d,— ke4s18,8,8,— 1) 


= aha — kc Co6 50 brat 1 + kK‘), 


Q =k 848985845 
4 


B= ay E(u,sk), 
r=l 


which is already expressed in terms of 8, ¢,, d, in § Il. 
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8. Now putting «,=0, we have from above, when Up uy, =0, 
IT (wm, k, a) +11 (us, , a) +11 (us, k, a) 
1+Usn’a—W sna cna, dna_,,_.. 
=} log; ay | Winona taal ee eee 
where ;\U =k?(¢,¢9¢,— 1) = d,dpd;—1 
=k*{ 884d, — 8," | 
W =H (u, k)+ H(t, k) + E(u, b) 
=the/expressions DI1—D6 in § II. 
= —k?*s,s,s, in particualr. 
With these values 
fe dn’a-+ k’sn'a c,coc,-+ k’sna ena dna.s,88, .. (Kl) 
dn?u+ k’sn’a c,c,0,—k’sna ena dna.s,88, 








_en "a +-sn’a d,ddg+ k*sna cna dna 8898 a (K2) 
~ en'a+sn’a.d,dd,—k‘sna cna dna 818485 
expressions easily remembered. 
9, It will be interesting to deduce from the above the expressions 
for Q given in Lixon’s Elliptic Functions. 
Taking U =k? (88¢,d3—8,”) 
and W = —k's,8,8;, 
the expression (K) above reduces to 
aO—k k’sn’asn?u,) +k'sna.s,s,(sna.csd,-+ s,.cna dna) 
“™~Cl—= 1—k’sn®asn?0, 3) + k®sna.s,8_(sna. Cy J,— 8.cna dna) 





dividing the numerator and denominator by 1—k’sn*asn?u,, we obtwin 
g y a9 


1+-#*sna.s,s,sn(a-+u 

Sr eer ann) 
10. Again from the expressions for sn ™ sn uw, sn @ 8n (u,-+-%,—a) 

obtained by substituting in turn A=u,, B=u,; A=w4+u,—a, B=a in 

the formula 

sn*}(A-+ B)—sn*3(A —B) 

1—k*sn*}( A+ B)sn®4(A—B)’ 

we have 1—k’sn 7, sn uw, sn(v4+%.—a) = 

{ 1—F'sn'3(uy+ (uM) 2 (GE L — k’sn*4(u,—u,.)sn*4 (t+ u%.—2a) 

1—ksn*3(u,-+- ug)sn? ig) SS (Uy — Ug) 1— 1—F'sn®3 (w+ ue) sn*d (t+ Ua—2a) 

Writing—a for a in this equation, we have a second equation, which 

divided by the first gives 


on 1—k’*sn*3(u,—wu,)sn*4 (t+ U,— 2a) 
1 — k’sn?5 (wu, — ug)sn*4 (2,4 u.+2a) 
I—k’sn?3(u,+ hg) sn? 5 (ty + uot + Ua-+ 2a) 
1- —k’sn*s (t+ u,)sn® + u,)sn*3(u,+ + 1) —2a) | 


snA snB= (N) 








SR 


841 
Again from the formula (N) above, 
1+ksn A sn B= iL Hh 80's (A+B) } { 1 Fh sn’ 5 (A—B) } 
1—# sn*3 (A+B) sn*i(A—B). 
.. ([1—k*sn*} (A+B) sn?}(A—B)}?= 
1 { 1—Hsnty (A+B) } { 1-7? sn‘) (A—B) } 
(sie Asa B) 
In this equation writing in turn 
A=u+4, B=uy+a ; 
A=u4,—a, B=u.—a: 
A=%4+4,—a, B=a; 
A=%+%,-+a, B=a; 
we get expressions for the square of each of the factors of the numer- 
ator and denominator of the expression M2. 
Hence we have after cancelling like factors in the numerator and 
denominator, 
= { 1—F sn? (u,+<a) sn? (w+) La 
{ 1—k* sn* (u,—a) sn® (u—a) Sie 
{1—#? sn*a sn* (u4,+u,—a 
{ 1—k sn’a sn? Seen : “oar MA 


St. John’s College, 
F. H. V, GuLaAsekHaraM. 
Jaffna, Ceylon. 
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SHORT NOTES. . 


Pascal Hexagon. 


The: concurrence of the Pascal lines of a hexagon inscribed in a 
conic, is provedihere by the properties of the Homographic Function, 
Reference: The Note at the end of Salmon’s Conics and my previous 
paper on “ the Homographic Function as an Operator.” (J. I. M. S, vol. 


VIL, p. 202), 


I. Introductory; The properties connected. with Pascal’s Hexagon 
deal with cases in which three correspondences have their double points 
in involution, No simple necessary conditions for this can be given, 
but the following theorems give sufficient conditions and are applicable 
in many cases. 

Theorem I. If S ts a given correspondence and 8, a variable corres- 
pondence with given double points, then the double points of S,S belong toa 
fined involution. 

Let I represent the involution determined by the double points of 
S, and S. Then S, can be decomposed into the product of a variable 
involution I, containing its double points and the involutionI (J.1.M.S. 
vol, VIII, p. 202) 

Thus §,S=],I S. 

Again since I contains the double points of S,IS is a fixed involu- 
tion I’ containing the double points of S—(Ibid) 

Hence S$, S=I, I. 

The double points of 8;S are the double points of I, I’ t.e., the 
common paig of,I, and I’. Thus the double points S, S belong to the 
fixed involution I’. . 

Oor. In particular if 2 be a correspondence of period three, the 
double points of S, QS, Q?S, belotig to an involntion. 


Theorem IT. Jf Jj, Ixy I, be three involutions having a common patr, 
the double points of I,8, 1,8, I,8, belong to an involution. 

Denote the common pair by 1, and the double pair of S by s' 
Then by the theorem quoted above I, I, I, can each be split up into the 
product of the involution I containing ¢ and s and three correspond - 
ences having p as their double pair. Hence putting IS—S’ 
theorem is reduced to Theorem I, ots 

Theorem III. [f the product of three correspondences ts an involution 


n whichever order they are taken, then thetr doubl . 
involution. @ points belong to an 
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If S,S,S, and §,8,S, are involutions, the product of S,, S,,5,in any 
order is an involution. (This follows|‘from the theorem that the para- 
meter of the product of a number of correspondences depends not on 
the actual but only on the cyclical order of the product. (vide: the paper 
on one-one correspondence above referred to) 


The condition that the|correspondence at may be an involution, 


. ca 
is a-+-d=0. 
Hence forming!the products S,S,S,, $,8,8, by the ordinary rules of 


multiplication of matrices, we have, for the condition that these may be 
involutions, the equations 


(@3@-+ by6,)a5+ (qybart 5:45) ¢3+ (¢14.+d3¢,)b3+ (¢yby-+-dyd,)d; = 0. 
and (4a,4,-+ b.¢;)¢,+ (ab; + bad) c+ (6,0, ++ dae) bs (Cay + d,d,)d,=0, 
Subtracting we find 

| G dy—a, by | - 


c, da—a, by 
c; d,—, bs 
which shews that the double points of S,,S,, S; belong to an involution, 
Il. Properties of three Points: 
Three points pgr determine two periodic correspondences 
pqr r 
arp | ond ie 
If 2 denote one of these, the other is 23. The double points of 2 
will be called the cyclic centres of pgr. (These must be distingnis- 
hed from the so-called harmonic centres. The cyclic centres are 
defined by a purely descriptive process while the harmonic centres, a3 
the name does not indicate, are defined by a metrical property.) 


(1).. From the definition of the cyclic centres as the double points 








of the correspondence . ce | , it follows that each of the involutions 


(pp.9qr) (qq7P)s=(77,P9) contain the cyclic centres. 
(2) Geometrical Interpretation. 

_. Let PQR be points on the fundamental conic corresponding to par. 
Let the tangents at PQR meet the opposite sides in P’,Q’,R’, Then P 
represents the double pair of the involution (pp.qr). seer (1) proves 
that P’Q’R’ are collinear. The intersections of P’Q’R’ with the conte 
correspond to the cyclic centres of pqr. , jee 

| (3) Theorem LV. If a correspondence carries (pgqr) into (pqr), % 


carries the cyclic centres of (pqr) into the cyclic centres of iq’ 
pq? a=(2"% fe ra. 
aoe pdr \’ pq? q?P 
Then we see that a'sa =S, identically. 
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Hence if # be a double point. of 2 

. S(a) =2’/SQ(a) =2'S(a) ; 
so that S (a) is a double point of Q’; which proves the theorem, 
since. the double points of 2 and 2’ are the cyclic centres of (pqr), and 
(p’q'r’) respectively. 

III, Ste Points: Six points pgr p’g’r’ can be divided into two groups 
of three, in 10 ways. From each division we can get six correspond- 
ences by keeping one group in a fixed order and permuting the other. 
Hence we get sixty correspondences (a correspondence and its inverse 
not being regarded as distinct). | 

If the six points are represented as the Vertices of a hexagon inscri- 
bed in the fundamental conic, the double points of these sixty corres- 
pondences are the intersections with the conics of the sixty Pascal lines, 

(1) We first shew that the double points of the six correspondences 
which can be derived from the same division, belong three and three to 
two involutions. 

Consider for example, the division. (pqr); ( pq?) 


Let 8,;= [egy > S,= | 53%, |. S,= pa . 








SY = 








Pqr ij ae Gr q *. r_ | PQ r 
Pig} = (PIT, s= [aoe 
If 2,2? be the two periodic correspondences which carry the group 
(p’q'r’) into itself, we have evidently SAY: 
S,:=8,, S,=Q8,, Ss =2'S,, 
S,'=Sy, S.’ =0°8;,, S;=08;. 

“Hence, by Th. I, Cor, the double points of S,S,S, belong to an 
involution J and the double points of 8,’,S,’,8,' belong to another inyolu- 
tion I’. 


(2) ach of the involutions I, I’ contains the double points of the other 


| gel 


Let (t,t2),(t,'t:’) be the cyclic centres of (pqr)and(p'q’r’) respectively. 
Every one of the six correspondences we are considering carries the 
8roup (tit,) into the group (t't,’) (Th. I V.) Hence if ¢, *” represent the 
inVolutions. (t,t, tot,’) and (tt 4’ ,ty'ty) respectively, the double points of 
every one of the six correspondences, must belong either to ¢ or to ¢”. 

Hence the double points of two at least of the three corresponden- 


ces S,,S,,S, must belong to one of the involutions ¢, ¢’ Say t and there- 

fore the double points of the third also must belong to (for we have 

proved that the double points of §,,8,,S, belong to an involution). 
Hence J must be the same ast. 


Similarly it is seen that I’ in the same ag 2’, 


“BA5 


Now the product of ¢and*’ is an involution, viz. (t;ff;'t:’). Hence 
(Th. II, Cor. in the paper mentioned above) ¢ and ¢’ each contain the 
double points of the other. This is seen otherwise also, for 7,2’ are 
represented in the plane by two sides of the harmonic triangle of the 
quadrangle #,t,t,'t.”. 

Thus the involutions determined by the double points of §,, S,, S, 
and §,’,S,',8," each contains the double points of the other. 

Hence we see that the stwty Pascal lines meet three by three in 20 
points (Steiner’s points which form ten patrs of conjugate points w.r.t the 
conic, each conjugate patr corresponding to a division of the sim points. (The 
latter part is mentioned but not proved in Salmon). 

(3) Ktrkman’s Points. 

Consider the correspondences 


se |B [8 [28 | | 


Pr |" 
We hare 
8,8,8,(¢’) =r 
88,8,(r)=4'; 
hence §,8,S, is an involution. 
Again S,5,8, (p’) =f 
S88, (r)=p' ; 
hence S,S,S, is an involution. 


Thus every product of S,, S, and S, is an involution and therefore 
the double points of §,,5, and S, belong to an involution. (Theorem 
III.) 

Thus the Pascal lines corresponding to §,, S,, S; meet in the point 
(Kirkman’s point) which represents the double pair of this involation. 
In the present case S,, S, are got from S, by permuting cyclically two 
points in the upper group of S,and the non-corresponding point in the 
lower group and also permuting cyclically the corresponding other 
points. in the, opposite sense. 

There are three ways in which this double permutation can be 
made. 

Thus three types of correspondences S,S, can be obtained from S:. 

Hence every Pascal line contains 3 Kirkman points (and one Stei- 
ner’s point.) 


x3 


There are therefore 603 oy 60 Kirkman points. 





R. VrreyNaTHASWAMY. 
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Note on the Gamma reece 


Gauss’ Formula. 


For n a positive integer '(n) = fie e~* gy" \da= bars 


as 
1 
se —% ~t—1 on 2 ee A4N —% 
T(a)= [ en* a dz otal). a(n) f a@+” e-* dz, where a>O 
oe 
i grt" e-*. da (f grt" e-™* dy 
= 123.0 “0 i ABB ge 
~ a(a+l)...(a+n) © a(a+1).. any" 
{ a” e~* da , np ve" das’ 
o 0 


It can now be shown that the ratio of the two integrals tends to l as 


tends to infinity. 
Suppose a to be between: r and r+1, wh ory r is ® positive integer, then 


oo 
{ at" o-"™* da (é a t® o-™ da {: gr tit" eda; we (1) 
1 1 Sa 


1 1 
also { a7+"e~"™* de lies between 0 and ait" da, or =H ’ 
oO 


whence we have 








{ grt o"% dy = 8 , where 0<6<1. 
a+n+1 
Hence from the inequalities (1) we can write 
9 9 0 fos) 
piso poe. “ 7+ 8K 7, C+ x 
amc ten ot” 6" daz J. a . dz 
MiGs ACO. <~@ 
' { x” e-™* da a” e"™* dz 
o o 
i 00 
6 Q” 
itral 74a eee 
< = -: 
{ a” en" da 
o 
ee) 
art e="™* da 
Consider _ 1 1:23... an) 
a L'2'S oo 


{ a” e™ dz 


© =(4. (2) (Q4) 
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since there are only a finite number of factors the limit as” tends to 
infinity of the ratio of the integrals tends to 1, and hence 
lim 1:23..." a 
Ta) ~ m->00 a(a+1) (Gp) 
2. The relation hetween the Beta and Gamma Functions. 
P(m)I(n) _ lim 1:2:3... pt (m-+n)...(m-+tn+p) 
‘rae PPO n(nf])..(mFp) m(m+1)...(m+p) 


ie.°) 
ehion _m+n x” dz 
Se i‘ azar, ip (1+ay"t" 
' ae 


_(m+n)(m+n+1)...(m+n+t ) Re, ates 
n(n+1) oe (N+) 4 (+ 2) mnt 


n(n+1)...(n+p) a 


_ (m- +n)(m+n+1)...(m+n+p) 1.2.3., fe 
n(n+1)...(n-+ ph) : met). SEE) 
[ett Ray" hae 


_(mtn\(m+n+l).(menep) 7 mth mol 
et reeA\S fal bo [, 2 (1=2) 








o 
[ a (1—a)" de 
° 


If x lies between 7 and 7+-1 
f a’ tha)” 1a { at +" 2)" + tae 


o ro 
ee eS Le el Mn! an. LA 
[ a loay ede | a (1—2)" lay 

o 0 


[ at trt+1q_ ml, 


a ek 5G a) aa 
| al (1—2) da 
te) 
b oth a—ay™— hae 
Oo - Lt 1.2.3...(fe+7) 


Lt hehe oh PT). 2 
m(m-+1)...(m+h+7) 


Fee > see pA->00 





and 


m m+1)..(m+p)_ Lt ~ (+1). (ptr) 17 
: 1.2.3... »% ~ PPO (m+p+1).. (m+p+7) 


A, C. L. WILKINSON, 





848 


A Diophantine Problem. 
1, If a2*—y’=1 is a conic passing through the rational points 
(p, 9) (2, 7), then we can write 
2 . 
3 i ad ; 
pa ee u, g=sinh w 
pa*=cosh », q’=sinh v. 


tole 


P| 
sinh (wv) =gp'a* +pq'a*, } 
cosh (wt) =pp'atgg’. 

Hence, the rational points (qp’ pq’), (app’ qq’) lie on the conju- 
gate hyperbola az?—y*?=—1. 

The rational points may, therefore, be readily constructed as the 
ends of chords conjugate to the radius to (p, g) or (p’, gq’); and the pro- 
cess can be continued indefinitely. 

Ex. (1). 2a°9—y’?=1. 

Here (1,1) is an obvious rational point. Therefore, if (p, q) is 
any other such, the points (q+p),(2p+q) lie on the conjugate y°—2a*=1 ; 
and so on. x 

Ex. (2). 2a’—3y’?=1. 

Here, if (p, g) is a point, { (5p +6g), (4p +5q) } is also a point on it, 

i 


2. If aa*+y’=1, we may put pa* =cos @, g=sin 0, B; 
x 
pa*=cos ¢, g' =sin ¢, 


and deduce sin(0+ >) =(qp’+pq’)a 3 
_ c0s(8+ ¢) = (app'—qq’.) 
Thus { (qp'+Pq'),(2 pp’— qq’) } is also a point on the ellipse az*-y?=1 
3. When the equation is az*+by?=1, put 
2 M 
pa* =cos @, qb? =sin 0; 
and suppose 
2 
vp =cos ¢, q’ (ab)? =sin d, 
so that (p’, q')lies on 
2+ aby?=1, 


4 
2 


cos (9+ ¢) =(pp’ —bgq’)a®, 
‘ ; mh oe 
a the pointe { i (9+ 9) =(qp' +pq'a)b?; 
and the points gp’ +apq'), +(pp'—bgq’) } will also li ? 2 
being the ends of a chord conjugate to Ae eae Ave Bi 
A similar method applies to az*— by? 1, 
Example: : 22’—3y?=1. 
Take the auxiliary conic 2?—6y?=1, which is satisfied by (5 2). 
Hence if (p, q) is a point on 22°—~3y?=1, 
{Gp+6q), (5g—4p) }, 
also lies on the same, and so on. 


Then 


M. T. Naranrenaar. 
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B49 
Note on Q. 831. 


(Enquirer) :—Find by elementary methods the invariant relation 
expressing the condition that hexagons may be inscribed in the conic 
S=0 which are also circumscribed to the conic 8’=0. 

[N.B.—The result quoted in Salmon’s Oonte Sections, 6th Edition 
p. 343, foot-note, contains an extraneous factor corresponding to degene- 
rate hexagons. The result is given in Halphen, Functions Hlliptiques, 


Tome II.] 
Solution by A. O. L, Wilkinson. 


M 





Fig. 1. Fig. 2. 

§ 1. Consider a jointed framework abcdef inscribed in a circle and 
kept in equilibrium by six equal and opposite forces P, Q, R acting 
along*ad, be, cf. (fig. I) 

The conditions for equilibrium give . 

et ee ae Tat ea ale al =ete. 
ginasind sinesindicsincsind sinbsine sine sinf' 
which are symmetrical and thus the frame—work is in equilibrium. 
Consider the force diagram for any point K (fig. 2) where Ka, Kf 
eeeees are parallel to ab, be...... _— 

Then abcdef is a funicular corresponding to K. 

Now the hexagon afy65é is symmetrical about O; thus considering 
K’, a point such that O is the middle point of KK’, then K’a is parallel 


to K§, ete. 
3 
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Thus defabe is another funicular and the corresponding ips of 
these two funiculars intersect on a straight line parallel to KK. 

Hence ab, de; be, ef ; ed, fa intersect on a straight line NUM, the 
Pascal line of the hexagon abcdef, und this line is parallel to KOK’. 


$2. Consider any funicular corresponding to O, the centre of the 
force diagram; in general it consists of a hexagon inscribed in the 
triangle X,Y,Z,, formed by the lines ad, be, cf, whose sides meet the 
corresponding sides of the funiculars abedef, defabe in points lying on 
two straight lines parallel to LMN or KOK’. 

Consider a straight line NY,Z, parallel to aO§ and complete the 
funicular Z,Y,X,Z,/Y,'X,’; since corresponding sides of this funicular 
and abcdef intersect on a straight line parallel to OK, that is, parallel to 
LMN, and L is the point of intersection of Z,Y, and ab, therefore LMN is 
the line of intersection of the corresponding sides. Hence Y,X, passes 
through L, X,Z,’ through M and ZY, through N. But ZY, is paralle} 
to O§ and hence to Y,Z,. Thus the funicular degenerates to the triangle 
X,Y.Z, inscribed in the triangle X,Y,Z,, whose sides pass respectively 
through L, M, N, 


§3. The pencil at K consisting of K@, Ké, KO and the line through 
K parallel to @é is harmonic; therefore Leb, Lef, LMN, LX,Y, form a 
harmonic pencil. ; 

Produce ab, cd, ef to form the triangle X,Y,Z, and be, de, fa to form 
the triangle X,Y.Z,. : 

It follows from the harmonic pencils at L and M that X,X,X, are 
collinear, 


§4. The points X, X,, X;, X, are collinear. 

Consider the forces, P,Q acting at a,b; their resultant passes 
through X, for they can be replaced. by Tyra, Tyq and T,4, Tg, and thus 
X,X, is the resultant. 

Similarly by considering P, Q acting at d, e, X,X, is the line of 
action of the resnltant. 

Again P at Z, can be replaced by forces along ZY, X,Z, repre- 
sented by Oa, 60; and Q at Y, can be replaced by forces along Y,Z, 
and X,Y, represented by a0, O@; whence X, is also a point on the 
resultant. ; 

Similarly Y,Y,Y,Y, and Z,Z;Z;,Z, are collinear. 


Let X;X,, Y;Y, meet in g; then the moments about g for P, Q at 
@, bis xero-and that about g for P, R at d,c is zero and the P forces are 
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equal and opposite, hence the sum of the moments about g for Q, R at 5, 
c is zero. 


Hence g also lies in Z,Z,. 


Now X,X,X; is the Pascal line of afe bed, Y,Y,Y; the Pascal line 
of abe fed aud Z,Z,Z, of afcdeb. Thus g is the Steiner point of the 
Pascal lines X,X,, YiY., ZZ. 

af, cd, be 
‘The point g is | be, fe,ad in the usual notation. 
de, ab, cf ° 


§5. The four triangles X,Y,Z,, X,Y.Z., X,Y,Z;, X,Y ,Z, are copolar 
with a common pole at g. 


The three axes of homology of any three triangles which are 
copolar with a common pole are known to be concurrent (a very simple 
proof by projecting the line joining the common pole to the intersuction 
of two of the axes of homology to infinity). The axes of homology are 
seen to be 


(12) the Pascal line LMN, (13)the Pascal line ab, cd, ef 


of, be, ad 
(14) LMN, (23) the Pascal line 4 BE ee , (24) LMN 


and the axis of mology (34). 


Hence the 3 Pascal lines 


(a be, de af, be, a) be, fe, ab 
od, fe, ab)’ \be, ad, cf)’ \be, ad, of 


ave concurrent and the axis of homology of the triangles X,Y,Z,, X,Y.Z, 
also passes through this point of concurrence of the 3 Pascal lines. 


Thus the axis of homology of the triangles X;Y,Z;, X,Y,Z, meets 
LMN ina second g point, and we shall show that these two g points are 
conjugate with respect to the conic. (Standt’s Theorem). 


§6. The axis of homology of the triangles X;V:Zs, X,Y,2, and the 
Pascal line LMN are harmonic conjugates with respect to the Pascal lines 
ab, cd, ef ab, cf, be 
(F be, ad and bist de, af 
Project LMN to infinity so that we obtain fig. 3, where ab, de ; be ef ; 
od, af are respectively parallel. Then X,,Y4,Z, are the middle points of 
X,X., Y:¥2, Z,Z, Also X,Z,, XZ, XZ, are three parallel straight lines 
and hence they meet X,Z, in three points U,V,W where V is the middle 
point of UW, and this establishes the above theorem. Also since X, is 
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the middle point of cf, we see that in fig. 1 the point where jad meets 
LMN is fourth harmonic with respect to Z, of a and d. 





Fig. 3. 

§ 7. Taking the conic of fig. 3 asa circle, since ad=be=ef and 
Zi, Y 4 Xy ave their middle’ points, we see that X,Y.,Z, lie on a cirele 
inscribed in the triangle X,Y,Z, and concentric with the circle abcdef. 

Hence in fig. 1. the conics abedef and X,Y ,Z, touching the sides of 
X;Y;Z, have donble contact, the Pascal line LMN being the chord of 
contact ; and more generally if we take any other hexagon a'b'e'd'e'f’ 
whose verties lie on the lines of action of the forces P,Q, R and whose 
corresponding sides @'b’, de’ pass through N, etc., the conics a'b’c'd'e’f’ all 
have double vontact at the Same points with the Pascal line LMN. 

In fig. 3, g is the Ssymmedian point of the triangle X,Y,Z, and its 
polar with respect to the circle X,Y,4Z, is the axis of homology of X.Y,Z, 
and X,Y.Z, ; hence the polar of g with respect to adedef is parallel to 
the axis of homology of X,Y,Z,, X;Y,Z; and thus passes through the 
point of intersection of LMN (the line at indnity) and the axis of 
homology of X,Y,Z,, X;Y;Z3; this was Shown in § 5 tobe the inter. 
section of the three Pascal lines, wiz. the reciprocal g point. We thus 
have a proof of Staudt’s, Theorem that the two reciprocal g points are 
conjugate with respect to the fundamental conic, 


a2 0. L. Wikineon. > 
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Astronomical Notes. 
A new minor planet. 


Among the recent discoveries of minor planets is one of some 
importance. This planet (as yet unnamed) has a perihelion distance 
of 1:182 astronomical units, very little greater than that of Eros, so 
that on certain favourable occasions it may approach to within about 
geventeen million miles of the Earth, and will therefore be useful for 
determining the solar parallax. The eccentricity of the planet’s orbit 
is very great so that its aphelion distance is 3-879, Its period is almost, 
exactly four years. The planet is of the tenth magnitude and its dia- 
meter about four miles. The planet was discovered by Wolf who 
recently announced the discovery of a minor planet attended by a 
satellite which moved through eight degrees in @ little over half an 
hour—a discovery of so startling a nature that one awaits its confir- 
mation with some curiosity. 


In connection with minor planets another point of interest occurs 
to me. It has been known for many years that at distances from the 
Sun at which the motion would be commensurate with that of Jupiter, 
there are no minor planets, any planets which may have originally 
existed in these positions having been diverted therefrom by the 
perturbing action of Jupiter. A recent investigation of the orbits of 
the many hundreds of planets now known fnlly confirms these facts, 
gaps being found at the ratios 2/1, 7/3, 5/2, 8/3, 3/1. Itis however 
found that for values of the daily motion less than 500” this avoidance 
of commensurability does not hold and planets ave found with ratios 
1/1, 4/3, 3/2. 


The planets with ratio 1/1 are a special case, forming with Jupiter 
and the Sun an equilateral triangle and illustrating Lagrange’s parti- 
cular solution of the problem of three bodies; there are four such 
planets known, usually referred to as the ‘Trojan group since they are 
named after the heroes of the Trojan war’ Hector, Patroclus, &e. 


R. J. Pocock. 


354 


SOLUTIONS. 
Question 64. 
(A. C. L. Wiixrnson, M.A.):—Prove that no solution in positive 
integers exists of the equations: 
a®—y®§ = y?— 22 = 2? a? 
Solution by H. Br. 
1. Lemma. The equations 
v=H+H=y+95 ret 
have no solution in integers, if §=+-0. i 
Proof : (i) A commun factor f of any two of the quantities is a factor 
ot the other two also. [This is easily seen except possibly in the case 
where f=2 and is a factor of 2, y. In this case 


(6) 


Y are both odd or both even; hence the difference of their 


Pie’) 
squares is a multiple of 4; ¢e., § is even |. 
We may therefore without loss of generality take a, &, y, § prime 
to each other. As the sum of two odd Squares is not & square § is even: 


(ii) By the ordinary rules, we must have 


m+n=as=Mi4+N? |, 3 as eee | (2) 
2mn=§;2MN=35 
or 3mn=MN a ue we (8) 


where m n are co-primes and n is even; and M, N are co-primes and N 
i8 even. 
From (3) we get 


either m=a b, M=8 ac 

n=ed N=bd ‘* - race KO) 
or m=ahb M=aec 

rea d N=3 b d eee ete eee (5) 


a, b,c, d being prime to each other, and d being even. We take the two 
cases separately. 
(iii) From (2) and (4), 
a° B+? d?=9 a? 634 52 gq? 


or B? (d®—a*) =e (d?—9a?) 
- @—a? _ d?—9q3 . 
giving == — =n integer =», 


8 a* is divisible by c’—b? which must therefore be the 
factor of a? and d?. vies 


As a, b, o, d are prime to each other and &§ and 
edie nd ¢ are odd, v can 
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If v=1, d*=a*+c*, which is impossible 2s d is even and, a c are odd. 
If v= —1, 9a? =b?+d? which is also impossible as 6, d are not both 
multiples of 3. 
Hence the relations (4) do not hold. 
(iv) From (2) and (5) we get 
a? b?+-c? d?=a’ c®+ 9b" a? 
a®—d? _ a?—9d? 
a cout ele bof F 
The lower sign gives 9 d?=a’+c° which is impossible as a,c are not 
both multiples of 3. 
The upper sign gives 
a=b?+d@=c?+9d? ... ies es ae (6) 





or 


an equation of the same form as (1). Also a=r< m+nv<a, 


(v) Proceeding in this manner we get a series of equations with 
diminishing values of a, and ultimately arrive at the equations 
L=b2+d=¢.'+9 d,” 
which have no solution (if d, =¥- 0). 
2. To prove that the system of equations 
e—ya=y—e=2—w 
has no integral solution except the trivial one 
gayoe=u. 
(i) Clearly , y, 7, ~ may be taken to be prime to each other 
without loss of generality e=2y—2 
We may solve this by putting 
at-e=X, w—c=Y, 
or we may apply known results in the theory of quadratic forms, and 


~ noting that . 
at=2 y—2=(2 y+2)’—2 (Y+2)" 


we may at once put down 
+ @=:A®-—2D° > 
2 y+z2=A’+2 B? & ¢7) 
yts=2 AB 
where A is odd, and A and B are prime to each other. 
+ uw=C?—2 D’ if 
yt22=C4+2D> ) : . ® 
yt+z=2CD J 
© being odd, and C and D prime to each other. 


Bliminating y and < a. 
A?+0?-+2B?+2D°=6AB=60D ... oe ue (8) 


Similarly 
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As AB=@D, we put 
A=pr,B=gs_ ) "hs 4% iF (10) 
O'=ps,D=qr § 

‘Then p, q, 7, § are prime to each other and g, 7, s are odé 

Gi) Substituting in (9) 

‘p'r? + p°s? + 2q°s*-+- 2q%7* =6pgrs 
°+-2q°)(7?-+ 8°) =6pqrs 
fe Now 7+? nes fal common with 7, s and pr+-2¢" has no 
factors common with p, g. Also 7?+.s* is even, but is not a multiple of 3 
- Le a °=3rs 
Popa 4e} 
2 aa: paset ay id 2 
i 2p plese) =k ay) 
Tt follows that *+s may be put in the form 2a, where a, @ are 
prime to each other, and 7—s may be put in the form 2y§ where Y; 6 are 
prime to each other. As p’—g?=—3/243rs=a multiple of 3, and as 
p and g are not both multiples of 3, one of these quantities P+4 
P—q is a multiple of 3 but not the other. Two cases arise 
1 +q=6a?, ~ 
ts 2+ 4=8' ; ~ ns (12) 
2q —p=3y* :. 
p—q=26%. 

Eliminating p and q, We get 

| 9a? =f +8, 
or @, 6 are multiples of 3, implying 7, s multiples of 3, which is not the 
Case aS 7, s are co-prime’s. .”, (12) is inadmissible. : 
(2) In the second case 
P+q=2a*) 
2q+p=38 | 
2q—p=y¥ l 
P—q=65%. | 
Eliminating pg, we get 
a= 84.52 
= 495} 
This has no inteeral Solutions unless 6=0 
If §=0, fT=s 
A=0, B=D 


¥y =%, 


i ra oe else) 


and finally 
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Question 378. 

(J. O. SwanmnaRayaNn) :—Having given that 

{ D(b-+-c)a®—2E(fyz) } *=4(a? + y*+-2*)[E(bo—f*) a+ 22 (gh —af yz], 
prove that’# toy —*. _ ; —* hy" cat nl 5 ty ba Shay 
y+ Ce re wy? 
Remarks by H. Br. 
The given expression may be written 
[(a+-b+e)(a®+y'+2*)—(aa*+ by? + 02+ 2fye+ 2yza+ 2hay) 
=4(a?+y?+2°)(Aa’+ By’+C2+2Fyz+ 2G22+2Hay). 

Take (a, y, 2) to be co-ordinates of a point, the axes being supposed 
to be rectangular. As a+b+c is an invariant of the quadric az*+... 
it is clear that the above expression retains its form if the axes are 
rotated in any way. Consequently, the conclusions (whatever they be) 
to be drawn from the data will also retain their form unaltered if 
the axes are rotated in any way. But the conclusion that is asserted 
in the question does not satisfy the test. 

To verify: Suppose the quadric referred to its principal axes, so 
that f=g=h=0. 

[(b+c)a®+(c+a)y’+ (a+b) 2? |? =4(0? + y? +2") (boa? + cay*+-abz*). 

Expanding and simplyfying we get 

¥(b—c)*at—2L(a—b)(c—a)y*2" =0. 

Which implies 

/(b—c).wtV(c—a).yt V(a—b).2=0. dos Bae (2) 
We are required to prove that 
bet+cy?_ca*-+az* _ay’+ba* 
y+ pepe hy? 
ne. _-a*{(b—c)a*-+ (e—a)y?—(a—b)e*] =0 | 








y'[(b—c)a°—(c—a)y"-+ (a—b)e"] =0 (2) 
a*[ —(b—c)a?+ (c—a)y?-+a—b)2"] =0 


The set of relations (2) is not a necessary consequence of (1). 





Question 723. 
(S. Ramanusan) :—If [«] denote the greatest integer in w and n is & 
positive integer, show that 
rae,’ ys aff n+4 } 2s B ey 
Ola +[*A-J+ Beet |: 
(i [F+VetD]=E+VO+o), 


(iii) | n+ (n+ 1)) =[V Ge +2) |, 
Solution by H. Br. 


@ raem= [8] + ("92 )+[*s4]-[lal- Pe lO 


4 
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Let et =k, so that n=6k+ m, where m< 6. 
6 


ny ae Re m | oO fae 
Hi e* [ +o ant | oe aes 
Sy n)=(m), where m=0, 1, 2, 3, 4, or 5. 
It is See that ¢(m)=0 and therefore also $(n) =0. 
(ii) Putn=k’+a, where ‘a< 2k+1. Then [vs J=k. 
Let n+ 32=h + a+} =(k+5)?", 
4 tah -a4h=(k-+q). 
We are required to prove (3-4 Vets) =B+Vn+7] | 
or, in effect, [$+ “te n}. 
If a>k, 3<n<t<l, and [24£]=[44 yn) =1. 
(iii) As before let n=? --a, where a <2k+1, 
Pat 
n=k?+a=(k+£)%, 
w+e=h+a+t=(k+ 9), Ks os (I) 
w+l=+a+1=(k+o), ) 
We are required to prove 
[Vn-+Vn+1]=[V4n42] 
or in effect [6+] =[2n). 
If a<k, we have O<E<7<S<}, and [£+6]=[2n] =0 
If a>k, we have 3<b<<S<1, and L6+6]=[2n]=1. 
If a=k, &<i, and m, S are>2, but<l. Thus (2y]=1. We have 
to show that [£4+72]=1. ff £=}—2, andé =3+, we have to show 
that 2>2. 
Substituting for £ and < in (1), we get 
f= (Qh+1) 42%, 
ann ~t=—2 (2k+1) +422 
(2—a)(2h-1) = 3— (224 29), 
As #* and z sre both less than 4; V+2 ig 2(4)%< 2, 
(2—2)(2k-+1) is Positive, or z—z igs positive. 
Hence in every case [£+<] =(2y). 





Question 836. 

(Martyn M, ‘THOMas, M.A.) :--At a given instant, the same star. is 
observed to be at the horizon of one place (lat. ¢,, long. L,); on the 
prime vertical of another Place (lat. ¢,,, long. L,) and at the zenith of 
a third place whose latitude is unknown, and long. Ly. Prove that 


cos (L,— Ls) tan 4+. cos (L:—L,) cot sat) 
and find the latitude of the third placa, : ic ast 
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Solution by R. J. Pocock, S Muthukriehnan, K. R. Rama Iyer, A, K. 
Anantanarayanan, R. D. Karve and O, Krishnamachary. 


Let the hour angles of the star be h, A, in the first two cases; then 
Iyg=L;—Ly; ha=Ly—Ly ; 
and if § is the star’s declination § = ¢,. 
Also tan §. tan ¢;=—ocos A, 
tan §. cot ¢.= cos hy. 
Eliminating §, ’, ha, we have 
ous (L;—L,) cot ¢,+ cos (L,—L,) tan ¢,=0, 
or cos (L,—L,) tan ¢,+¢0s (L,—L,) cot ¢,=0; 
and tan ¢,=tan §=cos (L,—L,) tan 4, 
=—cos (L,—L,) cot ¢,. 





Question 843. 


(Laxsuuisninzer N. Buarr):—From any point C tangents CD and 
CE are drawn toa circle, and from any fixed point O on the circle, 
chords OD, OE are drawn. If from any other variable point O’ on the 
circle, chords O’D, O’E are drawn cutting the former chords in P, Q and 
the tangents in R,S; then prove that (i) theline PQ always passes 
throngh C and (ii) the line RS always touches a conic. 


~ Belution (1) by Hemraj ; (2) by V. M. Gattonde, 8. R. Ranganathan, 
and O. Bhaskaraiya, B.A. (Hon.) 
(1) Reciprocating with respect to O, we have :— 


TP,TQ are tangents to a parabola at P,Q; and a variable 
tangent cuts them in R,S. Show that the lines through R andS 


parallel to TQ and TP respectively meet on PQ, and (ii) the locus of 
the point of intersection of the diagonals PS, RQ of the quadrilateral 


PQSR is a conic. 
Take TP, TQ as axes. ‘The parabola is 


a. /t. 
V e4y/ tal, 


and a variable tangent is ios! with the condition £421, se @) | 


AG). PQ=-+F 1=0 | : 
and the point of intersection of lines through R, S parallel to TQ, TP is 
evidently (f, 9). It leson PQ BML SicPiseel rhe se. 20) 
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£491 =0; which is (1) 
a 
{For a geometrical proof, see Lachlan’s Modern Pure Geometry Art 272]. 


(ii) PS=5+t—1=0 shah oe od 
A ey Py ee ove 
QR=r+5 1=0 ae (3) 


Eliminating f, g between (1), (2), (3) we have the locus required, vsz. 
a/a*+ay/ab+y"/b? —2x/a—2y/b4+1=0. 
It has double contact with the parabola at P and Q. Hence the theorem. 
(2) (i) Let OO’ and DE meet in K. Then by the quadrangle 
construction for a polar, PQ is the polar of K. Also since K lies on 
DE the polar of C, the polar of K always passes through C. 
Thus PQ always passes through CO. ‘i 
(ii) It can easily be shown that R and S generate homographie 
ranges on CE, CD respectively and that the ranges are not in 
perspective. Therefore RS touches a conic touching the fixed lines 
OD, CE. | ‘a 
; Additional Solutions by 8. V, Venkatachala Tyer and H. R. Kapadia. 


Question 846. 
(S. Matnari Rao, B.A )':—Solve in positive inteyers 10*+95*=101* 
Solution (1) by H. Br. (2) by S. V. Venkatachala Aiyar and N. B. Mitra, 





(1) 10*-+-95*=0 (mod, 101) 
. Multiply both sides by (—17)*, and Simplify. We get 
32*+1=0 
or 2°* 4. 1=0 sink eae 9 


As 2 is not a quadratic residue of 101, 2°°4.1=0, 


Henceif a, is the lowest positive value of a Satisfying (1), 50 must be 
an odd multiple of 5 »,. 


s ®=2 or 10. 
%_=2, gives 2% =2"—1094 4+] } %=10 is obviously admissible. 
The general value of » is any odd inultiple of a, ; 
or %=20k+10: 
the value of y oan be deduced when @ is known. 


(2) Forming the residues to the . 


10,—1,—10, }, aa ate ae a4 2 ig 
(the same set recurring after this), /  ‘eieaohe 
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Similarly the residues of 95* are (ropes 
—6, 36,—14,—-17,+1....- 
(the same set recurring). 

In order that 10*+95* may be divisible by 101, the sum of ther 
residnes must be zero. This is obviously the case when 2 has any of 
the values 10, 30, 50,...... 5 for, when # has a value of the form 2+4n, 
the residue in the first case is—1, and when a has a ‘value of the form 
5 m, the residue in the sesond case is +1; 

Thva the values of # having been found, the corresponding values 
of y car. ve easily calculated. 





Question 861. 

(Communicated by Mr. J. H. Gaacz, F, RS.) :—A heterogeneous 
medium is such that the path of every ray through it is o plane curve. 
Find the index of refraction at any point. 

‘as Solution byi Balak Ram. 
If pp be the index of refraction at jany point, the differential 


equations of # ray are 
d dz ) _ Op 


aa ht GJ a" 


and two similar equations. Denoting 2 by 6’, we have 
4“ fo) , , 
pa tap’, 


nr yw fo) ‘ / u” 
and pe 2 =—2 p's’ SE — ap", bo. 


If the path; is a plane curve, the torsion :is,zero. Simplifying the 
determinant factor of the value of the torsion, we get 
aw y Zz 


ee ee 


op’ = Op OH 
Oz oy 0: | 


We must have relations of the form 
Op" ul Hwa, 1 
On | 
Op" 5 OP =uy’s 
Oy 


ay 
Op’ ra] =a \ 
pte ae. 
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The first equation is equivalent: to 


ude 
a( ee) bet dz, 
This shows that the right hand side is a perfect differential. 


Therefore ye Suds is independent of y and z. Similarly by con- 
sidering the other equations, we find that it is independent of a, and is 
consequently a constant. Integrating, we get ; 
at =0(a—a), 


OF -o(y—y,), 


Oy 
cle =v(z—2); 
or dp =v [(@—a,)da-+(y—y,)dy + (2—z,)dz]. : | 
Changing to polar co-ordinates, the new origin being taken to be 
at (2, Yor 20), 
=F dry Oh GQ, Of, 
dp=sdr+ a6 taS db=vrdr, 


x K =f) =F[(@—x,)* + (y—yo)*+(2—2)"], 
where (a, Yq) 2) is an arbitrary point and F is any function. 








Question 874. 
(S. Manarr Rao) :—Solve in primes 


e+ y¥=206, 2+-2=132, 24+ w=89, 
_ Solution by H. Br. N. B. Mitra, O. Krishnamachary, K. B. Madhava, 

R. D. Karve, R. J. Pocock, G. Joshi and 8. V. Venkatachala Atyer. 

AS 4, y, 2, w are primes, and the value 2 is clearly inadmissible for 
any of them, each of them is of ‘the form 6k+1. From the given 
relations if follows that # and y are of the form 6k+1,jand 2 and w of 
the form6k—1. The valuesjof w that make iw and 82—w prime are 

w=11, 23, 29, 41, 53, 59, 71, 
#=82—w=71, 59, 53, 41, 29, 23, 11; 
of these w= 29, 53, 59 give prime values of w and y, 38 follows :—— 
Pr y So ow 
79, 127, 53, 29 
108, 103, 29, 53 
108, 97, 23, 59 


ee 
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Question 875. 
(M. I’. NaRawisnear) :—P is any point on the circle of similitude of 
two circles A, B; and Q, R are the inverses of P with respect to A, B. 
Show that QR is bisected by the radical axis of A and B. 
Solution (1) by Hemraj, 8S. Muthukrishnan, and K, R. Rama L[yer, 
(2) by Hemraj, M. K. Kewalramani, and 8S. V. Venkatachala Iyer. 
_ (1). Denote the centres of A and B by A and B, and the circle of 
similitude by C. 
Since P is on C, — where e, ¢, are the radii of A, B; 
1 


and since Q,R are the inverses of P w.rt, A, B, 


oes om ans and = _* 
e AQ’ e, BR 
a peel ae te, AP_AQ 
AQ BR BP BR 

QR || AB z.e. the radical axis of A, B is LQR, axe) (2) 


Evidently the circle PQR is orthogonal to A,B and C which is coaxal 
with A, B, 

Thus the centre of the circle PQR is on the radical axis and on the 
right bisector of QR as well. Hence by (1) the radical axis bisects at 
right angles QR unless it is parallel to QR, z.e., unless the centre of the 
circle PQR is at infinity, i.., unless P coincides with either centre of 
similitude ; even in this case QR is bisected by the radical axis. 

(2) Taking the line of centres and the radical axis of A, B as axes 
we have the equation of A, B in the form 

e+y—Lke+§=0 2°+y*—2ha+§=0. 
Hence the equation of C is 





kky+6., 
22 ahaa} Se | = . eee eee eee i! 
a+ y ae el 0 (1) 
Now P (a, y;) is any point 7 (1), 
kk, +6 
tty 2 at 5 =O: de Ce 


and Q is the point of intersection uf the polar of P w.r.t, A and the line 
through the centre of A perpendicular to the polar; te, the intersection 
of the lines 

(a—k)a+ yy —kert+§=0, ye—(%—k) y—yk=O. 


: kh—-k . k+h ) 
Hence Q is ithe a 2a" 


A: fo eee a, Cee 
Similarly Ris (pon kk, — 20 ee) 
Hence the esnlt follows at once. 
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Question 878. 
(S. Nakatana AITAR, M.A.):—Show that 





2 »2\m Leet (ey) | U'(n-+1) Tae re? ey: 
(1—k* a)” (1—a*)” = forth fasten (—m,—r, n—r-+l, *) 
when F denotes the hypergeometric function. 

Hence show that 

oo 
: -$ 4 a (—)'a*??? rd meee: 
untae 4 2 2 1. —2;? 2 d pa. ree See fe PL Dy 
ear dies Cart Bort ) TOF @r+1) Fa=r) 


F(3,—7, 3 go 5 k*). 
Solution by K. B. Madhava, S. Rk. Ranganathan, O. Krishnamachary 
and Sadwnand. 
Ir neither m™ nor n is a positive integer, 
oo 


r=0 


= et 8) T'(m+1) 
Chg 65 Bia e922 T(r+1) (= 
—7 noe U(n+1) 3\7 
i: Ret irs 5, y Tare) POL) 


Hence the coefficient ee ee in the product (l—2")" (1—# a*)™ is 
s=7 
Qutqeaerly P(n+1) T(m+1) Be. T(n—r+1) I'(r+1) 


AT (nr) P(r+1) P(m—s+1)0(r—s+ 1) T@+Dl(@—r+s41) 





s=Pr 
—- _—‘F(n+1) r(m+1) M(r+1) 
T(n—r+ 1) (r+ 2 Ye 1 Aenea V(r—s+1) 


V(n—r+1) k* 
P(n—r+s+1)'T 
ene | Tar+e4]) Teel 
~T(n—r-+1) P(r-+1) pemeaete 2 o2 
where the hypergeometric series contains only a finite, oz. r4-1 terms. 


Since neither mn 
ornvisa Osit 
summed for r fron 0 to ». Positive integer, the product can be. 





n—?T-+- 1) 


The second result follows F(—m, —1, n—r-+1, k). 


m=—? and n=—t, by a simple integration, and putting 


eee, 
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Question 889. 

(Hemras) :—Two parabolas have each double contact with a given 
ellipse of semi-axes a, b, and their axes parallel to its axes respectivel 
PP’, QQ’, are the chords of contact, and (,, P, the radii of curvature of 
the parabolas ; and p, p’, those of the ellipse at P,Q. If the distances 
of the chords of contact from the centre of the ellipse are in the 
ratio of its axes, prove that Pp P,=p’p,. In particular if the distances 
are equal, then 

a’ ,= 2 7’ 
Bat if Q coincides with P, stent ea meee 
OE 
P Pi Po 
Solution (1 by K. Appukuttun Nrady and K. B, Madhava ; 
(2) by O. Krishnamachary, 8. V. Venkatachala Atyer and Sudanuni. 
(1) Let the eqnations to the chords P P’ and Q Q’ be a—f=0 and 
y—g =0 respectively. . 
Then the equations to the two parabolas are 


zy ae a2 ; 
hp la (x—f) ==(0; eee eee (1) 
ey 1 
2+5-1-F (y—g)?=0. A Boe (ith 
For the ellipse at P, 
ee SP 
be a?’ 
9 6 o ee 
b?* da a® 


For the parabola (i) at P, 


Y=} ag 
b* a® u* 
et sd dy _ Z 
b? dx a 
b? da* ab \da/ ~ 


Since the parabola (i) touches the ellipse at P, their curvatures are 


2 
in the ratio of their dy at P. 














dx? 
Hence in the notation of the Question 
6 ae 
Pp ta ry dz 'D at y? 7, a? aon 
Pi, it 1 (dy a- od pe fine 
ate Sey, a® To y” BT 
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And it follows from symmetry that at R, 


ode 
Pp, © 
Hence pe Jigeds 
ab 
Dees 
Pi Ps’ 
or PP. =p'Pi; 
7: a’p _b'p’ 
: f f=¢; —-=—, 
and if f=g pik 0; 
or a°pp,=b'p'p,. 


Also if’ P voincides with Q, 


2 2 
p’ =p ana be +4 =) 


Pa aaa 
and consequent] hae fal =1, 
‘ 3 Pi Pa 
4.€., i og Site! 9 
P Pi Ps 
(2) Let the eqnation of the ellipse be 
, a? 2 
at pel 


and P, Q, be the points whose excentric angles are a, 2. 


If P’ be a’, the eqn. to the parabola with its axis parallel to the 
%—&Xi8 18 


(4+2-1) —k {208 Ee Hsin EE cog 82} =0. 
Since the axis of this parabola is parallel to the e—axis, 
k=1,anda+a’=0; 
and the equation to the parabola is 








+ Zeosa—(1+-c0s'a) =U vee ww» (1) 


Similarly the equation to the parabola with QQ’ as chord of 
contact and axis parallel to the y¥—axis is 


22 
“+ Asin a—(1+sin’a)=—0, = ee (2) 
Now pa l@sin'a+Voostay” 5» (csin'@ + boost) 4 


a ab 
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Also we can easily find ,, P., the radii of curvature of the para- 
bolas (1) and (2) at P, Q, and these are given by 


3 
_(@’sin’a + b?cos*a )* path (a®sin?B + b*cos*B yg 
ab cos? a sais ab sin’Z? “ 





The perpendiculars from the origin on the chords of contact 1) 
QQ’ are a cosa, b sin £2. 
If these are in the ratio of the axes 
cosa =sinZ ; PpPr:=/' Pr. 
If these are equal, acos a =bsin £, 
a*pp,=b*p' pr. 
But-if P, Q coincide, a=, and the relation 


1 2 Vote 
==— +— 
er Ps 


easily follows. 
Question 898. 

(Hemras):—A parabola has double contact with a given ellipse of 
gemi-axes a, } and its axis parallel to either axis of the latter. Find the 
equation of the locus of the centre of curvature of the parabola corres- 
ponding to the point of contact ; and show that 

a bp? ps= {(Pr—P,) + prb*}%, or { (Pp) b+ pi a} 
where P,, P, are the radii of curvature of the curves at a point of con- 
tact. 


Solution by K. B. Madhava and C. Krishnamachary. 
We notice that 








yi=4 A (e+0) Seatac 2b (1) 
is a parabola with its axis parallel to the major axis of 
2 2 
=S4+5 pe “3 * (2) 
and having double contact with it, if 
4 AC b?=b'+4 A? a’. = a3 bes (3) 
The points of contact of (1) and (2) are 
2. gq ww Se 
ae ae OP 
b* b 
: y 8 
where /—; (Ellipse) — (a*—2* “\=5 (bt‘—4 A?!a’ ec”)... (A) 
4 ‘ 1 ) 
and p;? (Parabola) =k A+a+C)*= ‘warn (b'—4A? are)’; — (5) 
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whence the required relation is got by plininasing A between (4) and 
(5) ze. between (4), and.p, bt=4 A’? a’ p, | 3 


P= i (P2—p, *)', 
t.e. a bp? p= { a*® (p,— Ps)? Pi} ’. 


Similarly the other result (when the axis of the parabola is parallel 
to the minor axis of the ellipse) can be got by interchanging a and b. 
l'o obtain the locus of the centre of curvature, we eliminate Ly Y, 
A and C from (1), (3) and . 


&=2A+2C0+43 » and 1s 





Question 904. 
(R. J. Pocock, B.A., B. Sc.) :—Show that 











un r 2n-+-] 
2 sin”’¢ Mle a} 
iE (1-3 sin? +) u+s d¢= 2?" pein 


Solution (1) by Fo HV. Gulasekharam and by the Proposer; (2) by 
A. 0. L. Wilkinson and K. ht. Rama Iyer. 


‘Q2n+1 
& 





(1) Consider ray ee” ee da=— 1; 
rts fotet dead 
* by substituting of=y 
whence 22 a | “at yn ee dady 
0.6 


™ 


=| uff 7” sine 20 aay (I —3 sin 720) rae de 


te) 
ih iG 2 sin Mp @—* (1-2 sin'g) 9 
uy 


=] Lr (mgh) PE + ong UF 


(14s sin’d +) n 
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This solution is suggested by a similar analysis, due to Forsyth 
given in G. H. Darwin’s paper “On the Mechanical Conditions of a 
Swarm of Metorites” (Phil. Trans, Series A, Vol. 180 (1880) pp. 1—69 ; 
also Collected Papers, Vol. IV,, pp. 362—431). 


1 
Putting nn =0, we get T (2) =2n? F?, 
where Fis the complete elliptic integral of the first kind, modulus a 


From ey fg (5) =m +/2, and Legendres formula connecting the 
complete elliptic integrals of the first and second kind, which for 


modulus i becomes 2 FE—I*=3 7, we obtain 


v2 | 
3). mt (2E—F); 
r(5) =nt(2E—F)?; 
and we thus obtain the expressions for 


e) ‘ 
[Pert td, [ate da 
o oO 
given in the paper quoted above ; and more generally 


[Per et danke OH 








4 
can be reduced to one or other of these two expressions. 
a 
=sin*> beat 
(2) Write sin s=—yz~——’ cos “=; so that 
1—-=sin* 1—<sin"} 
2 2 
P Tom d 
COs & ta 9 de=+/2sin x AST 8 1 3 
(ages) (1—gsin'e) 
lay r ae 
n—i n—s ince 4 ) 


in [=2 o sing dx =2 r (met). 
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Question 905. 


(T. P. Buaskara Sastri) :—Investigate the effect of precession and 
notation on the position angle of a double star. 


[See: Ball’s Spherical Astro: p. 185, Ex. 16.] 
Solution by O. Krishnamachary and the Proposer. 
Let 1 be the pole of the ecliptic. 
Po, the celestial pole at epoch T,. 
P, the same at a subsequent epoch T. 
S, the principal star and 8’ his companion 
ipaer, 





also let the position angle at the first epoch be Po, and p that at the secong 
epoch. j 


“Pm P.=the arc between the noles of the 
=k. | 
From the triangle P,S P, 
. cos § sin (p—p,)=—sin PP, sin ZP P,S. 
But 2PP,S=Z PP, 2-28 Pow=Z.P-P, 7 —(90°-+.a,) 
‘ =—(90°—-2 PP, t)—a.. 
cos § sin (p—p,)=sin P P, sin PP, sin a, 
. +sin P P,'cos P P, 71 cos a, 


circles 7 P, and 7 P 


From the triangle P Pout; 


sin PP, sin iy Po T=sin (W+4+dW) sink and sin P P, cos P P, w=cos 
(@-+-d@) sin w—sin (W-+-dW) cos w cos k. 

Making these substitutions, we get 
(p—p,) cos 5 =[k sin & sin a—dw cos al, 
neglecting small quantities of order higher than the first. 


1. P—Po=([n sin a—dw cog a] sec §. 





QUESTIONS FOR SOLUTION. 


903. Correction: Insert at the end of the question the follow- 
ing :—‘“ where the summation is extended only to odd values of n”. 


960. (V. Ramaswamt Aryar, M.A.):—Given a triangle ABC, if 
a point P and the feet of the perpendiculars from it on t*e sides and 
altitudes of ABC all lie ona Cartesian Oval, show the negative pedal 
of the oval with respect to P touches the nine points circle. Show 
that the pedals of the inscribed an] escribed circles of a triangle, taken 
with respect to the orthoventre, are caxes of such ovals, illustrating the 


property. 
961. (H. Br.) :—Show that 


Soyi+2 a 
f= y?+ 42° J 


have no solutions in non-z:ro integers. 


962. (A C. L. Wixrssoy) :—If two circles are such that hexagons 
can be inscribed in the one which are cirenmscribed to the other, prove 
that the sum of the products of the diago als taken two at a time is 
constant and equal to 


4 R27? { (R¥—c?)* +4 Rf 
(Kt c*)* ’ 





where R, 7, are the radii of the two circles and ¢ the distance between 
their centres. 


963. (A.C. L. Wiixinson):—If two circles are snch_ that 
quadrilaterals can be inscribed in the one whivh are circumscribed to 
the other, the ratio of the areas of these quadrilaterals is constant. 


964. (H. Br ) :—If f(a, y) is o rational algebraic function of 
# and y, such that f (—2, y)=(—)"* f @ y) 


(i) Show that 


off ett 
| f (sin 20, cos 20) an 
o 
— k te . 1 aQ 
—) \, f (sin 20, cos 20) tan 0. 16° cot 8. 7) 


wo 
~l 
bo 


ip ee k 
CE yi 20). 2x cot 0. dO 
= 5 | f (sin 20, cos 20). dpe cot 8. 


Oo 





and 


(ii) f f (sin 8, cos 6) —— a ai > awh: cos @) 2 os 


where \ =cot 9 or cosec Q, according as 
f (—#,—y)=f (@, y) or —f (2, y). 

[The integrals are assumed to be finite.] 

965. (Hettras):—ABC isa triangle. A point J is takon on Al, 
prthi ead such that I,J subtends at B orC an angle a where cot a=3 
cot } CU or 3 cot} B. Show that there exists a circle through A and J 
which cuts AB in AC in D and E such that BD=CE = BO, 


[Suggested by Q, 959.] 


965. (A.C. L. Witkixson) :—Prove that 
1~2(24 Wai + 5h" 1-2 —2(14 1? )sq? + 3h*s,! 3 _ 1—2(14- 2h*)s,94. 5k*s,! 
28,1; Z8,cyl, 283Cyd 
= —3k*s, 8,8, 





Sa 


ete. 





where a=an(< Jaxon, 2, =an 


966 (A.C. L. Witkinsox) :—Prove that 


E- ~38 (+) — —F one. 


967. (M. K. Kewa:ramanr, M.A ) :—Prove that 


IS $2-5— 455 54 7-54.9-5_10-5_y-64 | B5me 
: 87487/3° 
968 (V. ANAnTarimay) :—Sum the series 
Me ee as 
3 ITT sty te 
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The first Conference of our society, having proved a success to some 
considerable extent, ilere has been a strong feeling amongst our 
members t0 hold a second Conference either in Bombay or Poona. The 
Committee have carefully considered this matter, and now feel great 
pleasure in announcing to the General Body that a Uonference of our 
society will be held in Bombay about the beginning of January 1919. The 

details will be published hereafier in the October issue of our Journal, 
bat members desirous of attending the conference and of reading papers 
at the conference are requested to communicate their intentions to the 
undersigned, with short synopses of papers to be read. 
2. The following gentlemen have been elected members of our 
Society 

(1) Lt. Robert Francis Mudie 1.C.S., 1.A.R.O.—School of Mus- 

ketry, Satara. 

(2) Mr. T. 8. Krishna Murtt, B.A., L.T.—Assistant Inspector of 

schools, Madura. 

(3) Mr. P, T. Arwmuhaswami,—Mathematics Teacher, ‘St. Mich- 

ael’s College, Mungalasthan, Batticaloa (Ceylon), 

3. (i) The following book has been purchased for the Library— 
Synopsis of Pure Mathematics—G.S. Carr, M.A., published by Francis 
Hodgson, London 1886, £ 1—14s—0. 

(ii) The following books have been received as presents to the 
Library :— 

1. Cours de Mecanique (professe’ a Vecole’ Polytechnique) Vol. 
III,—by L. Lecorm, published by Gauthier Villars, Paris, 
1918. 

2. Tables Numeriqes Usuelles—li. Zoretti, publhished by Gauthier 
Villars, Paris, 1917. 

3. Astrographic Oatalogue—Measures of Rectangular Coordinates 
and Diameters of 6 3436 stars, images &c.—by R. J. 
Pocock, B.A., B.Sc.0. F.R.A.S. published by H. H. the 
Nizam’s Government, 1918. Rs. 12 or 16s net. 

4, Madras University Calendar—Parts I and II for 1918, and 
volume of Hxamination papers 1917. 
5. Bombay University Ualendar—Parts I and II for 1918—1919. 


Poona, ) D. D. KaAPAptA, 


: bth Aug. 1918. § Honorary Jt. Secretary, 
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Properties of Equations in the Algebra of the 
Nodal Cubic. 


By R. VyrHyNaTHASWwaMy. 


[The present paper purposes to give a formal development of some 
general funotion—properties in the Algebra of the Nodal Cubic, on the 
basis of the results already established from geometrical considerations 
in my previous paper on the subject. 


The following is a general summary of the paper. 
A. Discussion of Functional Forms. 


(1) The general functional form transformable into a successive 
product z.c. a product in which the multiplier at each stage isa single 
element instead of being itself a product. The successive product taken 
as the universal standard form. 


£2) Classification of forms into pure and mixed forms with respect 
to a variable x Reduction of the general mixed form to three canonical 
types. Consequent reduction of the general equation 


F,(#) = F(a) 
to two fundamental types, 
Passed see oor see Aey y oe (1) 
P,=a (3Q,) -« se Sas oie oe () 
where P,, Q, are pare functions. | 
(3) Classification of forms into two types, the simplex and the 
complex: A form f(w) is complex if /(#) is indeterminate and simplex 
if f(n)=n or n! (n,n! being the nodal elements) A complex form trans- 


formable into a simplex one by the rules of the Algebra. 


The conditions for the simplexity of the form 
a A nbs = PsP) 


are (i) the Secondary indices P2 Ps— —Py are alternately even snd odd 
or odd and even and (11) ~, p, are both odd or both even. . 
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B. Fanction—Properties. 


(1) The apparent degree of a function when ina complex form 
higher than its true degree; e. g. @ 2", a complex form of the function ws 


The degree of a simplex form, in other words the trne degree of 
any function is never a multiple of three. 


(2) Classification of functions into odd and even functions. f(r) 
is odd if f(n)=n' and even, if f (w)=n. The odd-ness or even-ness of 
f(«) directly determinable if the form f(#) is simplex. Whether the 
form f(z) is simplex or complex, f(#) is odd or even according as 
the characteristic is nositive or negative. 

(3) Classification of equations in complex and simplex types accor- 
ding as they are or are not satisfied by the nodal points. The degree of. 
a simplex equation of the first type never a multiple of 3, the degree of 
a simplex equation of the second type always a multiple of 3. 


(4) The problem of solving the general equation reduced to the 
root-extraction of a given correspondence (which is merely the problem 
of root extraction of a number and the geometrical problem of drawing 
a ray making with three rays a pencil of given cross-ratio. 

The m roots of an equation of the th degree form a_ periodic 


group of the homographic correspondence of period » whose fixed points 
are the nodal points. | 





§1. Reciprocal points 
Two points on the Nodal Cubic connected by the relation ab*=a's 
will be said to be reciprocal. ‘his relation is of the third degree in a 
and there are therefore three a’s for any b. One of these three roots 
is however b itself. ‘thus there are two points reciprocal to @ given 
point b (not including b itself). We may verify that these two pointe 
are W, (Wb) and &, (W,b) where ,, W., W, are the points of inflexion. 
It may be noted that &, (W,2) =,(W,«) = W,(W,0). This follows from 
the theorem W,(W,W,7)=W,«, proved in para (b), 9 ‘ Nodal Cubic,’ 
J. I. M.S. August 17. 
For 
b(w,(w,b))? =b(w,(w,b*)) =b*(W,(w,b)). 
Thus the two points reciprocal to b are W,(W,b) and W,(W@,)). 
We notice also that these two points are themselves reciprocal. 
For 
W, (W,(W,(W,))) = W,(b(W,,)) 
= W,(W;b) 
= W,(W,b) 
which proves #,(W,b) is reciprocal to W,(W,b). 
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Note (1). If Q denote the homographic Mere aye ee 

5 i ‘ying W&, to W, (so tha (#) = 

ints for its fixed points and carrying @, @= 

eae 2 carries W, to w, and &, to W, © is therefore ase age 

Fae three. The two points reciprocal to b are then seen to be 
(b) and 227(b). 


Note (2). The only self-reciprocal points are the nodal points. 


Note (3). If a, 2, form a mutually reciprocal set, 


Wy = MyWy, Wg” = HyXy, Vy” == Wyo. 
For doe, = [ W,(Wya,) | [W,(W,2)] 
= @,(W,2;") =," 


Note (4). The points W,, W,, #, form a mutually reciprocal set, so 
also do the points,—-W,,—W,,—W,, which are the points of contact of 
tangents from the inflexional points. 


Note (5), e=Q(a*).0°(z) identically. 
For Q(2*)=W),(W,27) and 03(2) =W,(w,2) 
Q(z"). 072) = W,?(W,W,.(a.2")) (by the theorem ab.cd =ac.bd). 
. = 0,(W,(2.2) = ie 
Note (6). [Q(x)]}*”=Q(a") 
From Note (5) 2(a*)=#.0?(#) 
=(2Q(@)}(Note (8). 


By successive applications of this, the general result follows. * 


§ 2. The general equation of the third degree may be reduced to one 
of the two forms 


x = be eee eee eee (1) 


an" = ba of eA ie we (2) 
b is evidently one root of equation (1). Further if wi 
. n, # is the other nodal point n 
so that the two other roots of 
points. Equation (1) is thus d 
further. 


8 one nodal point 
and bz is also the other ‘nodal point n}, 
equation (1) are n,n! the two nodal 
cgenerate and need not be considered 


Consider now equation (2). It can be written 


in the form 
w= (a), 


(2) 


S denoting a homographic Correspondence with the nodal Points as 


fixed points, 


The three roots of equation (2) form a mutually reciprocal set, 
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To prove this we shew that if x, is one root Q(a,) is another. We 
have 


[Q(#,))?=Q(#,*) { I, Note (6) } 
=. S(a,) { ..@, is a root } 
=S Q(a,); 


so that (2) is another root, Thus the three roots of equation (2) are 
of the form a, 2(a,), 27(a). 


The equation (2) thus associates each homographic correspondence 
with nodal points as fixed points, with a reciprocal set. The identical 
correspondence is associated with the inflexional triad, and the funda- 
mental involution with the triad—W,,—W,,—,, 


§ 3. Solution of the cubic equation. 


Let 2, denote a homographic correspondence, with the nodal points 
as fixed points, carrying 2 to a point of inflexion. ThusQ, is not definite, 
a| |aele 
W; ’ W/W; 
see that in any case, 2, is definite and unique and that if 0,5 is known, 
a is determined as one of the set of mutually reciprocal points. 


but may be any one of the correspondences, _ But it is easy to 














(.,2)-* (0), 2(MqF)* (}) 272.4") (1); 
We have the important relation 
2,°= 


|x 
2 
x 








For 2,%(2) =a(w(a(w(a(w2))))) 


= 2, 


This property leads immediately to the solution of the equation 
2’ =S(#). 


For since 27=2,"(z) identically and 2, and S have the same fixed 
points, it follows that 
0,$=S=a known correspondence 
whence xis determined as shewn above and the eqnation is solved. 
§ 4, Properties of successive products. 
Consider the successive product. 
salle snes evens a )))) 
We shall find it convenient to write this 
(By, Vympeoeees erry 2) 
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~ Let-us call x, #, @;«.the odd elements and &, a, ...the even elements 
of the prodnet. The following results readily follow from (7) para (6) 
‘Nodal cubic ’. 


(1) All the even elements and the first odd element can be 
arranged among themselves in any order. 


(2) All the odd elements except the first can be arranged among 
themselves in any order. 


Theorem I. If Pn = (Pm Pm--+:Pe Pi) and Xn=(—P Pm Pm-i-++PX), 
then P,,,X,,, =a or p,’ #, according as m is odd or even. 


For P es = (Pm Pm-1:'P2 Pr) x (Py Pm Pm-1+Pa a) 
=(P) Pm-i Pm-2-+ Pa Pi) X (Pm Pm Pm-1++P2 &) 
=(P1 Pin-i-++P2 P1) X (Pa Pin-2+++Po &) 
=(Pm- Pm- Pin—2-+-P2 P1) X Pi Pm-~a -- Po @) 
= (Pm—s Pm-s+++PoP1) x (PiPm—2++«Pot) 
= Pra X Xin 
=P,x X, if m is odd 
=(PePoPs) X (PsPxPr) 

=Pa X Py = 2 ; 

and =P,x X, if m is even 
= P2Pi X (Pi Pt) - 
= pre. 


Theorem II, The product of two successive products can be 
expressed as a successive product. 


Let the two successive products be denoted by P,,,, Q, where, 
Pe = (Pin Pixs . PoP), Qn — (9nGn—1 vee Jo). 


We may suppose m to be odd. 


If it were even, we may write p, as 
P:p:" and thus convert P 


m Into an odd product. We shew that 
Pn Qu2=R where R= (PyPin-+-Padneegr): 


We have 


Pia R= Pn(PiPm *© PodnIn—1+. 1) 
= Pin(PiP ins . ‘P2Qn) 
=P_.( PmQn) (Th Tj 


n 
e 
ee 


P,,.Q,=R=a successive product, 
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Corollary. It follows by repeated application of them thereto. that 


the most general function of a variable #, can be expressed as a suc- 
cessive product the elements of which are powers of # and constants. 


Def, A successive product the elements of which are powers of 2 is 


said to be a pure product. If constants also appear, the product is said. 
to be mixed. 


Theorem III The most general mixed product can be reduced to 
one of the forms, a P,, a (bP,), 2” (cP), where P,, is a pure product. 
~ consider first the mixed product C,, where 
C,, =%(6,(a(6q..-%n(6nX)))) 
@y, @y.-.X being pure functions of # and c’s constants. 
This product =(a,Xayes%0y...2 Cn’) 
where Cy =C:C, 
= (a XargOx gy Cyt C4 vee Buen rn. ) 
where @, =%y2s5 
= (ay Xiah Cy.--Ly C1 p ) 
where ¢,(¢,,(c,d@)) =bd 
=(mXC x’) | 
where C,’ is of the same form as C, but with fewer elements 
Repeating this process of reduction, we would have finally 
Cx = (yrYs¥o--Ynbdy) 
or Cx = (YrYsYo-e-Ynody) 
where the y’s are pure functions of «. 
In the second case, C, at once reduces to the form a(bP,) where Px 
is a pure product. In the first case, C, would reduce to one of the two 
forms bP,, or ¥1 Cor at. 


The latter form can be reduced to ””"(bP,) by interchanging y, and 
an adequate power of # occuring in P, expressed as @ successive product. 


Consider now the general mixed product. The constants occuring 
in it can be all shifted to the left-hand side of the product, so that if 2,, 
a, be the first non-constant odd and evenelements, no odd element to 
the right of #, and no even element to the right of # are constants. 
The product then reduces to one of the forms Cy, 4 Cx, a(bCy). Taking 
each of the three possible forms of C,, it is easy to verify that the pro- 
duct must reduce to one of the three forms mentioned in the theorem, 
nie 
nna 








§ 5. Let the correspondence or as we shall write it for 


ere. ss cars Re’ . 
convenience a | , be denoted by Sy. Then|, would be denoted by Sa* 
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Now 8,2Sxa(y) =2(27(a(a*a(a?(aty)) 


























=2(a*(a(aty))) 
=2(y(2(a*2"))) 
ap Sshas So that S4=se: 
1-1 
& Oe o | a? 
o ehh anf | a) 
| ~ 
=8 x5 y7 Sy? 
1—(—2)" 
=S fe 
yi, | ( —2)" — (= oy" 
@ ee A 
m2 = 3 
ro Sx. 
mn mney m4 mt))) 
Writing the successive product 2 (a? nt ar 
ss ot Mame), we may shew more generally 
1+(—)" { (—2)"4 (—2)”"—(—2)""4— } 
3 
x 
that L= gin nat) =, 





Poof. Assume the theorem to be true for products of n elements 
We shall prove it true for products of (n+1) elements. We have 
































is m m Pans Tj ra ae eT 
a ( H+1s gece 1) == 1s i (nga eee) 
ais 
=Lx . Ce ee ) | 
where m, =m,+1 ‘ 
(This follows because | 2 J a q. | ) 
qP | P 
a ne : 
=L x ‘ wie mT 
& 1 ge? meee 4 
m * 1 _ 
(—2) n+l 1+(—)*+92 x (—2) 14(--2 mag 
~ ee Pat A ot Pape ge | 
LxS, 3 x5, 3 ) ) 


5 RNC ey ee 
= 


« 
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The|theorem is thus true for producis of| (+1) elements. 


Since the theorem hasbeen proved true for simple powers, the 
induction shews that it is universally true. 


Def. -The expression 
me. p b p 
1+ (—)"(a=2)*4(-2)""—(— 9) *4(=2) *-) 
3 ; 
way be called the characteristic of the successive product 
’ fp p 
at Cnt mn-aeee'), Evidently the characteristic is an intger +°° or—**. 


§6. A fnuction of # which=x when z=n' will be said to be an 
even function. A function which=”’, when «=n will be saia to be an 
odd function, 


A function which does not become indeterminate when # is|made 
equal to a nodal point will be said to be simplex. 


(a) A pure successive product is an even or odd fanction accord- - 
ing as its characteristic is— or-+-*. 


To prove this we observe that if f(w) is an odd function $,[f(#)] is 
also an odd function; for 
8, (/(@)) =a(2'7(2)) 
=n(n'n’) (putting #=7) 
=n’ 
Hence 8, (f(#)) is an odd function. In the same way it is seen that if 
f(#) is an even function S,(/(2)) is also an even function. 


Now if P, be the successive product and i its characteristic. 
We have Pp =S," or P,=S,"(#) =8,"""(2") 
x 


since x is an eveu function and 2? an odd function it follows at once that 
. . Je 
P,, is even or odd according as i is—”* or +" 








(b) To find the necessary and sufficient condition that a pure 
product may be simplex. 
Evidently the necessary and sufficient “condition is that, in the 


course of the product an odd function should nowhere be multiplied by 
an even function or an even function by an odd function. 


bp pp 
Let the product be 2” Cn mane 2 1) 


Firstly of} and gf should be both odd or both even functions. 
2 


= 
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Which shews that p, and », should be both odd or both even 


y-1Py—20++P2Ps) + 
secondly it should be even 'or odd according as gl? Pr—2+*P2P1) ig 
even or odd, for all values of *. 


The characteristics are therefore of the same sign. 


Therefore (—)?(—2} "is of the Same sign as ((—2)+4.(—2)P*... 


+(—2)-") 
This shews that p,p,p,...are alternately odd and even. 0 
Cor, The degree of a pure simplex product cannot be a multiple of 
three. 

The degree of the product in (b) above is 

(2) a (2)P8 oP) 
Now oP1— +1 (mod 3) 

oP? — +1 (mod 3) 

Ps — +1 (mod 3) 

oP4— +1 (mod 3) 


The upper signs being taken if p, is even, the lower if P is odd. 
(These equations follow by applying the conditions that the product 
may be simplex). 


Adding up, we see that the degree cannever be a multiple of three. 


§7. The General Equation, 


We are now in a position to discuss the general equation 

F(x) =F (2) : are soul (1) 
F,, and F, can be reduced to successive products [IV] and further re- 
duced to one of the three forms aP,, a(bP,), a” (cP,.) where P, is a 


pure product. It is easy to verify that the equation (1) can in all cases 
be reduced to one of the two types 


P68. ae = rae fos ss (1) 
P,=a(bQ,) is ee oa oe (2) 


where P,, and Q,. are pure products, 


An equation is said to be simplex, when the nodal points are not 
roots of it. Evidently the equation of the first type is simplex if P, is 
simplex and the equation of the second type is simplex if P.. and Q,. are 
not both odd or both even, We prove from this the interesting result:— 
The degree of a simples equation of the first type 7s never a multiple of :3°; 
the degree of a simplex equation of the second type vs always a multiple of 3. 
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The first part follows from § 6, Cor. 

To prove the second part, we refer back‘to § 6, Cor. 

The sign of the characteristic of the product a (PmPm-1-+-P1) 38 
(—yeee™, The degree of the product is of the form) 8q+(—-)" 1) if 
pis even and of the form Beka) if p, is odd; i.e. of the form 
(8¢—(—)?'+™ ) whether p, is odd oreven. Hence the degree of a 
simplex product is of the form (37¥ 1) according as its characteristic is 
+ or—**. Applying this result to the equation of the second type, 
we see that the degree ot the one of the functions P,, Q, is of the form 


394-1, and of the other, of the form 3q—1, so that the degree of the 
equation itself is a multiple of 3. 


Solution of the General Equation. 
(i) The equation of the first type Py=b. 
Let k be the characteristic of P,, so that 

















ke | td A a eg bj—l 
ieee og ee @, | 
3 
Now S= | os, | 
a | Fo oh b | —1_, known correspondence 
ee Ww, = WwW, 





This determines « We see incidentally that the degree of the 
equation supposed simplex is 3h—1. 


(ii) The equation of the second type Py =a(bQy, =S(Qx) 


If k, k are the characteristics of Py, Qy, we nave 


a h@el — | w x | —1 
A | | Px Q« 
k—-k = - 8(k—I’) 


=Sxz =, 








which determines Q,7 and Sas ils 


We see that the degree of the equation is the numerical value of 
3(k—/’). 


§8. The last p aragraph shews that the solution of any equation 
is reduced to the extraction of roots and to the geometrical problem of 
drawing a ray making with three other rays, @ pencil of given ea 
ystio, li also shews that if ais one root of an equation of the n 
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degree, all the roots are given by the series, a, 9,,(a), %,,()....00005 
2,,"-(d), 2, being a primitive n‘” root of the|identical correspondence 
with the nodal points as fixed points.. This is merely another aspect 
of the fact that in this algebra every equation involves only one para- 
meter. ‘Chis somewhat strange result is shewn by the theory of linear 
systems of points to be necessitated by the symmetrical relation between 
the nodal points and the linear system formed by the roots of all 
equations of a particular degree. Now there are only two ways in which 
two points can be related in absolute symmetry to a linear system, viz. 
(1) the system may be a complete one and the two points may form the 
indeterminate pair, in which case the order of the system must be three; 
This happens in the case of the nodal points and the complete system 
of collinear triads; or (2) the system must be a focal system of the 
second degree involving a single parameter with the two points as foci. 
The linear system of roots of equations of a particular degree belongs 
to this latter category. 
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SHORT NOTES. 


Some Fundamental Expansions. * 


; ha AS 
§1. Consider nae as the limit, when m becomes infinite, of 


hy OPV they” 
spines der De 
aye) 


and suppose that 2 reaches infinity through odd positive integral values. 
Decomposing f(m) into partial fractions, the factors of the denominator 


(14 'P#)"_ (1-"87)" =0. 


This gives 
3 14.°P# i 2ikn 


are obtained by solving 


m™m ° . 
e [whore ki s zero or any integer] 





thn then 
™m ™ 
. Sige ' kn . mv k 
tpu=’_ ~"° _s =i tan—,ie, #=— tan.” , 
then _ tka p 
m m 


a8 
Denoting this value of # by #;, the partial fractions are 
Ly oe 


pu w— i, 


where by the asual rules 
eA shay)” epee: |e 
b= [ +S) + (1-4) Je 


ipa . | _ pay m—1 > 
[ (1+ ey eo @ Tm ) J 
> 2 ) 2 J ? 2 ’ 





Also since #,=--%, and $= On! 


——— na ea 
pansions contained in this Note can be obtained 
Todhunter’s Integral Calculus, § 29. The 


aed} = — 


AE? ae : 
* The four fundaméutal ez 


by a method similar to that given in 
en is, perhaps, more rigid. 


method here giv 
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mak 228 
8 fm) =s+ >) ane 


the summation extending from k=1 to k=$(m—1). 


Now (1+7a,/m)” +(1—7Xa,,/m)” 
=(1+irtan Ip) "+ (1-in tan/p) + 
4g mm m 


P X kn 
=(1+7 tanO,)”"+(1—7 tan@,)”, putting tan 6, Sen 


’ 
m 
=2 sec"; cos mO,, ; 


and (1+-7px,/m,)"" + (1—7pa,/m)" 
= (1+: tan’ ™ aa. (1-1 tan 


m 


hon Mej 
m 

k k 
a seo"! cos(m 5 fe 

m m 


k ken 
=2(—)*sec "27 o9927, 
™ 


cos0;, cos® kr. 
| “™m 
For any particular large value of m, put 


k=p 
film) = wat eet and jum)= 1 26) 


“Zz oe —o, 
k=1 
the second summation extending from k=p+1 to k=} (m—1) ; 
then f(m)=fi(m)+f,(m). Now let m become;infinite ; then since {(m) 
and fi(m) haves'each a | ‘definite + limit,®'f,(m)}hasjalso a definite limit ; 


Lt kent ier. Lit 
also any fe CRDi an and pea 


Hence §,= < (“c8," ) cos m9, 








= oY cos we : 


nN 
and since cos “741, we may suppose p to be taken so great that the 


nomerical value of f.(m) is less than 


) 2a 
£1 |alen/ pia) 


This last is a convergent series, and therefore when p is taken enffi- 
ciently large, f,(m) can be made less than a quantity as small as we 


please. Proceeding to the limit when P tends to m or w, we get the 
fundamental form 


887 


k=m 
cos\z_ 1 res Lt Vit=Dy*con ne 





sinpz pu p ra = Bat] piy22. re w (A) 
In particular if PpP=1=, we have 
k=m ; k= 
“1, Lt \i(—1tcoskm a 
cot a anes Cai—lar) ° +4 ‘ — 
OF 


as is well known; and 4 ee X=0, p=l, we si 


cosec a=1+ br —1)" 2a. 


—kn 


We can similarly nd = the expansious of the remaining three 
forms, namely 
eae cosk# sins 


sinpx’ cosp2’ cospx 


by reasoning as for the first fundamental form: the following conver- 
gent expansions “fan a obtained :— 





sinha _ sre (—1)"2mk sin. lew 


sinp2 Peat (pa? —hen n°) “3 [\<p], 
k=+m 











Lt \ (—1)*sin a 

m= OO ees 3 “(pa—kn) 4 eee eve (B) 
k=8 

cosha _ (—1yeos3 (2k “DF moaat tf [h<p| 

cospz = “aT? p” 
pal o-R-DE 
abe, (—1yeos (2k — 1) 

i. Ee 7. (2k—-1)7; (0 

hel pra! —(2k—1)%. spec de ©) 
k=a k 

‘ (—1) ge 7 Naa) 

anil sinh# _ See ae FE] 2 on, r<p] 
cospa at eae ~1y™" 


a 
at y ie 1) tsin@@h—1) 


vies 








HE=™, je (k—1) § = Pr we @) 
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In (B) and (D), the valne k=O should not be included. 


These results may also be obtained from (A) by observing 


sinke it { cosh n (eke cosh (+7) 
sng sind sing sin(a+ 1) 








and using similar trigonometrical identities. 


Taking the first fundamental form and changing \ to 7X, we get 
k= ky 
coshhe _ 1) 1 \ (—1)*cosh 
‘sinps px p —a p ee trae #9 
k=] “(ak 1/p*) : 
Further changing p to 7p, we get 
k= 
coska_ 11 (—1)Foosh 


inh SEG ek ee wee = 
sinhpt px p Ke (a? +k? 17/?) 2x (A”) 


Lastly changing \ to 7X and p to 7p,we get 


coshha _ ia Sy —1)*oo8”™? 
hp a ic WFR apy 





> aa 


Taking the second fundamental form (B) and making similar chan- 
ges, we shall have— 








k=0o 

areas (—1)'2ark sinh *™ 

sinpa = oe oe i oe Es 7 (B’ 
beg p’a? —ka* ? ) 

sinha _ ys" ¥(—4)*Qark sinh Se 

sinh. eo C4 pte hen Taha (B”) 
rch hk 

and sinhh@ _ > (—-1)"" 22k sin = — a 

sinhpz — ot te ems See BY” 

k=1 pat eat , eS 


Similarly Ha. the third fundamental form (©) we get 


cosh ha _ (— —1yfeosh = (2k—1)—_ 
cospx ae ee —1) vo =(C’). 





ei . 
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and from the — fundamental form (D) 








sinha _ yy (—1)’ psinh (2k—1)7 
cospx —,—— 2a. ies a) 
k=1 pa (2k—~ a 


§ 2. A large number of results may be obtained from these forms 
by Various analytical methods. 
For example :— 


If < sin Xa _ 1 


=sin pa, a sain (sins); hence by the ordinary expan- 
sinoa 





sion we have 


Sekt aaa 
(1-45) (3-4) sin‘pa+ 
= tad (sopeiny sin eal 


(1—p%x?/2?n*)-'+...by result (B); 
- from which, by equating coefficents of different powers of a, we derive 
the following series 


sins — 584 nn 56h nm ws <> oe a. (1) 

, a sin ME 8 sin a AT ge oi 2 
mC -4) )a-S) te a(8) 

oa sin oe sin ee sin ae 


#(-¥) {2 1X) 
Xo) (cary oe (4) 


The series (1), (2), (3), (4), are all convergent. 
(See: Chrystal. Chap XXVI, §9] 


M. K. Kuwabramant. 
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An Interesting Experiment. 


[The following interesting experiment described in December 29, 
1917 issue of “ Tit-Bits” was successfully performed by the present 
writer, and is reported here in view of its scientific interest. The 
details of the experiment can be varied, at pleasure, of course. | 


Take a good-sized bowl, fill ic nearly with water, ana place it upon 
the floor of a room which is not exposed to shaking or jarring from the 
street traffic. Sprinkle over the surface of the water a coating of ly- 
sopodium powder, which can be obtained at any hospital or chemists’ 
shop. Then upon the surface of this coating of powder make with 
powdered charcoal a straight black line, say an inch or two in length- 
Having made this little mark with the charcoal powder on the surface 
of the contents of the bowl, lay down upon the floor close to the bowl a 
stick (or some other straight object) so that it will be exactly parallel 
to the mark. (If the line happens to be parallel to a crack in the floor, 
or to any stationary object in the room, this will serve as well.) 


Leave the bowl undisturbed for a few hours, and then observe the 
position of the black mark, with reference to the object to which it was 
parallel. It will be found to have moved in the direction opposite to 
that of the movement of the earth on its axis ‘lhe earth is simply 
rotating and has carried the water and everything else in the bowl 
round with it, but the powder on the surface has been left behind a little. 
The line will always be found to have moved from east to west, which 
is @ perfectly good proof that everything else has moved the other way: 


K. B. M. . 





An interesting Cubic Connected with an Ellipse. 


Basset in his Treatise on Cubic and Quartic Curves has discussed the 
different forms of the cubics obtained by inverting a conic with respect 
to its vertex. (vide : §§ 125, 146-7). The following interesting case has 
however been overlooked by him : 


Let an ellipse be referred to the extremity of its minor axis as origin. 
Then its equation is written 


Inverting with respect to the origin, we have the circular cubic 
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(a+ y*) _ pa” y* 
r ag cee (ati ’ 


whose form is shown below. 





. Fig, 1. 
£5, H be the inverses of the foci s,h of the ellipse. and P, p be 
any two corresponding points on the cubic and the ellipse, we readily 
obtain, 


SP. HP OP 
Os + OH =~ (ep-+ hp) 
OP 
~ =2a.75-- 
But og =oh=a, OS:0s=k? =OH.LOoA. 
os OH=OS =h’/,. 
Hence SP+HP=2-0P, 


In other words, the tri-polar equation of the cubic is 


9° am Dye 
Ty hg = H7s 


M. T. Naraniengar: 
Degenerate Bicircular Quartics, 


The equation of two inverse circles (the origin being the centre of 
inversion) is 
(79 4 Qea-+§?)(7?-+ Qoa/ ® +8'/%) =O. 
ion (12) on p. 136 of Basset : Cubte and 


Comparing this with equat 
bicircular quartic will degenerate in 


Quartic Curves, we infer that 4 
two inverse circles, if 
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4f=2¢ (14+~), g=0, 


3 2 . aL 
Bed f+ 25>—da?="" +5 (A+=), 
} 253 Ab? = $2 (x ++) 
Thus fP=o/X+(a—Db?) 
= 4f? X 2 —p? : 
dete) 
also WON +o+ 2) =4(§’—b?). 


= oa) =a?—}?, 


=2=by— 6°) 


Bea, ba? ro +4/ (tne ae ee a rent) 


In other words, if the centre of inversion is the point (f, 0) where 


jis determined by (1), the bicircular quartic reduces to two inverse 
circles. 





Haamples : ‘ 
(i) Let the centre of inversion be the foot of the normal at P(¢) ; 
then fre 
f= Moose ; 
a . 
2 
Ce) cos¢= ( 1-2) by (1). 

2 

. 2 (4 *sin*-+ b®cos*d) = Be ee ; 


= PG", 
Hence, we have the following result : 


If from G a perpendicular GT be drawn on any tangent and a point 
R taken on this perpendicular such that GIT’?—RT?— PG’, then the 


locus of R is either of two circles, 
(11) Suppose ¢=0 in the above. Then f +(a®—b*)/a, and §= b*/a, 
For points ontside the limits + (a— 

up to V/(a?—b*), and beyond that ¢ 6 becomes 

of the imaginary normal from the point to 


—b*)/a, the value of fis real 


imaginary, being the length 
the ellipse, 


M. T. Naraniengar, 
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Astronomical Notes. 
The New Star in Aquila. 


The new star in Aquila appeared very suddenly on June 8 last when 
it was about the same magnitude as Altair, for about two days it 
increased in magnitude till it became nearly equal to Vega and then 
began to fade steadily. At first the star was white in colour, but 
about five days after its first appearance it became distinctly yellow, 
and a few days later became red. The spectrum about this stage 
showed a velocity of approach ot about one-thousand miles per second, 
_ similar to that observed in Nova Persei. 


The Nova appeared in the dark rift in the Milky way about one 
hour west of Altair, its approximate position being R.A. 18” 44’ 475 
Decl. 0° 31'N. 


This is the fourth Nova which has been discovered in Aquila. In 
389 A.D, a bright Nova appeared close to Altair, but vanished after 
three weeks. In 1899 and again in 1905 photographic discoveries of 
Nova in Aquila were made at Harvard College Observatory. The posi- 
tion of the present Nova however differs greatly from any of the other 
three so that identity is not possible. 


An interesting Problem. 

The sixth and seventh satellites of Jupiter revolve about their 
primary at approximately the same distance and consequently in 
approximately the same period. The same is true of the eighth and 
ninth satellites, the sidereal periods of which are 739 days and 745 
days respectively, a difference of less than one per cent. Now it appears 
that the perijories of the sixth and seventh satellites are separated by 
approximately 180°, while the same is found to be true of the eighth 
and ninth satellites and the question arises, is this purely accidental or 
is there any dynamical reason ? for example, is this arrangement more 
stable than any other ? 


It may be mentioned that whereas the motion of the sixth’ and 
seventh” satellites is divect that of the eighth and ninth is retrograde 
and it was shown a few years ago that at a considerable distance from 
the primary a retrograde satellite is more stable than a direct satellite 
having the same mean distance. 

Relativity. 

A great deal continues to be published on the subject of Relativity, 
both with respect to Hinstein’s recent theory and Sir Oliver Lodge’s 
attempt to explain the motion of the perihelion of Mercury, theories, 
both of which have been previously referred toin this Journal. I 
cannot give all the references but the following paper may be found of 
interest by those interested in the subject. 

Planetary motion in space—Time of any constant curvature accor- 
ding to the generalised principle of relativity ; by L. Silberstein. Mon. 


2 ee J 1918 ; sh, ; 363. 
Not. BR. A. S. 1918 March, p, 3 ’R. J. Pocock. 
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SOLUTIONS. 
Question 612. 


(N. Ganapathi Subba Aiyar):—A series of ellipses have a com- 
mon focus (S), pass through a given point (P) and have their major 
‘axes of the same length Find their envelope. 


Additional Solution by N. Duratrajan. 


Lemma : If two curves touch, their first positive pedals touch. 
Therefore if # number of curves have a common envelope the pedals of 
the curves have also a common envelope which is the the pedal of 
the original envelope. 


In the present case, the pedals of the ellipses are circles of constant 
radii and also the circles on SP as diameter touches these circles. The 
envelope of these circles clearly consists of two circles of radii 244-2, 
where a denotes the semi-major axis and + denotes SP. 


Hence the envelope of the ellipses is the negative pedal of these 
two circles and consists of two conics having a common focus S. 


~ 





Question 625. 


(V. V. S. Narayan) :—Show that the lines joining the vertices of a 
triangle to the corresponding vertices of its first Brocard triangle con. 
cur in @ point Q whose trilinear ‘co-ordinates are inversely proportional 
to those of the pole of 2 2’ with respect to the Brocard circle, © 


Solution by K.-B. Madhava. 


Let K be the symmedian point, and EF’, FD’, DE’ be the anti- 
parallels though it cutting the circle on SK (S is the circumcentre) as 
diameter at the points A’, B’, C’ respectively. Then A’B’(’ is said to 
be the first Brocard triangle and the circle ay the Brocard circle. 


Its equation in trilinears will be seen to be (by th 
th 
Askwith Coordinate Geometry : p. $16. Ex. 4,). ( y e method of 


3 2 2 
a+ B+y—o py—O va Oa p_ 
<f Tad cay Sede 
Since the first Lemoine circle S0es throug 


h EF’ and i : 
-with the Brooard cirole through K, A’; KB= nd 18 Concentrie 


A'E’; te. AA’ ana AK 
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cut BC in points equidistant from its midpoint. Therefore by Ceva’s 
theorem AK’, BB’, CO’ concur and their point of intersection (Q) is the 
isotomic conjugate of K, 7c. its trilinear coordinates are 


ig | 
(a i er): 


Moreover since the normal coordinates of 


oa bs 
are > =, 7 and of ‘+ af ee (2) 
the equation of 2 ? is 
b%c? 2 are? . bu? 
5 * Fee | LE aad 3 
Bama eh )t¥ (e---}=0 @) 


and its pole with respect to the circle (1) is («’,b"c"). Hence the result 
stated, 


Question 734. 
(J. C. Swaminarayan) :—Solve the differential equation 
(y°— vy pay =V bia? aty?—a°b® 
Solution by N. Duratrajan. 
Write #=a cos (a‘v.) 
y=b sin (a‘v.) 
Substituting in the equation and reducing we get 


da-+dv. a i(), 


The variables are separated and the equation may be considered 


as solved, 


— 


Question 753. 
(S. Ramanusam) :—If 


* it 
d(a) =} log ane—a [a 


where [t] denotes t he greatest integer in t, show that 


‘lim 1 lim 1 
Regt wo(@) = 54 anda, #d(@)=— To 

Solution (1) by N. Durai rajan; (2) by K. B. Madhava, 
(1) We have 


w 
t 
$(#) =5 log ama— ot | Lat, 


396 
Expressing a in tegral Me I, we have 
t= po [t] asf ae +f ar. 
=1 logs-+2 logs-+3 logs ++ [2] loge: 
C2 eo 42 ee 


—=log 5. pF 3° fay@ 
re) 
NE Fay 
We have E Sa 
we saith | 
Now let «=[#]+§=n+5, and keeping § constant make n>». 
ite (n+6)( 5)" 
lim _ lim oo OV 21 (n+$)(n+ 
n-sco HA) =p voy (N+5) log’ Taneie 
§ being constant. 
lim 


2 n+% 
ates (n+ §)loge- V2710.n n(148) a) 


n! 


1 
=. lim ~ Ton 
ee (n+ §)loge 


§. n+ 
ongielad (urd) 


by Stirling’s theorem, where 9= =0( 1 


=+6)(—= =) +040 Ge pe y 
=~, +300—8 2 (1-65 + 25%) 4... 
In other words, the fay de 


values of §—6? are when = 


pends on §.The inaximum and minimum 
Hence 


= and 0, and equal to + and 0 respectively, 
lim #¢() oscillates between the limits 
Nee ba | 1 1 is 
See ee ] whe = Sih as 
1t37 anc —zgt0 ve between pq snd 19 
(2) Differentiating we have 


d¢ 


Be! n 
da i+3 


which vanishes when # wR 2 o 


dt 142n 
Hence we infer that 


lim e¢(2)=lim (n+4)¢(n+4). 


%—>00 ee 08) 
(Vide Solution to Q 740, page 220., Vol, VIIT) 
Question 783. 


(S. Ramanvyan) :-—If a=y"—y"", and 


1 
oe) log y &, 
0 z 
show that 
‘ ont nm = ay _n 
(i) Jo=— ? Ja ~To ; Ji=i9 ; Ja=y5° 
(i) J,+72=F. 


Solution by N. Durai Rajan and ‘Zero’ 


(I) If a=y"—y"—, it is obvious that for positive values of a, y>1 
when positive. Also, y cannot be:negative, since the question involves 
log y. ‘Thus, the values of y corresponding to the limits (0 , 1) of « are 
(1, 4), where 

q a”"—a"-?—1=0 and a>l. 
lee 1 

Again, ifa=y"—y" _, the similar limits for y are (1,4), 

where 


lige sal 


- a + at 
which may be written (after multiplication by 8” 
Te 
B-B n—1=0 
roving that B=0" and det ey. s pF oe HY, 
P g ; ap 


4 
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Now 


1 
In= | log y d (log ~), 


a , 
= [log a log vi-J) log a d (log y), 


jy== J { n log y+log (a-t) } = ty a) 


since the value of (log «log y) between the limiting values ofa and | 
is easily seen to be zero. 


Hence 
n 1\dy )* 
ss: (-2)at 
—3(log a log 2)— = log (1-5) 4 ay. o 
Similarly 
ek B l\ d 

J .=—= (log ~ ores) he. 

os (logalog#) log (a Dee ; . 3 

=;'% : 


To prove that| J n+J, lis constant, we differentiate (2) and (3) with 
n 


respect to a and & and remember that 


a sp Teac O by virtue of (1.) 















2 
Thus 
dJ, 1 log8 4 loga dp 
da; Basie era as 
—_ | logB , Bloga , logZ 
Sa) Gato ttas 
_(alog2+Zloga) 
2a? ‘ 
dJ 
“ = (clog + Bloga) 
aon df yD 
a(Intd. 
- da. df 


=0, Isince— -~+—~ =0, 


aa 3 
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Hence J,,-+J1is a constant for all values of ». 


: 7 7 : 
In particular J,+ J,=2 (Fa) =e by the first part. Finally, there- 
fore, we have 


J, +J =7 
t a 6? 


II. Since a=y"—y"7=y" (1 —<) is transformed, by the substitution 
y 
1 


ae into 
y 


1 l + 
= (a=5) 7”, 


we see that 


1 
v. =| log " where baa—s, == 1). 


1 y 
Thns Jaf + og(1-5). 
1 
1 retlyelt Moe eft 18 ws (2-2) 
* 1 
ah & log y+] {= log y+ Sloe (1-1) } 
1 
=| [» +a log (2-5) Joe yf pees (log #) 
= E (log yp (log 2)*| 4 +] log y d log (1-2) 
@ 
=[ey (1-2) —B (ond) mes (0-9), 
aft log (1-2)2 
1 ys Y 
ha 


— 
=—-——) 


6 
- gince the expression within the square brackets is zero. 


——— 
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Question 800. 


(S. Matuarr Rao) :—Shew that the sum of all fractions which may 
be represented by a recurring decimal of the form (.4 b ¢d) is 50, pro- 
vided a+c=b+d=9, 


Further Remarks by H. Br. 


The error in printing the question*on p. 199 of Vol. IX was fortu- 
nate; and so was the failure of the attempt on p. 251 of the same © 
volume to correct this error. For, the solutions on p. 326 of the 
last issue of the Journal show that the second dot might be placed on 
aor on b without altering the proposition. On looking more c'osely 
into the matter I find that the second dot might also have been placed 
on ¢ or nowhere at all. The moral credit for the following generali- 
zation thus belongs to the Printer’s Devil. 


If (.ab...gh...n) is a recurring fraction (pure or mixed) its value is 
equal to 
Aa+Bb+ wetNn 
where the quantities A, B,..,N are determined by the positions of the 
corresponding digits, but are independent of the value of those digits. 
As a general rule A, B,...N vary with the variations in the form ‘of the 
recurring fraction, but for all such fractions 


A+B+.u+N=z 


as is clear from the fact that the expression on the left is the value of 
the continued fraction when all the digits are equal to unity, 


The number of the digits and the position of the dots being fixed, 
let us obtain all possible recurring fractions as under :— 


(i) The digits ink assigned positions are given any value we 
please, independently of each other ; 


(ii) Each digit in any of the other positions is dependent on a 
digit in the first group in such a way that there is a com- 
plete 1-1 correspondence between the ten possible values 
of the two. Subject to this limitation, the law of depend. 
ence is arbitrary and not necessarily the same for any two 
pairs, aud each of the independent digits may have any 
number (from zero upwards) of digits depending upon it. 


The proposition is that the sum of all fractions js 4.10 -* 
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Proof :—The sum is 
ALa+BLd+...+N2L% 


where the sammation extends over all admissible values of each digit. 


But the 1-1 correspondence ensures that the summation for each 
of the two connected digits is the same. Clearly the summation for all 
the independent digits is the same, 1.e. 


10*(04+1424...+9)=10"! x 45=5. 10". 
Therefore the sum of all fractions is 


3.10% (A+ B+... +N) = Flot. 


Whatever k be, the average value of the fractions is 1 as it should 
be because the average value of all possible fractions is }, and we have 
taken a fair sample of all fractions. 


Question 925. 


(S. R. Ranacanatuan) :—If P, N, N,, Ny are the corresponding 
points on a curve, its evolute, the evolute of the evolute and the evolute 
of the a—evolute respectively, show that N, describes a circle on 


Tt wil 
Mist 
9g OTS 


N, N as diameter, as 4 varies from — 


Solution by R. Srinivasan, M. A., M. R. A. S. 
Let P, P', P™ be consecutive points on the curve, N, N? on the evolute ; 


A A 
then N P N,=N P' Ni=a. 
A A 
N Ni end of ba Pp! =90° ultimately. 
A A 
N, N N,=90°=Nj N Pi=a. 


A 
Similarly N, N’ No=4 ultimately. 
:. N,N N'N, is cyclic. 
A A 
N N, N,=180°—N N’ N,=90° ultimately 
Nj lies on the circle on N N, as diameter. 
Asa (te Ny N N,) varies from—7 was N, will describe the circle 
completely. 
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Question 866. 


(H. R. Kapapia) :—Prove that : 


n 
[ a” XA, cos u,#) da= poe - ete (4,4, 
ag ~@n—D 


Solution by K. B. Madhava, V. D. Gokhale, Sadanand, M, K. Kewul- 
ramani, S, V. Venkatachela Iyer, and K. R. Rama Iyer. 


Since the integrand is even, it is equal to twice the value of 


0 —2n n 
| a (A, cos a, #) da. 
Cy) 1 


Integrating this by parts we are successively led to ~ 





J J 5 A a aaeyeoe 
2n—1) 7" eT rr 


—1 

d Pee en 

rr if (2n—1) (2n—2) (2n—3) 7 EA ele! ON Ge ee zis 
and so on; 


assuming LY A,=0; LY A,a,"=0 up to 


(—)” on3\8iD & 
, 5 9 a can erp 
_7 cos nt tae 
2 @aoti a. 


Hence the result. 


Note: It is easy to see that the allied integral 
fo 8) n > 
{ 7 pee cos a,x) dx 
0 





leads us to s bn. “F(A +2,"" cos a) 22 


with the conditions aan ; re She 





which gives finally eA, a2" log a,) 


by Frullani’s theorem. (cf. Bromwich, § 170). 
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Question 867. 
(C. KrisHnamacnar!) :—If the velocity of the Earth is instan- 
taneously altered in the ratio of 1/2: 1, when it is at the extremity of 
the minor axis of its elliptic orbit, show that the new orbit subse- 


quently described is a parabola whose latus-reetum is, twice of the 
elliptic orbit. 


Solution by S.V. Venkatachala Iyer, M. K. Kewalramant, 
Sadanand, S. Muthukrishnan and 8, RB. Ranganathan. 


The velocity at any point of the orbit is given by 


”. At the given instant the velocity is given by 


a a a 
; P £ th radia | | 
..  v,', the square of the new velocity =-—- 


.. the subsequent motion is given by 


PS 
r 


which shows that the subsequent path is a parabola. 
vp? 


2 
The semi-latus rectum in the first case is given by aes = 


and in the second by /,;= o Since p, the!perpendicular from|the origin 


to the tangent to the path is the same in both cases 


Ll: Loo: via: 2h) : 2, 
a a 


Question 888. 


+  (Hemras)t—ABCD isa tetrahedron, the edges DA,DB,DC are a,b,c 
the angles BUO, ODA, ADB,are \,p,V 5 and 2 X is the sum of the areas 
of the four faces ; and 2Y the sum of the areas of the four faces less 
twice the area of the face opposite D; and V the volume. Show that 
sear Acosee’s =La’sin'(¢ — h)—2bo(vou k cosh —v) 
9 ’ 
2o= a ea +Y, 


where 
A=1—S cos? }+2 cos! ® cos pf 608 v. 


and 
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Solution by H. Br, K. Appukutton Erady, H. R. Kapadia, , 
K. B, Madhava and S. V. Venkatachala Iyer. 


Let a, B, y, § be twice the area of the faces. Then 
a =be sin d, and &=ca sin p, Y=ab sin v. 


By considering § to be the resultant of forces a, , y, acting per 
pendicular to these faces we get 


§'=07+fh%+y'+2E Ry cos (By) 
=a’+ By 28a%be sin sin cos (By) 
=a'+ 8+ y?—2abeXa cosk—(cos pcosyv)] 
=(a+f +y)’—2abeLa (cosk — cos. +?) 
=(4+8+y)'—4abcka sine sin(©—) 
~AXY =;[(a+8+y)?—§*] =abe sino¥a sin (6—d) 


At 16X TY" cosec? o = Ea! sin® (7—)+2 ¥ be sin (o—p) § sin (o—v) 


a*b*c? 





= La*sin*(¢—)—be (cos —cosu —y) 
From this the given result follows with the help of the well-known 
formula 
36 V? = 07b?c?(1—cos* — Cos’. —cos"Yv +2 cos \cosp. cos?) 


Question 915. 


(CHas. SALDANHA) :—Given (a-+5), (a+c) and A, give a e iviont 
construction for the AABC & geometrica 


Solution (1) by &. Srinivasan, (2) by K. J. aioe and K. B, Madhava 
(3) by T. Krishna Rao and several others. 


(1) Let ABC be a triangle and 1, the excentre oppusite A. 
AB, AC to D and E such that BD =BC=CR. Ppusite A. Produce 


Then A DBI=A CBI=A CEI. 
. DLE=3BI,0=3 (90°— ->). 


Also 1, D=I, C,; IE=1 B. :-— 
Hence the following construction. 





Construct a triangle ADE, such that AD=a+c, AE=a-+-b and 
DAE=A. OnDE describe an arcjof a circle containing 3 (90°-5). 
Let the bisector of the angle A meet this arc in I, with centre I, and 
radii I D and I E describe circles to cut AK, AD, in CB. Then ABC is 
the triangle required. 7 

The proof is evident. 


(2) More generally let two lengths AX, AY be given inclined at 
a known angle A; to draw a transversal BC across them 


so that XB=BC=CY. 





On AX take AZ=AY ; let YX meet the circle with centre Z and 
radius ZA,in D. Join DZ, and draw XE parallel to it to meet YZ; 
draw EC prallel to AX to meet AY, and CB parallel to EX to meet 
AX or AX produced. 

Then Be oe or ae so that CH EX. 

:. OEXB is a rhombus ;. and CH=CY, as ZCOYF=ZAZE=ZCEY 
5 
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Thus XB=BC=CY and in the first figuee; ABC lis the triangle 


required by }ihe question. In the second figure where AX<;AY, this 
triangle does not geometrically exist and AB4+-BX=AX algebratcally. 


(3) Construct a triangle ADE such that AD=a+c, AE=a+b 
and ZDAE=A.Draw the cireum-cirele of this triangle and PQ the dia- 
meter of the circle perpendicular to DE. Join AQ. Set off a chord 
QR equal to the difference of the given lengths. Join PR cutting AQ 
in ‘Il. Draw the circle PAT cutting AD, AE in BC respectively. Join 
BC. Then ABC is the required triangle. 


Draw DS parallel BC to meet circle ADE in S and CF parallel 
to DE to meet ADin F. Join AS, SE. Draw PM perp. to AD. 
-. PR L DS and PQ +L DE. 
ZQPR=ZEDS. 
z.e, chord ES=QR=c—b. 
Since P is the mid point of segment DAE and PM perpendicular 
to AD ' 
AM=1}(AD—AE) 


Similarly AM=;(AB—AC) 
te. AD—AE=AB—AC or BU =CE, 
In the triangles FBC and AES, 
the triangles B=ADS=AES 
and FCB=SDE=EAS 
hence they are similar. 
, BC_AE a+b 
t.@» = SS ES 
FB ES c—b 


Again since I°C is parallel to DE 
DF_EC _DF—EC BF 


DA EA DA-EAa c—t 


or ees | Sa 


Question 916. 


(S. P. Panpya):—A circle touches a given parabola at P internall 
and is such that the focal distance of P is divided harmonieally by es 
circle and the parabola. Fird the iocus of the centre of thie eibets . 
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Solution by Hemraj. 
Let the equation of the parabola be y°=4ax and P (at*, 2at). If O 
@ point (#, ¥) on the normal at P, be the centre and P O=7, then 
x=at*+r cos 0, y=2at—r sin 0 Se we (1) 


, 





where SPO=6 t.e., tan O=t. 


Since pc ad i 
: (PQSR) PS=pQtPR ye (ARS) 
But PS =a-+at?, PQ=2r cos 8 =2(a—<at*) from (1) 
PR=PS+4SR= 2ata( t+ 
Ps On substitution in (2) we have 
Bat!+2(38a—a#)?+ a—4a¢=0 see eee (3) 
From (1) at’ + (2a—ajt—y =0 sas ve (4) 


Eliminating ¢ between (3) O (4) we have the locus of O 
(4a —a) (a —6aa-+-a*)? + y*(2%° —78a2* + 90u?x— 18a'—27ay*) =0, 





Question 918, 


(C. KrisHNAMACHARY) : “ina ehet if a and b are both less or grea- 


1— 
ter than unity, and a<b, u,=— ae a decicaging monotonic sequence, 


iv 





Deduce the inequalities, 


(1) —s Lb" (1 —a)>(1—a") >t i i) i); ee ee 
(2) ha-1)>(a" -y> 2a sob Oye ‘(a—1) if a>, 





Examine the inequalities for fractional values of n, 
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Solution by K. B. Madhava and 8. R. Ranganathan. 
In general, if a sequence (2) is monotonic, the sequence oh 
On Lb, 
is also monotouic and is varying in the same sense. 


For,| Pay On 


Lb,” LO ng 
; pe eR ee 
if SM gon en tan 

Ld, Da4a 


n 

2.¢. if >) (abiss—bsdn ss) >0 which is true, because each of the term 
r=) 

is positive in cosequence of the sequence (* being non-increasing 


" 
Again if thelsequence is non-increasing 


n 
a; La, 
Be Eb, for 2, (ab,—a,, ) >0. 


T 
Hence combinin i 2On da ote 
s bi ee ¢ ; 
Take as a,=a"~" (l—a) or a” (a—1) if o<a<1 or a>l 
and b,=b"— (1—6) or jb"-1(b—1) if o<b<] or b>1 


La 

pk nme: . . Py . 

and then ‘n= 5, 1§ @ Non-increasing monotonic sequence, and the in- 
nu 


equalities (A) become (1) and (2) in the problem. (The second involves 
the condition a<b). 


The inequalities may be verified for fractional values of n in the 
osual manner, by multiplying with the denominator, and thus proving 
it for an integral value of ». The reader may be referred to the examples 


in p. 21 of Bromwich : Theory of lufinite Series for interesting exercises 
of this type. 


Question 920. 


(H. R. Kapapra) :—Prove that an integral of 


dz _ dy 
»-¢ Sa 2 | 


2 
a 
—a@ ) =obe@+y)+fet+y)* 
whereX =a-+ bx-+ca*+e2°-+ fat, and Y= O-+ by -bey?-+ ey) fy* 


is Gsee* 
y 
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Solution by K. J. Sanjana, R. J. Pocock and K. B. Mudhava and others. 
This is Hx, 2 on p. 241 of Forsyth (Second Edn,). 
If we assume p=x+y ; 
du_X} dy_ Yi. 
dt) y— a? dt ya’ 
the solution proceeds exactly as in Forsyth p 240 with one or two 
slight changes which are obvious. We obtain finally 


(2B) xep+ip'+e 
whence substituting for we get 


lyzy1 72 
ees =O+e(a+y)+/(e+y) 
yY—2 


_ [Vide also, Boole : Differential Equations., Ch. VI; Roberts: Integ- 
ral Calculus § § 87,88; Dixon: Elliptic Vunctions, § 40.] 





Question 923. 
(M. K. Krwa.ramani) :—Supposing ¢(#) vanishes when #=0,@ut 
neither it nor its differential coefficients vanish for any other valueofba 
prove the following wen — 


ad(e)— >; $'(#) +5)  ¢"(a)— ab (a) +. 
ey + Aja" ti oa pee Ae 





where ; 
re . th - . . 
Vee n= ) Bayi, (Boy-1 being the nm’ Bernoullian.) 
Also, show that 
™ ae 
¥ ae a 7 Ast ug oa =l 


Remarks by Sadanand. 
The identity is not trae as it stands. We are required to prove 


that 
(1-67) =tan (=D) 


where D stands for the operative symbol x which is impossible. 


The series 


7 am ated at : 
oO Ai—-5 A,+ oo t tan (4) 241 


but the series 


5 7 
i At% A,+...=tan ety 


—————— 
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QUESTIONS FOR SOLUTION. 

[N.B.—Question 965 by Mr. A. C. L. Wilkinson which appeared 
in June 1918 should be numberedas 965 A.] 

969. (H. Br.):—From the vertex D of a tetrahedron ABCD 
straight lines DL,DM,DN, are drawn parallel and proportional to the 
perpendiculars from a point P onthe faces BCD,CAD, ABD, respec- 
tively. Q is the isogonal conjngate of P with respect to ABCD. Show 
that PD passes through the circamcentre of DLMN, and QD is 
perpendicular to LMN. Show further that if DL, DM, DN. are twice 
the lengths of the three perpendiculars, but are drawn in the opposite 
direction in each case, P is the circumcentre of DLMN. 


970, (S. R. Rancanaraan) :—Show that 


at? lig yay i sf 
~on ) — onan 
Para es ) rH ise HE (cosh 271a,a—cos 27 3,2) 
when is even, | 
patents a8 
=(n—r)a* sinh wx ] fe (cost 271a,7—cos 277 8,2) 


a’ 
when » is odd, 


7 "Tt ‘ ; 
where a, sin, and 2,= cos, 7 being an odd integer. 
nL 


971. (A. A. KrisHyaswAmr AIYANGAR M.A, L.t.):—A rigid spheri 
shell of radius'a contains a mass M of gas in hoch the Sree ae 
times the density, andthe gas is repelled from a fixed external point 
O (distant c from the centre) with # f-rce per unit of mass equal to K 
avd Cae Prove that the sultant pressure of the gas on 

KM 5c?—a? 

= rere (Besant and Ramsay) Hydrostatees. 

972. (K. B, Mapuava) ;—Solve. 

6(@)+8(y) +6(2) =B. 
0= L(y) —9@)1[5'(y) +8) +16) —6(2)][8'(y) +52) ] 
0=[6(#)—8(2)][6'@) +8'(¥)] + [5(@) —8(y) 1£5'(@) +6'(2)] 
where § is the Weiertrassian Elliptic function and §’, its derivate 
[This is needed in the solution of Lame’s equation when »=3 3 
1 wd _ 
SECs =12 6 (2)+5B.}. 
973. (A.C. L. Winxrnson) :—Prove that 


1s 
Bethy: Cry Cy’ ©," 


poate ST ye a : 
a 89', 83°|; Den (m+ Ug-+-Us) =—\C., C,', Ce; 





Dan (4 ++ vg -{- Us) = 


1 8 
Bs, 8), 8 
> “8 ; iCgy C,, 0," 
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d,, dy’, dj, 
k* Ddn(m + u,+4+%s) = — ds, dq}, a") ; 
dy di, dy 
1, 8°, seid; 


: a 
where D='1, s.°, ch ants, =snu,. sy a (snw;) =cnw, dnw, etc. 
ub 
1 


1, 85°) S3Cgly 
Prove that 
E(u) + H(ug) + E(u) —2E(@) 
a Kd,doil gd, 81C1 404 
hk? +-dydydsd,\ dy dy 
__2k’sna cnw,dn(# —us;—u,) dn (a—u,—wu,) dn (a—t,—Uus) 
k+dn a dn (a—u—u,) dn (w—u,—u,) dn (w@—tg—ty) 
where a=3(u,+us+u ;-+-u,) and s,,¢,,, are written as usual fu. anu, 
cnu,, dni. ; 


974. (A.C. L. Witkrnsoy) :—If two confocal conics are such that 
triangles ABC can be inscribed in the one which are circumscribed to the 
other and if D, E, F are the points of contact, prove that (1) the area 
of the triangle DEF is proportional to the product of the diameters 
conjugate to D, B, F: (2) the ratio of the »reas of the triangles ABC. 
DEF is constant: (3) the loci of the points of concurrence of the 
normals at A, B,C and D, BA, F are ellipses (4) the line joining the 
points of concurrence of the normals at A, B, C and D, BH, F is a normal 
to an ellipse: (5) if from the points of concurrence the fourth normals 
be drawn to the two confocals the line joining their feet is also normal 
to an ellipse, 

(Suggested by, Question 947 which shows that in all triangles ABC 
the ratio R: ris constant.) 


975. (Professor K. J. Sansana):—A uniform right pyramidal solid 
on.a square base is divided into two halves by a plane through the vertex 
~ and one diagonal of the base, and the two parts are hinged together at 
the vertex. If the solid floats in a liquid which is such that the plane of 
flotation is a square whose side bears to the side of the base the ratio 





8 





Sabo 4 SCs 
et 








1 
r:il, prove that the parts will not separate if secO S r* when the vertex 


1 
is within the fluid, and if cosecO =!(37°—r’—7r)*when the vertex is 
without,—O being the dihedral angle between the planes of the base and 
aslant side of the pyramid. 
976. (K.J. Sansana, M. A.) :—Find the probability that the 
roots of (i) the biquadratic ast'+ ba +-c =0, (ii) the eubie aa*+ ba-+-c=—0, 
may be all real, where the numbers a, 6, ¢ are taken at random. 


977 (M. K. Kewaceamanr);—In the series 


Loe 5 a “ars 
3° 7'it 1 19 : 
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if the terms are deranged in such a manner that to every 6561 positive 


terms correspond 256 negative terms, the terms in each group having 
their original order, show that the sum of the new Series is 


ae ry pees j 3 
"SL tr Coa eo eee 

978. M.K. Kewarramant):—If two circles are such that quadri- 
laterals can be inscribed in the one which are circumscribed to the 


other, prove that the ratio of the sum of the reciprocals of the diagonals 
of any two quadrilaterals is constant. 


[Suggested by Q. 963 ] 


979. (F. H. V. Gurasexuaram) :—-If 4, te, Us, U4) Us Ue are Variable 
arguments connected by the relations w,—w,=us—ug=U,—t3=U;—Uy 


=U, — 8 = 


3 
and if d, stands for dn u,, shew that 
(1) (d:d.+4,d,+d,d,+4,d,+4,d,-+d,d;) is constant. 
(2) (4,+d,)(d.+d;) +(d.+d;)(d,+d,) +d, -+d,)(d,+d,)is |constant- 
In each case determine the constaut in terms of the modulus & and 


the sn, cn, dn, functions oft. 


980. (Ff. H. V. GuLasexHaram) :—A triangle A is inseribed in a 
given conic S=0 and circumscribed to a given confocal conic S,=0. A 
triangle, is inscribed in the conic 8, =0 with its sides parallel to those 
of. Shew that 

(1) the circum-radius of the triangle A,=the in radius of the 
triangle A ; 
_, (2) the locus of the circum-centre of the triangle A, for all 
positions ofA is another fixed confocal conic, 


981. (R. VrtHynarmaswamy). A, Ay...A, are » unequal real numbers 
If Lip,...and...G, denote respectively the least and greatest of the num- 
bers Ay, Agresess prove that 
lige es — 2G,—<G,,+ LGi3— see 
Giss_n =2T4— Lis + LLj25 a 
_ _Use these results to express the G. C. M (L. GC. M.) of n positive 
integers as afunction of the integers and their mutual L.C M’s 
(G.C.M’s). , 
982. (R. VyyaryarHaswamy) :—If I and SIS are both in i 
: volut 
prove that S must be an involution unless I contains the fixed pobaie ee g 


983. (R. Vyruynaruaswamy) :—If @ and § Mare b iodi 
: é ; th periodic 
and of the same period, shew that thsir fixed elias eS 
fixed points of § ranges of equal cross ratio. mai sg make wikh the 
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.. PROGRESS REPORT. gejerees 
The committee feel pleasure in announcing that Mr. T. K: Venkata- 
raman, M.A. has got himself elected as a Life-member of our Society. 


2. The following gentlemen have been elected members of our 
Society :— 
1. Mr. Sriram Venkatasubba Setti, B.A., D.¥.H., A:M.1.0.Es— 
‘Superintendent Mechanical Engineering School and Professor, College 
of Engineering, Bangalore ; 


2.. Mr. K. Ananda Rao, M.A., (Smith's, Prizeman).—6, Singara- 
chari Street, Triplicane, Madras ; 


3. Mr.A.V.Subba Rau Esq. M.A., L.T,—Mathematics Assistant, 
Taluk High School, Tenali; , 


; 4. Mr, Carcherla Srinivasa Rau.—Clerk; Collector’s Office, 1/14, 
Prospect House, Vepery, Madras ; 


eee announced along with the last issue of onr journal, a con- 
ference of our society will be held in Bombay, on or about 9th, 10th and 
1lth of Jannary 1919, and consequently it is very earnestly requested 
that members will try to attend the Conference and to make it @ success 

as on the last occasion. Also those of the members who.are desirous 
to read papers at the Conference, should communicate their intention) 
and submit synopsis of their papers for the inspection of the sub-com- 
mittee appointed for the purpose by the 1st of December 1918, 


a 5 
Poona, 


D, D. KapaplA, 
“5th Oct, 1918. 


Honorary Joint Secretary. 
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A Note in Combinatory Analysis. 
_By R. VYTAYNATHASWAMY. 

§ 1. The following lemma will be of use in the course of the 
present paper. 

Lemma : 

The number of ways of placing X distinct things in the first of two 
rows of r vacant places and p distinct things in the second, where 
X > 7, and p> 7, and each of the \ as well as each of the p things should 
be used at least once, so as to satisfy the condition thatif 4,1, two 
members of the first row, contain the same \-thing, k,, /,, the corres- 
ponding members in the second row should not contain the same p— 
thin z, is the coefficient of a” in 


[ 4," DF +2)" | t= =0 


where the operators 4, and A, refer to ft; and ft, respectively. 


Proof. Let the \ things be a,, a, -@,) and the @ things - 
By Bay Bp | 7 | | 
Fill the first row with k,. a,’s, k,. Ay’8..ck.y Ay 8 where k,,(n =1,2,...&) 
is & positive non-zero integer and Lk,, =r. 
The corresponding number of ways of filling the second row 
will then be 
beh: : wae 
phy phy pkg pas 
Hence the total number of ways would be 


>} phy poy dc bok, where 2k, =r and k,=0 
k 


and this is the coefficient of x” in [(l+a)4— tr 
If now the condition that each of the &s should occur once at 
least be added, the total number of ways is 
gay E: 
[A+e)P—1]°—pefdtat ti pps payt—2 ap, 
which is easily seen to be a symmetric function of and and equal to 


[ 4." AP (1+a) % “|; =t,=0 
1==V, 


This we shall write also as A,*AP(142),99 
Welmay also adopt a different type of argument which is perfectly 
general. 

If there aro \ distiact things of one-kind 


. and «#« distinct thine: 
another kind, then the number of distinct things of 


ways of forming r distinct combina- 
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tions of 8 \ and a @ thing is evidently he and these correspond to 
the number of ways of arranging the \ and pf things in two rows of r 
Spaces each, with two dissimilar \—things always opposite to two 
similar ».—things, without, however, the assurance that each pe —thing 
or each \—thing occurs at least once. Therefore, if we add the condi- 
tion that each \—thing is to occur at least once, the number ofi ways is 


Xa... © 
pe — VPA —1) ere RBA — 2) Oe =A OR 
(cf. Whitworth: Choice and Chance 
Adding the further c*ndition that each ~»—thing should occur also 
once at least, we see:that the total number of ways is 
DAS 0-0°r 
‘which agrees with the previous result. 


Corollary. More generally, we shall also have : 


The-number of ways of placing d4,d4...X_ things respectvely in n 
rows of + spaces each, so that each thing occurs at least once, and no two 
columns are, identical, ¥s equal to 


A, MA,» >0.0:0,..0° 


$2. We can now find the number of ways tn which a set of + differen! 
Factors of N can be chosen so as to have the grea.est common measure untty. 


We will denote this by ¢, (N) and seek to express ¢, (pg) where p 
and'g are mu‘ually prime in terms of ¢, (p) and ¢, (q). If p and q are 
mutually prime, every factor of pq is uniquely resoluble into a factor 
of p and a factor of g. Thus every factor is specified by a factor of p 
and a factor of g. ‘To specify 7 distinct factors of pg, then we have to 
take \ factors of p and p factors of g where, of course, neither \ nor 
is to be greater than 7, and fill with them the two rows of r vacant 
places satisfying the conditions of the Lemma; that is 


¢,(pq) = coefficient of 2” in 224, (p) Fu (q)d,* AF (14+2)°° 
. z ' (Apr, peer. 
é =EE$, (P)ty (a)4s 4, 0.0°* 


Similarly, if 2), ,...%, are mutually prime, we shall have 


a x C, 
$,(dy42y.040 4) HP (a) Fy (Fy, (4) 1 Qs ee pis Te "000— 
; [dcp ee 2.40 | 
We have also the result, that if p isa prime 


416 


C 
t(p)=a r—1; 


: =e eek a 
and therefore, thatif N=p; %P. 7.-Pn ™ 


ey CRisenee 
a t ‘ 
16, (N)= Eby, (p,*?).. fy (Rees A,* + gle OUR e 
hy Xn c ; 
C O Ns sin Cee 000 r 
=ray XL" a, Aw G. 
= (142A) 41-4-4,) “PA q:..2,,000-* 
=A Dei Daf gay cane A. | . | 
Thus if N=120 and r=2, ¢,(N)=17. te gi, 
§3, If ¢,’ (N) be defined as the number of sets of r factors of N 
(not including N itself) which can be-found so as to have the greatest 
common measure Unity, we evidently have . a 
¢;"+ 8,_i= >, (for values ofr up to 2) 
and. we shall also suppose ¢;) =¢;=1. We then bave 
; ¢ r =),— Pat Ppa : 
=A, 4,.. D,,[0 1d... y,C, =o a us aa ees a 
=A, A,i2S,[aja4..00 10" r| 
‘We therefore have . | a at 
¢y ¢y—¢ ‘ot ¢’ Ss yee Ly ds. eles oe aut A;45...08,,— eae anh 
== AidaynAu(loy attaat 
from, wt ich by writing HE, “4 for A, and expanding, we see that the 
terms in which the index is not.zero will vanish. If any one of the as 
is different from unity, thé index of none .of the terms in the expanded 
series vanishés, Hence when N contains repeated prime\ factors the ser ves 
identically vanishes. If on the other hand all the as are unity, there 
is one term for which the indexis Zero; viz {= : S917 19° =(— —)"}, and 


therefore, ¢f N contains n prime factors none being repeated the series 
equals (— RS ae, ; : 


1G 


7 


§ ie We may dated fhat if hic (S) denotes the number of tof of x 
factows of “N which’ can be chosen so’ as to have the least common 
multiple N, thenrp,(N)=¢,(N). For if we. divide N bya vet of factors 
having the least common multiple N, we get a set of factors havi ing the 
greatest common factor unity, Similarly” also we find ~p,’(N)” rte CN) - 
where,’ ‘(N).is the same as db, €N) with unity excluded. 


This method of reasoning may be employed to age two familiar 
results, 
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Let t,, tf)... be the factors of N, N being excluded. If ¢(N) be the 
number of factors of N we have, 


4(N) —1=E4(t,) Ed (te) + D4 tee) * 
where tart is the G. C. M. of ¢,, t,...¢, and is thus itself one of the ts 


that is, ¢(N)=1+2¢(t,;) [i-w (= +4 A ee “\r ih 


‘ N 

=1454(8)-14(%)+. 
‘ PiPa 
which is a familiar result. (ct Chrystal: Algebra, Vol. II.) 

Similarly, the nuhabeel less than N and not prime to, it will < 
tag of one or. more of the factors ¢,, f,...¢,,and will therefore be 
yi in all, which enumeration, however, is not simplex. The sim- 
plex enumeration isl Lars baton, 


Ts teest: 1 ths : ties 
Dard met, is the least common multiple of f, ty...¢,. 


“This last series is 3 by the definition off 
= 22 [IW (te) +ebs (te) —---] 


and the éiptadéion; in the square brackets, is either 0 or (—1)"- F 
according as f,, contains repeated prime factors, or » non- repeated prime 
‘factors. Hence, finally, the number of numbers less nate N and not 


prime jto it is 
ad 
se 234 PiPat aie 


which is a well known result. (Cf. Smith: Algebra, p. 488). 








Postscript : : Extension of Fermat’s Theorem. 


It is well known that a rational transformation of the nth degree 
has n+1 fixed points and the mth power of thé traisformation which is 
of degree n™ has n””’ 4-1 fixed points. But if t be any factor of m, all the 
fised points of S’ (where S is the rational dens een in question) 
are also fixed points of 8”. “Hence, if ty tae ;, be the factors of m, m 
itself being excluded, the nuuber of -specral ae points of sm would be 
equal to 

“(™1)— (nt ; 1) +E(n tt I)E(n act 1). 
where ty...» is the G.C.M of fy /..+-F 


” m 


mt eo 
This series is equal to » —Ln Pi, Yn Fo, —eto. 
where Pp; p2...are the prime factors of m. 


We shall shew now that if p is a special fixed point of S”, then S(p) 
is also a special fixed point. 


It is evident of course that S (p) is a fixed point of S”. To shew 
that it is a special fixed point, assume it to be a fixed point of S’ where 
tis a factor of m. Then we have the following series 


p S (p), S (S (p)),---S' S (p)), 8’ (S (p)) { =S (P) } » ete. 
It is evident from this scheme that S” (p)=S' (S (p))=S* (p) 


Since S” (p) =p, this shews that p also is a fixed point of S’. This 
however is contrary to the hypothesis that p is a special fixed point. 
Hence S (p) is a special fixed point. Hence if p, is one special fixed 
point, p,,S (p:), S? (p:)...S”" 1 (p,) are all special fixed points and are 
all distinct. In fact, if S’ (p,)=S! (p,), then S’ (p) is a fixed point of 
S”-"; which is impossible since S” (p) is a special fixed point. Again 
if p, be a special fixed point not included in the above series, then Pas 
S (p.), S? (p)...S’"-* (ps), are all special fixed points and are all distinét’ 
both from one another and from the points of the previous series. In 
fact, the assumption that S’ (p,)=S" (p,), leads to S”+’- (p;)=p,, 
which contradicts the hypothesis that p,is not included in the firs 
series, 


Proceeding in this manner we finally come to the conclusion, that 


the special fixed point can be distributed into sets of cyclic m— 
groups. Hence. 


If n and m be any two integers and p, py ps...are the prime factors of 
m, then the sertes. 
m m m 
0 = 2 PrtDn Pi Ps —In Pi Ps Po. 
is exactly divisible by m. 


If m is a prime, this reduces to Fermat’s Theorem. 


It will be noticed that in this extension of Fermat’s theorem no 
restrictions are imposed on cither of the two numbers n, m. 


oe om ae 
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Extension of M‘cay’s Theorem. 
Br S. Nararanan, B.A., L T., Mapura Ootiece. 


M’Cay’s extension of Feuerbach’s theorem is ‘ If the axis major of an 
tnscribed conic passes through the circumcentre, the auxiliary circle touches 
the nine-pointe circle.” It is proposed, in this paper, to shew generally 
the relation between the auxiliary circle of any inconic whose axis major 
passes through a given point Pand the pedal circle of P. The main 
theorem of this paper may be enunciated |as follows : 


If the axis major of an inscribed conic of atriangle passes through a 
given point P,'the auwtliary circle of this conic and the pedal circle of P are 
coaxal with the director circle of the tncontc touching the axis major at P, 
and the common radical axis envelopes the orth polar conic of P. 


7 : Lemma I, If w&y*—2) =I, y(2@—2")=m, 2(2’'—y*)=n, 
a oye) y(tta%) ——al@tty") aye 
3 Um? 4-2? 2) m(n?+2—m*) n(lt+ m*—n*) — mn 


This follows immediately on reduction. 


« Lemma IT. If a, bc, denote the circles described on the sides BU,CA 
AB of a triangle ABO as diameters, then the director circle of any inscribed 
conic of ABC may be written in the form ha+pb+ve=0, 


This isalso obvious by rearranging the usual equation of the 
director circle of an inconic in terms of the varying coefficients of the 


conic. 
Lemm12 III. The tricyclic equation al?a’+bm'f’ +en*y’ =0, 


represents the director circle of the inscribed conic which touches 
la+mB+ny=0 at a’, 4, y’. [Here a, b, ¢ denote, as before, the 
circles on the sides as diameters, J, m, are variables subject to the 
condition la’+m’+ny'=0 and a’, Z’, y’ are the normal coordinates 


of any point]. 


This follows immediately from Lemma II. 


Lemma IV. If P be any point in the plane of a triangle ABO, and if 
AP, BP, CP meet the opposite sides in D, E, F and tf K, L, M be the 
orthopoles of AP, BP, CP respectively, then the locus of the orthopoles of 
straight lines passing through P, which ts called the orthopolar conic of P, 
is the conic passing through K, L, M and tcuching the common chords of 
the pedal circle of P and the circles on AP, BP, CP as diameters. 
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Let la + mB +ny =0 be any straight line passing through a’,Q’,y, 
the normal coordinates of the orthopole /a +m +ny =0 are given by 
a =(m cos B+n cos C—I cos B cos C) (m cos C +n cos-B—l) 
os ‘n cos C-++1 cos, A—m cos C cos A) (n cos A+1 cos C—m) ¢ (I) 
=(lcos A-+-m cos B—n cos A cos B) (1 cos B+m cos A—n) 


Now, by means. of la’+m’ +ny' = 4); snbstitate tie Lin texing of 
m and n in (I), we: have thus three. equations in, ne?) My, n? And again 
eliminating m and n between these three equations, the ere oe ae 
‘assumes the’ form QR=P?..-  * Wise 3, Fe pt et (‘4 


[The details of working are auaned as Heine Le too tations rs repro- 
duction here]. ; 


Sinilarly substitute for m in terms of and / in ([) and eliminate n 
andl between the three equations. The result will be of the form 


Q.Ry= Pre eee. eee eee eee Ree, eee (B) 
Again doing the same thing for n we have QuR,=P,? wee (CY 


On a simple inspection of the results (A), (B), (C), it-will be found 
that the orthopolar conic in question is circumseribed to the triangle 
formed by ae 

a=(f’ cos B—y’ cos c) (fo cos c--y" Pie. B), 
| B=cosc (B'+y" cos A) (B'cos A+y’), 

y=cos B (#’+y’ cos A) (4 cos A+-y’), fous 
and two other points whose coordinates can Stee be written down from 
cyclic symmetry. enpis 


The.same is ¢nscribed in the triangle formed by 
a=— ae a’® (cos? B+cos? C)+a’G" cos C(1+-cos® B) 
. +a’y’ cos B (1+-cos*C) +2 &’y'cos B cos C , ’ 
B=a" cos © (1+cos? A)+a'Q’ (cos? A+ Gos? C) 
—a’y’ cos A (1+cos* C)—2 £’y’ cos C cos A 
y=2” cos B (1+cos*? A)—a’Z’ cos A (14 cos? B) ) 
+a’y’ (cos? A+cos? B)--2 £'y’ cos A cos B. 
and two other points whose coordinates can easily be written down 
from cyclic symmetry. 


The three former set of points can easily be recognized to be the 
orthopoles K,I1, M-of AP, BP, CP © respectively. And the. joins of the 
three latter set of points are the chords of ‘intersection of the pedal 
circle of P with the circles on AP, BP, CP 8’ diameters. 
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Let us now consider the theorem proper. 


Let a,y,2 be the normal coordinates of the focus of an inconic 
whose axis major passes through P(a’,Q’,y’). 


The equation of the major axis is 
an(y*—2") + By(2*—a") +y2(a’—y’) =0. 


If this passes through a’,4’,y’, we have 
a'a(y’—2")-+B'y(—a") +y'z@’—y)=0. we (D) 
The equation? of the auxiliary! circle, viz. the pedal circle, of (#,y,2) is 
Yhy sin A. Lyzsin A, Lasin A. 
=LasinA. Laz sin B sin C (y+z cos A) (y cos A+2) 
Arranging this in terms of 2,y,z and powers, we have 


aa(y?+ 2°) + by(2?+ 2) +¢2(a?+y*) +h ayz=O0... we (EB) 
where a, 6, c denote the circles on BC, CA, AB as diameters 
1.€. a =fy+ya cos C+a cos B—a’cos A 


b=y cosC+ya+a cos|A—4%cos B 
c =By cos B+ya cos A+af8—y’ cos C 
and k =2L Ry cos B cos C—La*(1+4cos?A). 


Now let 2(y3—2) =I, 4(2—2")=m, 2(2?—y')=n, the relation (D) 
assumes the form 
La’'+m'+ny’ =0 ois al ae (ae 
and with the aid of Lemma I, the relation (E) becomes 

al (m?-+-n?—L) + bm (n?+2—m*)+on (P+m?—n*)=klmn. (G) 

Now (G) is the auxiliary circle of the inconic whose axis major is 

la+mB+ny=0. 

Transforming (G) with the aid of (F), we have 

Lal? (my’. a?—fB?+nf’. a?—y?) 
+imn{ka'fB'y+Laa’ (B%+y") } =0 rep (EAD 

The co-efficient of mn in(H) can easily be identified with the 
padal circle of a’, B’, y’. Hence, denoting this by 90, the auxiliary 
circle becomes after further reduction with the aid of la +'mf' 4+ny’ =0 

Linn a’ O+(my’. a?—B2+4nf'.1a%—y") (a Pa’+b mifB'+cn'y’) =0. 
Here let a 2 a’ + bm’f’ + cn’y’ =0 be denoted by ¢ and m y’ (a°—”) 
+n 8' (a%—y")=» the auxiliary circle may be written in the form 
Inn a/@+¢—-0 54s 7 1 ots ree CY) 

Now the relation J shews that the circles ¢ and O are coaxv] 


with the auxiliary circle. And Lemmas If and IIL tell os that is 
the director circle of the inconic touching | a +m B+ny=Oat (0,8, y') 


2 
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This proves the first part of the general theorem of this payer, vv 


that the three circles are coaxal. Now, it remains to prove the second 


part, vz. the common radical axis envelopes the orthopolar conic of 


(a’ By’). 


Theorem II.—The radical] axis of 9 and ¢ is found tojbe 


a. (p,l?-+ pam? + pyn®) + B( ql? + gum’ + gun") 


+y(n+rem?+rn’) =0... a soot MERE 
where 


a’ 


n= {a sin B sin C (2’+y’ cos|A) (B’ cos A+y’) 
sin A 





—cos A L#’y’ sin A. La’ sin A } 

p,=—a' QB’ sin C (8’+y’ !cos A) (#’ cos A+y’) ; 
p3=a'y’ sin B (8’+y’ cos A) (@’ cos A+y’) ;. 

and symmetrical values for g and 7. 


We have now to find the envelope of M subject to the condition 


la'+m £’+ny’=0. The envelope is easily seen to be of the form* 
BCa’ sin A+CAZ’ sin B+ AB y’ sin C=0, 





fea (N) 
where } S54 =ap.t+Batyr 
. sin "A nil af Ds 1 1 294. 
BA’ ‘ 
3 PS opt Batyn 
Cy’ 


din OF Opst+Bqstyi's 


The relation (N) shewslthat the envelope which is evidently a conic 
Is circumscribed to the triangle formed by the three straight lines A, B, 


C. And on finding the normal coordinates of the vertices of the triangle 
formed by A, B, C they are easil 


y found to be the former set of points 
in Lemma IV, : 


Hence the whole theorem is proved. 
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Euclid’s Book on Divisions of Figures. * 

Euclid, it is now well known, was the author of no less than nine 
works. Four of these—the Hlements, the Data, the Optics, and the 
Phenomena, have been carefully preserved and are well known, even to 
the extent that the first, perhaps, is in the hands of every schoolgirl. 
On the fifth, the Por’sms, there is an elaborate commentary of Pappus, 
while in the case of the Pseudaria, the Surfoce loci and the Con*cs how- 
ever, our fragmevtary knowledge, derived wholly from Greek sources, 
enables us to make a conjecture of the vaguest nature, as to their possi- 

ble contents. Of the ninth book, On Division (of figures), nothing however 
was known till about the middle of the last century ; nor, curiously 
enough, is there any trace of it in the extant Greek sources of mathe- 
matics, except perhaps a casual mention by Proclus. But it is however . 
certain, that the Problems of this book, thirty-six in number, concerned 
mainly with the division of rectilinear figures and the circle into a certain 
number of ‘ like’ and ‘ unlike ’ parts by straight lines, was very popn- 
lar among Arabians, as well as in Europe. This popularity was perhaps 
largely due to the possible practical applications of the problems in the 
division of parcels of lands of various shapes, the areas of which, 
according to the Rhind papyrus, were discussed in empirical fashion 
about 18.0 B. C. Indeed, in the first century before Christ, we find 
that Heron of Alexandria, dealt with the division of surfaces and 
solids in the third book of his Metrika, (Surveying) though notin the 
actual form in which Enclid dealt with the same. But nothing in a 
definite form was known until Woepcke, whose name is so familiar to 
every oriental researcher, discovered at the Bibliotheque Nattonale in 
Paris, a treatise in Arabic on the division of plane figures, which he tran- 
slated (into French) and published in the Journal Asiatique, September 
1851, (XVIII), under the title ‘* Notice sur des traductions Arabes de deux 
ouvrages perdus d’Huclide”. In the original Arabic not only is the full 
account given (though unfortunately the proofs, save of four theorems, 
are passed over as being too easy !), but the scribe expressly attributes 
-the authorship to Euclid, and contents himself with the unassuming 
office of a ‘translator’. Such a treatise, significant alike for its histo- 
rical interest as for its technical import, had to be restored and re- 
edited, if for no other reason, at least as a mark of our regard fro the 
author. Prof. Heiberg gives an account of the book only in a Latin 
publication, Opera Omnia, while Sir Thomas Heath, the foremost living 
authority in England on Greek Mathematics, dismisses the work in 
the brief space of two pages in his Thirteen Books of Huclid’s Elements ; 
there is no reference to it even in the article on Kuclid in the last 





* By R, ©, Archibald, Ph. D, Cambridge University Press, 1915. 
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edition of the Excyclopeiia Biittanica. Under these circumstances, 
Dr. R. H. Archibald of Providence, Rhode Island, has done a lasting 
service to the English reader in restoring in the English language this 
Jong buried treasure; and the scholarly way in which he has done his 
task is proved by the readiness with which the publication of the book 
was undertaken by the Cambridge University Press. 


To follow in historical sequence how this treatise came to be 
unearthed or to dismiss the myth of Dee’s making a copy of any Cotto- 
nian MSS earlier than 1563, is not our purpose in this article; the 
interested reader must be referred to the learned discussion, in 
Archibald’s book itself, But it must be noticed to what extent 
Woepcke’s translation referred to above, is in agreement with and is 
supplemented by the writings of Leonardo Pisano (Fibonact), who 
occupies such an important place in the history of Mathematics of the 
13th century. Jt is well known that in 1220 he wrote his !Practica 
Geometriae, a book largely used by the Mathematicians of the middle 
ages, published nearly 650/years after its compilation by Prince Bon- 
compagni,and still preserved in MS in the Vatican library. Section IVof 
this book is wholly devoted to the enunciation and proof and numerical 
illustration of propositions concerning the division of figures. No less 
than twenty-two of Woepcke’s propositions are practically identical in 
statement with propositions in Leonardo ; the solutions of eight more of 
Woepeke are either given or are clearly indicated by Leonardo, and 
all the six of the remaining Woepcke’s are assumed as known in the 
book of Leonardo. Indeed the two works have a remarkable similarity, 
Not only are practically all of Woepcke’s theorems in Leonardo, but 
proofs called for by the order of the theorems and by the auxiliary 
propositions are invariably the kind of proofs which Euclid might have 
given—no other propositions than those which had gone before or which 
were to be found in the Vlements being regarded in the successive con- 
structions. 


An this treatise of Euclid, the figures divided are the triangle, the 
parallelogram, the trapezium, the quadrilateral, the circle and a figure 
formed by the arc of a circle and two lines; andthe division js by 
transversals through assigned points or parallel to given lines into two 
cr several parts in a given ratio, equality included. Itis difficult to 
choose from this interesting collection but the three fvllowing are 
specially instructive, and Suggest generalisations. Thus Steiner solved 
in 1827 how through a given point on a sphere to draw are of a great circle 
cutting two given great circles such that the intercepted area is equal to 
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given area; and Bobillier solved: to draw by means of plaxes and spheres 
only, a given line inva plane which shall cut off from a given cone 
of revolution a required volume. The three theorems referred to above 
are given as propositions 27, 28 and 29 by Woepcke and aro extracted 
below : 





Proposition 27. 

To cut off a certain fraction of a triangle by « straight line drawn from 
a given point situated outside of the triangle: 

Let ABC be the given triangle and D, the given point outside. 
It is required to cut off from the triangle a cortain fraction. say a third, 
by a line through D. Join AD cutting BC in HE. If either BE or EC 
be a third of BC, then the line AD cuts off the required fraction from. 
the given triangle. Ifit is not, produce AB and AC to meet in F and 
G respectively a line drawn through D parallel to BC. Make area 
DG-CH =3 area AC‘CB and apply to the line CH, a rectangle equal to 
the rectangle GC:CH, but exceeded by a square, Then 

GC-CH=HK'KC 





F D 
_and draw the line KD cutting BC in M. 
Then KMC shall be a third of the triangle ABC. 


Proof. For since area GC.CH=area CK’KH, 
and therefore GC :CK=KH: HC, 
it follows that GK:CK=CK: CH, 
But GK:KC=DG: CM, 
Hence DG CM=CK: CH 
1.€. CK-‘CM=CH DG. 
But area DG‘CH =}: area AC-CB, 


since A KOM: AACB=CK'‘CM:CA‘CB, it follows that OKOM=} 
LA ACB. 


In a similar manner any part of a triangle may be cut off by a 
straight line drawn from a given point on a side of the triangle pro- 


Booed. Q.B.F. 
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Proposition 28. 


To divide into two equal parts a given figure bounded by an arc of a 
circle and by two straight lines which furm a given angle. 


Let ABC be the given figure bounded by the are BC and two lines 
AB and AC which include the angle BAC. It is required to divide by 
means of a straight line the figare ABC into two equal parts. 


Construction. Bisect the line BC at M, and erect MZ perpendicular 
to BC join MA. If AMZ arein a line, obviously the figure is divided 
intotwo equal parts by AZ. [f not; join AZ, and through M draw 
a line parallel to AZ cutting AB at N ; and join NZ. 


Then NZ shall be the required line, and the figure BNZ shall be 
equal in area to the figure NAOZ. 





Z 
Proof, Obviously, AABM=AAOM, - 
and figure BMZ=figure OMZ, 
Hence figure ABZM =figure ACZM, 
But AMAZ=ANAZ, 
Therefore, figure ACZN=figure AOZ+ANAZ. 


=figure ACZ+ AMAZ. 
=figure ACZM, 
= 3 the figure ABZC. 


QE,F. 
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Proposition 29. 


“To draw ina given circle two parallel lines cutting offa certain 
fraction, say, a third, from the circle. 


Take the circle with centre O, and inscribe in it the equilateral 
triangle ABC, Join AO and CO., and draw OD parallel to AC. Join 
CD. Bisect the are AC at E and draw EF parallel to CD. Then shall 
the figare EC DF be a third of the given circle. Join AD. 





Proof. Since AC and OD are parallel, 
SACO=AACD ; 
and, adding to leach side the figure AEC, the figure, AECD=scctor 
ACO = of the circle. 
Again, since EF and CD are parallel, 
are DF=are EC 
=the equal arc AK, 


Add are ED to these. 
arc Al) =are EF, 


ea chord AD=chord EF ; 
and ~ segment AED =segment ECDF 
Take away the common segment CD, 
and the figure ECDF =figure AECD =} of the circle, 


as was required to be shown. 
Q. E. F. 


In the Arabic Manuscript it seems to have been stated that the 
method is also available, when the fraction is :ny fraction. But Dr 
Archibald hastens to add in a footnote that this problem is clearly not 
susceptible of solution with ruler and compasses,in such & case as when a 
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‘certain fraction ” 1/n, is one-seventh. In tact the only cases in which 
the problem is possible, for a fraction of this kind, is when n is of the 


form 26(2°*14.1)(298 4. 1)...(2°" 4-1) 
where p, and s’s (all different), are positive integers or zero, 


and 2°""4.1(m=1, 2,...m) is # prime number. 


It is nolwonder that such interesting theorems were considered 
independently or by suggestion by mathematicians, great and small- 
Thus the problems “'o bisect, by a stratght line, an equilateral, but not 
equiangular heptagon”, ‘Through a point without a triangle to draw a line 
which will cut off a third” went as a challenge from L. F. (L. Ferari) to 
N. T (N. Tartaglia). Kepler, in his investigations of the path of a 
planet was led in 1609 to the problem “ To divide the area of a semicircle 
tn a certain ratio by a straight line drawn through a given point on the 
diameter or cn the diumeter produced” and this was attacked among others 
by Wallis, Cassini, Lagrange and Laplace. Newton and Bernoulli, 
D’Alembert and Euler,Huyghens and L’Hospital attacked several of the 
problems that have been given in this treatise of Euclid. These theo- 
rems,or their immediate generalisations have also fasciaated the readers 
of popular magazines: thus in 1814, inthe Gentlemen’s Diary was solved 
“within a given triangle to find thus, that tf lines be drawn from tt to cuz 
each side at right angles, the three parts into which the triangle thus 
becomes divided, shall cbtain a given rateo”; while a century later in 1914- 
we find in the two most popular mathematical journals, the problem 
how “to divide a circle into two equal parts by means of an are with its 
centre on the circumference of the given circle” (Q. 4327, DL’ Intermediar, 
des Mathematiciens) and ‘to divide a square into five right angled triangles 
the areas of which shall be in Arithmetic progression ® (Q. 17197 Educa- 
tional Times). Among Indians who interested themselves in such pro- 
blems, Dr. Archibald mentions the name of the late Mr. S. Radhakrishna 
Aiyar of Pudukotah. 


e 
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SHORT NOTES. 


On Legendre’s relation in Elliptic Functions. 


§1. The relation EK’+H/K—KK’=7, 


connecting the two kinds of complete Elliptic integrals was first given 
by Legendre in his Hzercises de Calcul, and several procfs of it are well 
known. [Cf. Dixon: Hlliptic Functions § 65 ; Greenhill: Ellip#c Functions 
§121; Whittaker and Watson: Modern Analysis, § 22:735, Appellet 
Lacour: Fonctions Elliptiques, § 80; or Jacobi: Fundamenta Nova, p. 161}. 
Following however, the proof (cf. Forsyth: Theory of Functions, § 129 or 
Henry: Fonctions Elliptiques, p. 53) ofsthe analogous relation in the 


Weierstrassian theory, viz, 7,#:— m=, we may proceed directly as 


follows. . 


- We assume of course that 
u 

E(w) =} dn? uv du 
oO 


and that the function dn wis a doubly periodic function of u with periods 
2K and 47K’, that it is analytic except at the points congruent to 
7K’ and to 8:K’ which are simple poles, the residues thereat being —7 
and+7 respectively. 


It follows that dn u =—7/u+O(u) at u=1K' 
dn? u=—1/u?+ O(1) 
whence we notice that E(u) has got a simple pole with residue 1 at u= 
iK’ which is the only pole in the parallelogram'[—K, K, K+27K’, 
—K+2:K’] 


0 A 


Integrating now E(u) along the parallelogram OABC, we have 
B(u)du = 2717 x the sum of the residues = 2717, 
| ABCO 
3 
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=2m1, 


: ee" WEtield (oe 424K’) 
6. E(s)du+72 K(K+10)dv+ u+ 2 u 
ma K ~ i, K 
Oo 
+if | E(—K+ie)do | 
2K’ 


$,2%, { ze [H(u+2iK")— yet ba 


é (es [E(—K +10) -E(K + iv) ]dv =2a1 
» [eR 21K’ —B’)du+ti(* 2K’ Edu =2ni 
by. the 4d pebaislly formule, cf. Dixon Elliptic Functions § 64. 
Tey 47 (E K'+E’K—K K’)=277 


which establishes Legendre’s relation connecting] the two complete 
Elliptic Integrals. 

§ 2. In passing, it may also be noticed that the above relation is 
only aspecial case of a more general result in the theory of Abelian 
fonctions (Cf. Baker;: Abelion Functions p.p. 197—200): that between 
the modulii of periodicity A’, B’,...of a function P (z) of the first kind 
(Normal function on a Riemann Surface) and A, B,...of a function Q (2) 
of the second a4 all the infinities of which aresimple, ‘3 


ya By —B,A,)+2iEH, (=), 


r=1 
where a, is a simple pole of Qe) and H, its residue thereat. LégendFe’s 
relation is of course included in this: for, we know P(z)=F(z) in the 
notation of the Hlliptic Functions 


z _ 
= (§ (a-")d—#)] 
=> in the lower sheet, and——. in the upper for Z=o 


" de 
a g@ane= ff PRA}. 
an Q(2)=Ki{z) Ic | oz d 


This is infinite at z=oo in each sheet, and the residue is +K in the 
upper and—K in the lower sheet, so that LH,! (= =—2., 
-\dz / a, 


Moreover A, and B,’ are 4K and 27K’ 
A, and B, are 4 EK and 27:(K’—E’), respectively. 
Hence substituting in the above we have immediately 
4 W. 27K’—4 K. 2¢ (K’—E’)—47 =0, 
which leads to EK'+KB!—KK’=177/2. 
K. B. Mapuava, 
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Astronomical Notes, 
Eclipse of the Sun. 


The third and last eclipse of the year will occur on December 3. 
This will be an annular eclipse of the sun, The centra) line rans from 
& point just inside the west coast of Africato a point inthe Pacific 
Ocean, crossing the Argentine Republic. The eclipse is partially visible 
over nearly the whole of South America and a considerable portion of 
Africa. The southern limit does not quite reach the South Pole. 


Nova Aquilae. 
The new star in Aquila was discovered by about a dozen different 
observers in England within a few hours of one another, and also by 
numerous other observers in different parts of the world. 


Both as regards magnitude and changes in its spectrum, it seems to 
have followed pretty close the changes observed in other novae. Per- 
haps the most interesting point about it is that it appears to be identi- 
cal with a star which has been photographed several times during the 
last quarter of a century, the magnitude of which appears to have 
varied from the eighth to the tenth magnitude. With the exception of 
the nova known as T Corons, (which was also exceptional in that it did 
not appear in the Milky Way), there is no other case in which a star is 
known to have existed previously in the place where a nova has 
appeared. 

New Comet. 

The first discovery of a comet this year was male by Mr Reid at 
the Cape of Good Hope in June, when it appeared as a faint. round ne- 
_pulosity. As yet only very meagre details are to hand, so that it is im- 
’ possible to give any further information at present. 


New Trojan Planet. 


A new planet having the same mean distance as Jupiter and thus 
illustrating Lagranges particular Solution of problem of the three bodies 
has been discovered. This is the fifth such planet known, three of the 
planets librate in the neighbourhood of the triangular point on one side 
of the line joining the Sun and Jupiter, and the other two, of which the 
new discovery is one, Jibrate about the apex of the equilateral triangle 
on the opposite side of the Sun—Jupiter line. 


R. J. Pocock, 
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SOLUTIONS. 
Question 685. 
(S, Marwari Rao) :—lf » and p are any two positive integers, show 
that the fractionsmay be expressed as the sum of a series of p different 


fractions, the numerator of each of which is1 and the denominator a 
positive integer. If the least of the fractions be (n—1)!/(n+p—1)! 
find the rth fraction. 


Solution by Prof. N. B, Mitra and N. Sankara Atyar M. A. 


The question is vague ; Fontan be resolved into the sum of p unit- 
n 


numerator fractions in several ways. Thus, one way would be as 
follows :— 


We easily see that i= I 1 
Nt 


pee heen Ss Reha + 8 





By applying the same formula to , the second fraction on the 


1 
n+] 
right, we have, 

1 1 1 1 


nn (n+ lt @Fi) (n-+2) aaa. 


By repeating the same process we cet, 
1 1 1 1 
—S= ———_—_ + — - Ht en... —S SS 
mn mn(n-+1)° (n+1) (n+2) Bi yer (n+p—1) 
q 
n+p—l 
Another way is to substitute in the first fraction on the right of 
(1), the value of 1/n given by (1). If this is repeated p—1 times we get 
ultimately : 
1 1 1 1 
n Obl Gyles t @p pate t 





I 

n n+-1 

A third way is as follows:—In (1) apply the same formula to 
=, Nabe 


1 
in the first fraction on the right. We get i 


hs 1 1: 1 1 
nm n(n+1) (n+ 2) n(n42) + nol’ 
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By applying the process altogether p—1 times,\we get 
| pe 1 1 
rg ed DRA CES <M ACE SERACES EE PE 
1 1 1 
oF ae a as. : 
n(n+1)...(m+p—4) eta). < (i-+2)* n+l 
"at ect eer 
—~ jn+p—l lIn--p—3 (n+p—1) 
ena 1 
ee 
In+p—4 (n+p—2)" 2 \In—1 (n+1) 
The »*” fraction on the right is evidently ——— one ie 
Berean err ttt) 











the least being the first. 
This is perhaps what the proposer seeks by the second part of his 
question. 





Question 954. 

(K. B. Mapuava):—When asked his age De Morgan once 

humorously observed: ‘I am one of those whose age shall be in a 
- certain year belonging to the century of their birth the square root of 
that year. “ For being born in 1806 A. D., he was 43 years old in 1849 
and 1849=43. Show that the same observation will be true in the 
case of those born in 9 particular years in all subsequent centuries. 
S lution by N. B. Mitra, K. J. Sanjana and R. D. Karve. 

It would appear that the figure 9 in the last- line of the question 
is wrong. The problem may be solved thus:—Let 2 be the year of 
birth, y the age at which the year is square of the age. Then we have 
to solve the indeterminate equation y?=a+y in non-zero positive 
integers subject to the conditions (1) that 2>1900 and (2) that y+ 
Least positive residue 0: 2, modulus 100>100 this residue itself being 
>0. This gives 15 sets of values of # and y which are exhibited 

~ below :— 

@ = 2450 ; 3306 ; 3422 ; 3540 ; 3906 ; 4032 ; 4422 ; 4830; 5112; 

5402 ; 60C6 ; 6320; 6806; 73810; 8010. 

y=50 5 58 ; 59 ; 60 ; 63 ; 645 67 5 70: 72 5 74; 78 5 80 ; 83 . 86 ; 90. 

It may be in:eresting to know the years in the centuries previous 
to the 20th in which De Morgan’s observation was true. They are 
given below together with the corresponding ages at which the year of 
the Christian era was square of the age :— 

w=2;6;12; 20; 30; 42; 56; 72; 90; 110; 1382; 156; 

182 ; 210 ; 240 ; 272 ; 306 ; 342 ; 380 ; 420 ; 462 ; 506 ; 552 ; 

y=2;35455;6;7;859; 10; 11; 12; 13; 14;15; 16; 

17; 18; 19 ; 20; 21; 22; 23; 24; 
=690 ; 702 ; 756 ¢ 812 ; 870 ; 930 ; 1056 ; 1122 ; 12600 ; 
- 1832 ; 1406; 1060; 1640 ; 1722 ; 1806 (De Morgan’s case.) 

y =25 ; 27 ; 28; 29 ; 30; 31; 33 ; 34; 36 ; 37 ; 88; 49 ; 41 ; 42 ; 43; 
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Question 831. 


(Enquirer) Find, by elementary methods, the invariant relation 
exprssing the condition that hexagons may be inscribed in the conic 
S =0 which are alco circumscribed to the conic S’=0. 


If a hexagon ABCDEF circumscribes a conic S and is inscribed in 
S’, then the Brianchon point of the Pascal line of the hexagon are 
pole and polar. 
Solution by A. C. L. Wilkinson. 


Projecting S’ into a circle with the Brianchon point as centre we 
have hexagons inscribed in S’=2’?+-y’—c?=0 and circumscribed to 


S= H+ ¥-1=0. 


To find the relation between a, b, c consider that hexagon ABCDEF 
of which A and D lie on the minor axis of the ellipse and BC, EF touch 
the ellipse at the extremities of the major axis. 


Let AB touch the ellipse at (a cosa, b sin @) then A is (0 , za ) 1 
sing 


and B is («, b tans) : 
Qi 


Hence c?=a?+b? tan= =b? cosec?a 
giving ie ret b°)? = 4c?(c?—a?) 
or —2c*(a*+ b*) —(a?+ b*)?+-40°b7=0 ... ee (I) 
2 
Also A=——., 6= = ee b?+c?), B= tee te A’= 


SB Ae 1 ie b¢+ ¢? = 2-4 wet BP A ee. *h%c* 
A ; AS e, Aes 
Then a’, b?, c? are the roots of 
x"—pa?+ ga—7r=0 
m 
and from (1) 32"—2u(p—z)—(p—a)' + =0 
or 42°—px+ 47 =. 


Write 2p for p, so that «*—2p? +gqa—r=0, —p'e+r=—0; 
whence 
22°—2p2+q—p*=0 and 2px*—(p*+ ¢)a+2r=—0; 
which gives 
{ (p= q*)+4pr } (p\— 9) +2 { 
P *—pq + 2r *=0, 
or (3p*+ 9)(p" —q)*+12pr (p?— —9) +8 = 
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Hence the invariant relation is 
(36?+ 4A0’)(6?—4A0’)?+ 960A74’(6?— 440’) + 512A*A‘ =0 
This will be found to agree with | Ds ? =0 of Salmon after re- 


moving the factor 6?—4A0’, and is oasily identified with Halphen’s form 
which is 
_ 4(6°—4A00' + 8A2A’)*+ 4(6°"—4A60' + 8A7A’).8A2A’—(6?—440')*=0. 





Question 844. 


(A. A. KRIsHNASWAMIENGAR, M. A.) :—Shew that the locus of the centre 
of the conic of minimum eccentricity having contact of the third order 
with the conic Az*+By'=1,+has for its equation (a*+y*)V(Az*+ By’) 


= — By? i ast 
(Ae—By) ([-5) 
Solution (1) by N. B. Mitra, Hemraj, and S. V. Venkatachala Atyar ; 
(2) by F. H. V. Gulasekharam. 


(1) The equation giving the eccentricity of the general conic in 
ef (a+b)? 4 


i—e ab—n* 








rectangular coordinates is 





‘4 
If e<l,e will be least when (a-+5)" is least since —— in this case 
ab—n? l1—ée 


diminishes continually with e. 


Now the conic having four pointic contact with Az’+By’=1...(1) 
i . , /cos6 sin@ 
at the point(S™, VB 
Az?+ By?—1—\(/Az cos 0+ By sin 9@—1)*=0 ... ose (2) 


The eccentricity of this is least when 
{ A(1— cos*98) + B(L— sin’@) }? 
AB(I—\ cos’O)(1—* sin’@)—AB sin’9 cos’B 
{A+B—X(A cos°@+B sin’Q) }* re (A cos’9 + B sin’6)* 
. AB(1—) AB(1—) 
A sin’?6+B cos'8 +1-»} 
A cos’?6+B sin’@ 
is least or putting p=A sin’0+B cos’ & g=A cos’O+B sin’@, when | 


has for its equation 


or 


53 
a. 3 p is least 7.e. when 1—X wit 
AB aanyt ett» q 


aes (=Byes™ és (3). 
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The centre of (2) is given by A (1—X cos’@)t—X+V/AB cosO sin Oy 
+XVA cosO=0. - 
&—VAB cos @ sin O+B(1—X sin’®)y+ 7B sin'6 =0. 
t.e. by\cos O(1/ Aw cos8+ 1 By sinO —1)=/A.z...(4). 
and \ sin 9 (1/Aa cos A+ 7/By sin 9@—1) =7/B.y...(5). 
Multiplying (4) by cos 6 & (5) by sin 8 and adding 
(7 42 cos O-++/By sin @—1) =-\/ Aw cos 80+ +/By sin@ 


= 2 
or VAx cos 0++/By sing= R= OO trom (3) sve (6) 


A B Ag+ By? 
also from (4) and (5) VER = VO = VAM BY suppose. 





iA Vv : cp Aa®?—By? 
i cos = VA, nO9= =e. CORE 
AB(2?+7? 
and eae E 
ee Aa’ + By? _(B—A)(Aa*—By’) or (a?-+ y°)+/(Aa?-+ By? 
-. from A em ee a yo Gta) = (2*-+y*)V/(Aa*+ By’) 


_f-i ssf 1 PS fads s 
= (q-p) Ae—By) 
[See: Wolstenholme, Ex. 1209, p. 202.] 


(2) The equation to the conic having contact of the third order 
with Az’+By?=1 at any point P (%, ¥;) on it is 
Ax*+ By—1—k(Aaa,+Byy,—1)?=0 ,., ae (1) 


The coordinates (a, y) of the centre Q of this conic are given by. 
the equations, 
a ye ah Awen + Byy,—1) 
my YY 
= say ... = Be wwe (2) 


Then since (a, y1) 1s a point dn the given conic, 
?= Aa?+ By? 
eee eee (3) 


ra Ee 
Ea EX | 


_ Also from (2), it is clear that the centre of the conic (1) lies on the 
diameter |through P of the given conic, . 


Again from Ex, 6 Chap XI, C. Smith’s Conic Sections (Revised 
Edition), “Of all conics which have a third order contact with &@ given 
conic at a@ given point on it, the one of least eccentricity will be that in 
which one of the equi-conjugate diametres passes through that point.” 
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Hence if 7;, 7, be the semi—axes of the conic (1), 
2PQ*=r7+r,"! 
*.2[(@—2,)*4 (y—y)"] =A + B—MAtar + By) 
(Use the equation to determine the length of the axes ofia 
central conic given by the general equation of the second degree.) 


Now substituting for «,, y, and k from «(2) and (3), the above 
equation becomes. 


us A?x? + By? 
2{1—+ |? 2442 pie X(A—1) : 
VJ @ty)= ema 
) (X—1) 


which, when simplified and Alt By? is written for \*, reduces to 
(-+y)V Ae + By = (F—+ )(Ac—By’) 


giving the equation of the locus required. 





Question 845. 


(M, K, Kewatramani) :—ABC is a triangle such that cos 2 B,cos2 A, | 
cos 2 C are in A. P. A rectangular hyperbola circumscribes this triangle _ 
and passes through its centroid. AD is the common chord of this hyper- 
bola and the osculating circle at A meeting the opposite side in D. show 
that AD divides BC in the ratiosin A—B [b sin B—C—asin O—A] 


: sin O—A [e.sin B—C—a sin A—B]. 
Solution by Hemraj, S. V. Venkatachila Adyar. 


If cos 2 B+cos 2 C=2 cos 2 A, it is easy to show that 
sas on (B—9) _ _9> sin (B—C) _ 9 
ee ae © sin (C—A)  a@sin(A—B) a” pane) 
* From: the last two relations of (1), it follows at once that the ratio 
sin A—B [b sin B—C—a sin C—A]: 
sin C—A [C sin B—C—a sin A—B] = 20?-+4-a?: 2c? +a, 
So we have to show that AD divides CB in the ratio 
2b? a7: 2c?-+ a”. 
Now take the Sinngle ABC as the triangle of réferencée, and the 
equation of the rectangular hyperbola is 
uyz+vze-+-wey =0 m ee 
4 
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with the conditions be cos A u-+ca cos Bu-+ab cos C w=0 
and u+ v+ w=0, 
UP): 5,0 a oct 

Bo o—a? ~ gt 5?" 

Hence the equation of the rectangular hyperbola takes the form 

(b°—c?) yz+(c?—a’) 22+ (a? —b*) zy =0. 

A is (1, 0, 0) and the tangent ther2zat isj(a*—b*) y+ (c’—a’) z=0; 

te. y+2=0 from thejfirst relation of (1). 


And any line through A is py+2z=0. 





from whica|we have 





Hence the equation of a conic having a contact of the 2nd order at 
A with the hyperbolajis 
2 (b*—c?) y2+ 2 (c?—a*) zv+-2 (a? —b*) ay+(y+2) (py+vz) =0 
It represents a circle if 
+v—2 (b’—c? +3 4-5 v)_ v—2(c?—a? p—2 (ab? 
ee Sa dt = ‘ ) 
which gives 


p = 2 (br) —2- (08) = [(¢-0') a?—c? (b'c’)] 
=F (P—a") (Rea) 
and v=2 (c*— 0) 2 (bo) = 2 (a b*) a®—b* (b¥—c*)] 


=2(0— b*) (2 B*-+-a*) from (1). 


5 
v/p =(= b?+4a*)/(2 ct), 
Now the equation of the chord of curvature is evidently py+ez=30 


and it divides CB in the ratio—# fork 2.€, (2 b?-++-a")/(2 c?+-a"). Hence 


the result. 
Question 862. 
(Communicated by Mr. Hem Raj) :—Angles A, B, C of a triangle 
are trisected by AQ, AR; BR, BP; CP, CQ. Shew that the triangle 
PQR is equilateral, 7 
Solution’ (1) by F. H. V. Gulasekaram, H. RB. Kapadia, Sadanand, 
K’ RB. Rama Iyer, (2) by IHemraj and 8. V. Venkatachale Atyar. 


; . A BoA C 
(Ll) Let P, Q, R be such that CBP== PCB = 
Q, R be such that CBP =3’ PUB=y QCA =p 


{ee (SD EB B 
UAQ=5> RAB=y RBA=y 
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Let BR, CQ meet at D; CP, AR meet at F, and AQ, BP meet at F. 
Hence P is the ae of the A DBC , 





ee BP =ajsine cosec (2 +°) 
| | i | 
=a sin-z cosec ie ‘y 
rv a=2R sind =Rsin A/3 sin ( 60+ *) sin (60-4 ) 
<. BP=* sin sinCsin (60+ 4/3). 
Similarly BR= B sin sin sin (60+ C/3) 


a PR=H { sint(2) sin (S) } } [ sint ( 60+) 


+ sin? (60+5-) — —2 cosy sin (so+2 .) sin (60+5 =) ] 
== sin? (A/3) sin (B/3) sin? (C/3). 
-¢- PR=SRisinS sin sinS, 
Similarly RQ=QP=§R sin A/3 sin B/8 sin C/8. 
Hence the triangle PQR is equilateral, 
We can similarly shew that the A DEF is also equilateral. 
(2) Pat A=3\,B=3p,0 =3y. In AAQR,! 
sina AR _csin x in(h+¥) 
sin 2 AQ ~sin(h-F#) b sin v 
_ Sin 3y sin p sin(h +¥) 
~ sin 3p sin Vv sin(h + #) 
(3—4 sin’)sin(60°— 2) _ sin (€0°-+7) 
~G—4 sin’ )sin(60°--7) sin (60°+ m) 
There arise three cases . 
(a) a=60°+¥, 2 =60°+p. 
(b) a=60°+%, @=120°—p ; or a=120°—y , F=60+4p ; 
(inadmissible). 
(c) sin a=k, sin (60°+¥) , sin @=k, sin (60° + p,). 
It is easy to show that (c) is also inadmissible, as 


sin a sin @ 
sin (60°+ y) sin (60°-+ 2) 
AQ _QR . AR _ AQ — QR 
2 ie sin sind’ &, k, sin(60°+¥) k, sin (60°+p,) gin © 


PEAR za 
jay ina ina’ sin 2’ 
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“Now a+Z+=180° and 60°+v+460+ p+ =180°,it follows that 
a sara +2=180° unless kj =1 
Hence (a) is the only admissible solution. 


a=60°+y, 8=60°+p, 7=60°+X 
ZRPQ =360°—ZBPC—a—Z=60°=ZPRQ=ZPQR 
“  PQR is equilateral. 





Question 913. 


(Pror. K, J, Sangana) :—If the expansion of (sec «+tan a) is written 
in the. form — 


- T+S—* +8, aS dat 


prove that 
S_=0* Hal? 


a 
whereT=} (tog. see 2)" dx or log (o/2+1) [dog cosech #)"/cosh 2 da, 
sin # 
- ae 


according as n is odd or even and a=37, b=log(1/2+1). 

Solution by Hemraj, R. Srinivasan, S. R. Ranganathan, C. peed wpe 
H. R. Kapadia, A. K, Krishnaswami Iyer, and M, K. Kewalramant, 
From Chap. XVII. Hobson’s Trignometry, or Arts. 573, 574: Diff. 

Cal, by Edwards, we have 


sec #-+tan Sole nt Sgr 


sMita (1s Oe st 


Hence we have to show that 


+S, aT 


where 


a ; re 
; (log sec ee = (2 1)! { 1 1 
1 = — : = tos eee 
i Sin % are b+ gant pat } 


~ cosha _ 7 


tie et cosech 2)” 1 1 1 
cof i\dz= = 20 fl aeeit geen hm 
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Question 919, ¥witz ve 


(C. KrisHNAMACHARY) : ac rove that 


Ly 1 
(ee ee wal ee 
Seer ee “ ash =p log (14-2) 


Solution (1) by K. FT. Sanjania and H: R. Kavadia; (2) by 8. BR. Rans 
gunathan, It. Srinivasan and G A. Kamtekar, (3) Hemraj, 
Sadanand and N. B. Mitra, 


8 5 7 a 
L t (s S= sad did tal neyo * 
ore i Lt a Be 
1S 
then 
en—- 
is the sum of two G. a s. Finding their sums and integrating we Shall 
be able to evaluate S; The following is a trigonometrical'method. 


In Gregory’s series change # fo x/t and poe i Vii ; we get 
Rk tomay=i(2—- E45 —| ) + (5 a7") 
, =tS,+S,, suppose. : 


Then S=S,— = and we have thus to separate vt tan- aye into 
real-and imaginary parts. Taking Eee Aa we igh 


1+7 of vi. ; . “ ¢ gtlse ee 
aes vet we : 
sels 1 4 Wis het wr/2 } 
345 tan {ici -+5 7 tan eit ts 
> ey a 22444 ae en} 
= 22 tan ioe an eg fe =e 
by the usual aga chap Sa at once 
s,= tan vit tanh~’ OS) motlt § Fs 
=sa( 2V | 
ates bk tanh iss) 
whence : 3 EA v2 ey: a 
a S=5 ii vahe =! l—ay2+a% 


‘The result in the efeiae follows by making «=:1, which i is allow- 
able as the signs are — and + in pairs. 


We also get ~ 
. e & 1 aan a2 + oo oF Boj ew 
- 


S+5= 9 tan 1—2” 
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pelea 1-1) ieee n 
aE NE RR | CR cas T's 
(2) a 
We have for -3 tag 
(Bromuteh: Art, 90. Ex. @). 
wet eet coche 
i. ee =a -+ 47 log (sec 2+tan 2) 


‘ Equating the imaginary parts, we have, 


sin e—an oP sin oo an = log (sec #+tan #) 








Putting z= z 


we get, 
JO lee 
1b —gogtatg— =— Vlog (V8+1) 


4] 
1 
=V72i8 (V2+1) 
14Z 


(3) Is follows from tan ~(cos 8+ sin @) or 5 log Go 


that if 0<z< sit sin z—} sin 32432 sin Sz—} sin 72+ see ove &f 


=} log (sec #+tan a) 


Patting ent we have the result. 





Questions 919, & 968, 
919. (C. KrisHNamMacuary) :—=Prove that 


el ot lobe lyre 


968. (V. ANANTARAMAY) :—Sum the series 
Pasta tect 
3 3771 ist is™ 
Solution (i) by T. H. V. Gulasekharam. N G.L 
y 7 » Vv. G, Leather and 
8. Muthukrishnan ; (ii) L. 8. Vaidyanathan and M. K: Kewalramani, 
(i) We have on page 303, Hobson’s Plane Trigonometry, the formula 
log (2 cos } 8) =cos @—} cos 20+2cos3Q@=} cos 4@ +... ; 


write 9 = ; 
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Then remembering that 
I-11. 41 


log t=1——+357-z+ eeeece 
We deduce 
| os et Gh le Sas 
— —_ = _... eo ace 1 
1-5-5 +5+3--Gt = 7g loe (14+-Vi. (1) 


Again, we have the formula 
+ O@=sin 6—}j sin 26+} sin 3 O8—} sin 40+4.....6; 
write O=—. 


Then remembering 
7" Lt 
yo or ae ere ae eeeeve 
we deduce that 
gt Ls 1 = 
I+3-5 “5th Is. 7" ys 
Hence ee ting st rae (2) a eax the result by 2, 
=A Crags | log (1-4/2 
377 hi Bti~ “1 =H “Hy BANE 
(ii) Consider the ae 


a Sat aktbe ant “(5 ai mn (2, b,>0) 


(2) 


Here by giving vastioalay values to a and b wecan get the sum of not 
only the above series, but also of many others of its type. 


The given series corresponds to the values a=3 and b=4. 


a? 
Henée's: ef. im 


2—2V9+1)' 1 
t.€. S.= Wi [1 og e+eVotl x + 232 
[ taney +1)+tan-(eV/2—1) | 
1 2—+/2 1 ~14/54-1 -1 ne | 
Wi log tava (V2+1)+tan* (V3 ) | 


1 4(te—-\* 5 iat 


- wi log Wari a + V3 


if 
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Question 921. 
(H. R. Kapapra) :—Prove that the infinite product 
(+e) (1+ 2) (+ Be) ts 
ti, M1, 


|] (cosh 11za,-+ cos71#f,) 


1 


oi =| 


nW3 : 
or= —| cosh 72) | (cosh m2a,-+cost2Z,). 
: : 4 a. rt rm 
according as n is even or odd, if a,, 4, denote sin Be and con respec — 


tively, where r is an odd number. 


Solution by Hemraj and M. K. Kewalramant. 


2etlis, 


Consider the equation watl=0 j clearly> = 1008 oe 





sin a where P=0,1,2 ... .. (2n—1) 
t na 


ie. if r is odd =oos. -™4 isin'™=@, 440, 

2n 2n 
If one root is w, the other must be—w, the third w-', and the fourth 
(—w),—provided n is even, But if n is odd, there are two roots +t cor- 


responding to p= "tT andp=n+ ie ; and the other (2n—2) roots 


can be divided into fours. Also it is evident that if any other factor 


be equated to zero, the roots will depend on k and w’s must be the 
same. is 





D ee Le Pt 
Hence oF ieee a a1 
ee cel TLL Gam, ) =(=1)" | ap) 
p=0 | 0 
wt} n-} 
— 22 ‘ 
x | | ue ae, ad pe 2? ee 
On LH ( Fw) ; 
& Pas 4 v1 


sf Tits (w 0?) = +1 according as » is even or rodd. 





————_ 


kel 520 pur) J 
ee or 
ght pat Lad 
n—l 
= i (cos oe *kinodd e Peo tA) 
Qn—1 
= TT} e087 2,10, } “r=2 p41 
on—1 





LU (cos + tx #,\cosh} mx a,+7 sin } m2 @, sinh 3 Tx 4,) 


as 1 : : ; 
= (cos’ > 1 8, cosh’? mx a,+4sin® } me 2, sinh®! m2 a,) 
as 


(n even) 
n—2 





or=cosh } 12x | (cos*; 7 2, cosh*} 72 a,+sin* 12 2, sinh*} m2a,) 
1 


/ (n odd) 
[Notice that cosh 4 


+ ma corresponds to og =7 and that if one fac- 


tor in (A) is cos, the other must be cosy | 








n—l 
Ser (cosh m2z\a,+cos Tx #,) or= 
rs 1 


n—1 
cosh 3 a 


3 Says | (cosh 11# a,4+cos Tx 2,) 





Note.—This question was originally constructed by Gla‘sher. See. Hobson’s 
Trigonometry. Q. 32 Ch. XVII. 
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| Question 924. 


(S. Matiarr Rav.) :—Complete the following pandiagonqual Bears. 





| 24 i- 


| ear 


30 


mr re ee | 
| 


13 ; 








Soiution by R. J. Pocock and Sadanand 
The numbers given may be written 


20+4, 25+5, 041, 5+2, 10+3. 


Consider the following squares A, Band ©. If each number 
in A is multiplied by 5 and added to the corresponding number in as 
we get the required pandiagonal magic square C. 








A # 

+] pels | 
24D: | aa Ll | SAB S| 
BOGE rc 
eels) [eet 
tiatelols|  lamtagiemaies 




















24/3 | 12) 26 | 10} 
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Question 926. 
(S. R. RancanatHan):—If AB, AC be two straight lines intersecting 
at right-angles P,, P,lany two poiuts on the circle on A B as diameter 
and Q,,Q, the points of intersection of P,; A and P, A respectively 


with the circle on AC as diameter, show that P,P, and Q,Q, are at right 
angles to each other. 


Solution by R.J. Pocock, P.M.H. Baker, 0. Krishnamachary, R. Srinivasan 
EB. Madhava, P.R, Venkatakrishnatya, Hemraj and many others. 


In the circle AP,F, B ZP,AB=ZP,P\B. 





Also P,AB=AQ,Q, since BA touches the circle ACQ,Q;. 
*. PaP,Qit P,Q:Q:= BP,Qi= 90°. 
Hence P,P, and Q,Q, are at right angles, 
[An obvious extension of the Question is the following ‘-~ 
“ Any two circles intersect at A and A P,Q, A P,Q, are drawn to cut 
them again in (P,,Q:), (P22); Shew that the angle between P,P, and 
Q,Q, is equal to the angle between the circles.” ] 


ee 
Questions 942 and 943. 
942. (Hemras):—Show that if p be prime 


[* ae, ; 45 | 
[ Dy (5) fl is an integer 
; | ; oes 
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943. (Hemra)) :—If # be prime and 
(+1) (#+2)...... (a+n—1) 
=o" +A, w+ Ay oF. Ay 
shew that all the odd A’s except A, are divisible n?. 


Solutien and Remarks by H. Br. 


Writing f («) for the given expression, we have 
f (—2#) =(—a+)) (—a#4+2)...... (—#+n—1) 
=(#—1) (a—2) .....(a—n+1) 
=(a—n+n—1) (a—n-+n—2)...(a—n+1) 
=f (z—n) 
=f @)—nif @) +2 f"@— oe 


=f (z)—n { (w—1) a4 (n—2)1A, a+... deacon 
=f («)—n (n—1) 2"-*-4n? F (a), 
where F (#) is a polynomial in 2 with integral co-efficients. [This 
follows from|the fact|that the A’s,'upto A,_, are multiples of ».] 


Hence 
f (@)—f (—2)=n (n—1) a"-*40 (mod, n°). 


This being an identity, we can equate co-efficients of powers of z. 
We get 


A,=3 » (n—1); A=A;=......=A,_,=0 (mod, n"), 


Note : By considering terms involving ? and n°, we get 
2 A,=n (n—k) Aj-1 
where k is odd and >3. This is easily proved. 


Remarks on Q. 943 by Mr. N. G. Leathar St. Stephen’s College, Delhi. 


This problem was set by me in the Punjab University M. A. Exam. 
of this year in the following form :— 
By considering the equation (@—1)(e—2)...(e@—p41) 
=x? '— CaP? Can? 84, (Pp — 1) l=0 
shew from the results of (Jn. LV that, if p be a prime all the coeflicients 
C,, C,,...are divisible by p, and that the odd coeflicients C,, C,, 


are 
divisible by p*. 


This was set as a rider to Newton’s relations between the sums of 
the powers of the roots and the coeflicients of an algebraical éqnation. 


449 
The reference to Qn. IV is to the theorem that:— 


If S, denote the sum of the r™” powers of the first (p—1) natural 


numbers, 8.,4,=S,". F(8,) and 8,,=S, @ (S,), where F and G are poly- 
nomials of degree (r—1). 


Newton’s relations give 
r0,—S,C,_,+58,C,..—S,C,_,+-...4(—)’8,=0 ... one e-9) 
(r=1, 2,..., p—1) 
I. 8, 8,, ...S, are all divisible by p (assumed); therefore since r is 
prime to p, C, is divisible by p, for all values ofr ‘from 1 to (p—1). 


II. If ris odd and ¢ 3, §, is divisible by p’, 
S,, S,...5,.; are all divisible by p, 
and C,_;, C,-, ..C; are also all divisible by p, 


Thus every term of (A), except the first, is divisible by p*. Also r 
is prime to p. 
Hence C, is divisible by p’, if r is odd and «3 





: Question 944. 
(SaDANAND) :—Prove the identity 


¢(#)+S8i¢'(2). r —8,¢'"(2). sit adeives 


=a ; " ‘Oe x? S uv 2 a! 
= (22) —S, 92a) +84" t). Tien eeten 


where §,,, is the n’” Eulerian number and §,,_, is the n’* « prepared 
Bernoullian” number. 


. 14. Fe ee ee 
Deduce that log ls eat a = to80 Bitte 


Solution by A. C: L. Wilkinson. 


5 
og =14 82-8, 2 48,5 — 


In the identity xo 31 





where §,, 8, S;,...are the “prepared Bernoullians,” put ee for aw and 


operate with both sides on ¢ (x), we yet 








d 
LS De 
1 x ym 2 e od 
$ (a)+ XSF’ (2)— 35 S.¢"(@)+.. = 7 | < 7 $(z) 
1 eda ere ay 
ee HH) 
ey Gas 


450 


g " Me ey 
S dat ayo x’ Si4 (@EN)+ ESe"(EEN) ~ 
, 1 
Put \ =a and|we have the result given. 


If we put ¢(x)=log « and then put X=], we get log 2 in the form 
given which is however a divergent series. 





Question 949. 


(C. KrtsHNaMacuary) :— With the usual notation for the numbers of 
Bernoulli and Euler, show that 


On =B,, 2? (22—1) (2) —B, 2¢ (2-1) (*) +B, 2° (2°—1) Ca) a 
+(—1)"" B,, 2 (2°°—1) 
(2n-41) E,=B, 2" (2"*— (a) — By. 2-2 (2"-2_1) 


(AEP) a 
+(=1" Bary (tt ) +#(-1)" Gn +), 


Solution by A. O. L. Wilkinson. 


The first result is proved in Edwards: Differential Calculus, second 
edition, p.502. It can also be proved as follows : 











2a 2" B 
eet Fy 5 2 _ \*#—1 412% 
er] n+2%(—) (2) & 

49 eu3 2" ate 
pay = 1 2e+2(—-) Ms an; 


(2n) 
whence subtracting 
Qa = i ga (22"*— {=a} — —B,, 
ee] Soden! = Gayl ny! 


or eta {EE (— yt om C1) Paes} pik a 


Equating the coefficients of 2”-!, we obtain the first Ber 
Again, in 
Qe x 

IT] =sech 2=1+42(—)" 





Ch m 
= f143(—y Bae am} x { 1452) 


omen the cdefficient of -2” on both sides, we a the second 
rest 
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QUESTIONS FOR SOLUTION. 


984. (S. R. RancanatuaNn) :—A prism has for its cross section|a 
quadrilateral ABCD with B=75°, C=105° and D=90° and 7/3 AB 
=4/2 BC. Show that a ray of light| incident on the face AB at the 


angle sin nie and emerying out after once being totally reflected 


would undergo a deviation of 90°, M being the coeffivient of refraction 
of the substance of the prism. 

985. (M. K. Kewatramanr) :—If A’, B’, O’ are points in the sides 
of the triangle ABC, such that 

BA’: A‘C=CB’: B’A=AC’: C’B=M: 1, 
ind an expression for the radius of the circumeircle of the triangle XYZ 
formed by the intersections of AA’, BB’, CC’. 

986. (M. K. Kewatramant):-—At any point P of a curve equal 
arcs PQ, PR are measured in the same direction. along the carve and 
along the parabola of closest contact. Prove that ultimately 

oi 1(4p\*?_ Pp ) (ds)* 
oo {3+ ( soa Cae * § 24” 
987. (V. TrRUVENKATACHAR!) :—Show that 


p | 


an 2,24, 2.4.6 
sin O(log cos 0)dO=—} {1+s+5q+ Lent +. = al 
J, : 5 5.7 5.7.9 


988. (S. Matuari Rao) :—Complete the following magic squares 
of 16 cells, by placing 8 other prime numbers in the vacant cells: 


7 | 43 | 71 | 118 


} 











23 Pann 


ae ee 
989. (S. Matiart Rao) :—Give three solutions in positive integers 
of the equation 
(a+-y+2)? =ayz. 
990. (S. Matuari Rao) :—Give a solution in positive integers-of 
agri 
(a + taf -0sfy)® ) = soy. dt 


when » is odd; and derive a method of solution of 
1’ 


(@ 7G, $068)” HMB 
when 7 is even and greater than 2. 


Hence deduce an expression for any fraction () as the sum of a 
1) 


series of 7 fractions 
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991. (S. Narayanay):—ABC is a triangle whose incentre is { and 
orthocentre H. Ifthe incentre to the ex-medial triangle of AB } be 
K ‘and KH bisected at L, prove that the nine-points centre of ABC is 
the middle point of LI. 

992. (S. Narayanan):—The internal bisectors of the angles A, B,C 
of a triangle meet the sides of the medial triangle DEY at P, Q, R. 
Prove that the conic which touches these sides at P, Q, RK touches also 
the principal Feuerbach tangent of DEF. 

$93 (Communicaten by Prov. Hemras):—From point P perpendi- 
culars PL, PM,PN are drawn to the sides of a triangle ABC. If AL, 
BM, CN meet ata point Q, find the locus of P and prove that PQ 
passes through a fixed point. 

934.. (K. B. Mapuava) :—Conduct the following game of Bridge 
with Hearts as tramps in which A has to lead and A and B together 
have to make 7 tricks. 








Hearts: Q. Diamonds; A; 3; 24 
Clubs: 7; 6. Spades: K; 8. 
Hearts: 7; 6, et 5 a | Hearts: 9, 8. 
Diamonds: J ; 9; 8. y | Diamonds: 10; 5. 
Clubs: Q; J: 9. Clabs.: None. 
Spades: None. A | Spades : Q; 7; 6; 5. 
Hearts: A; K; 5. Diamonds: K, 


Clubs: A; 10; 8; 4. Spades: None. 
995. (T.P. Trivepr, M.A,, LU.B.)':—Prove that 








1 2 n=O 
| oe eee ND fia 1 ao orl nt (7 +1) (2+ 2) 
4 n= ae edie 1 3” t1 


; Ye (2+1)(n+2)(n43) 
37 Aiea of sae 


e oan (T. P. Trivenr, M.A, LL. B.) :—Find the conditions that 
a+ Shay + by®+ 2904 fy + ¢ =0 


a'x? + Qh’ay +b! 24 Da'et Of 4, ee 
have one asymptote in aotinca e vet Shy eee 





and 


997. (C. KRISHNAMACHARY) :—A unifor in i 
):— form chain in partly coi 
wtirited hs ee tess abs over & smooth poliae at ne Dh 
| Ove the coil, aud to this end is attached a mas M. Di 
the motion, shewing that the system will come to rest Boest M hear 


the tabl idad tis woetshe ¢ 
fee ° provided its weight is near ly equal to that of a length hk of the 


THE JOURNAL 
OF THER 


sudian Mathematical Society. 








Vol. X-] 


DECEMBER 1918. [No. 6. 








PROGRESS REPORT. 


2. The following gentlemen have been elected members of the 


Society :— 
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2. 


Mr.Vaman M. Gattonde, B.A., (Hon.)—-Lecturer in Mathe- 
matics, Wilson College, Chowpatty, Bombay. 

Mr. Tenneti Surya Narayana, B.A., (Cantab)—Lecturer in 
Mathematics, Ceded Districts College, Anantapur ; 

Mr. B. T. Krishna Aiyangar, B.A.—Mathematics Assistant, 
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Mr. Bhimasena Rao,—Research Student, Mysore University, 
Oentral College, Bangalore, (at concessional rate) ; 

Mr, M.V. Sundaresan, %.A.—Teacher, Pachaiyappy’s College 


School, Madras. (Concessional rate) ; 
Mr. S Manthukrishnan, M.A.—Asst. Lecturer, Government 


College, Kambuakonam, 


9. The recent Influenza Epidemic worked its cruel ravages in our 


society and we to-day mourn t 


he sad and untimely death of the 


following members. All the five were young, promising and 
industrious workers in their own lines of action. 
(1) Mr. RB. J. Pocock, B.A., B.Sc.—Director, Nizamiah Observa- 


tory, Begumpet ; 


(2) Mr. J. BR. Gunjikar, B.A., B.Sc.—Assistant Accountant 


General, Calcutta ; 


(8) Mr. 8. V. Setts, B.A., A.M.1.C.E.—Professor, College of 


Engineering, Bangalore. 


(4) Mr. D. G. Dandekar B. Sc., Professor of Physics, Maharajah 


College, Jaipur. 


(5) The Rev. T. Noronha, St. Aloysius College, Mangalore. 


3. The attention of our members i8 
tedalong with the Journal, in connec 


invited to the leaflet circula- 
tion with the next Conference 


of our Society. 


Poona, 


D, D. Kapapta, 


Ist Dec. 1918. Honorary Joint Secretary. 
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Infinite Series and Arithmetical Functions. 
By Pror, F. Hauipera. 
(Concluded from p. 264, Vol. X.) 
IV. Laguerre’s Series—(continued.) 


17, Before proceeding with our analysis of Laguerre’s series, it 
will be well to examine on what foundations our theory rests, in order 
to distinguish between established and conjectured results. 


The following two theorems given by Bromwich (Infinite Sertes, 
p. 171, ex. 15), are of importance for our purpose. 


I, If v, (x) decreases as ” increases and 
Lt v =] < 
it onto) =I, 
and if La,, is convergent (or divergent to--oo ), then 


Lt 
ool 4nn(a) =Eay (or-+00 ). 


v1 v1 
WEIS At daw B= >» bn, 
and if 
ht 
uw>O 


an DjPwral@) §) Say on(a) } =I, 


provided that A,, is always positive, and that A,, tends to o. 


Baja —_ d, 
then 








18. Put now 
oO 4 re) 
> 1 =e) Gn%n(@) a we” C131) 
n=] n=] 
Thus 
—F() 
ON at ese . ace (18.11) 
Vy(a) = (1-2) 
_ Ot ghnt +2"! 
ie ee i +» (18,12) 


ee Un (a) =1 vee eee (18.2) 


LLL LL LLL LLL Se AL Al TT aii aa ea ae, a iam tt ta te 


2 el ee Oe 


— a 
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Also 


Un(®)—Upn us (@) = 
— (#1 a") + (2a) 4 (a 22) = 
(Lop .epa")(ltat.. fa" +2") ; 





ws (18.21) 
if 0<#<l., 


nt Vn (B)>Vnsa(Z) ave ae +» (18.22) 
Thus the necessary conditions for v,,(x) are satisfied, and we may 
apply Bromwich’s theorems to Laguerre’s series. 


We have thus justified to some extent the use to which the series 
has already been put in the calculation of asymptotic mean values of 
arithmetical functions. “By far the most‘difficult question, however— 
whether the asymptotic mean value really ea/sts—cannot be solved in 
this way. But we have a powerful instrument for its calculation, pro- 
viced its existence is established by other means, or assumed. 


In general, our result, obtained by the aid of Cesaro’s theorem, may 
be written : 
n fore) 


ae = Si 
ee 9,9) n Y(h) = >» (n) eee” 5 eee (18.3) 
k=l n=1 
or 
n . 
= Seay SF, ate Suter» (18:4) 
A=1 n=l 


provided the limit emists (or tends towm)and the series converges (or 
diverges tow). 


We will now consider some additional examples. 


19. Using the notation of (11:21), we have 
\ fd) ; 
a" Ny J) fase, SOF) 
d:n 


ie.) 


wo 
(n) oo 
fo. en Dy 
% 





ds 
=1 


n=1 


Thus (184) gives 


TIO, PLO fet. 
sf 2” = F ( r) eee eee s 
n >) 2 "Tage ya, n> LY (+) : 


h=ldih 
provided the asymptotic mean value 
denoted A. M. V.) on the left exists an 


(which will in the following be 
d the Dirichlet’s series converges- 
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ee 
S nord Ah Sd) wale «cow 


from which follows by ate 99), f (n), eee the eendithen Sal 


1 Ly) > pal (@),., S) AGH (Ona * (19:21) 
ee ld:h n=1 


provided the A. M. V, exists and the Divichlet’s series converges. 


The formulae (19:11), (19:21) may be regarled as generalisations of 
(13:24).—An interesting problem would be to examine, whether the 
A. M. V. and the series have the same convergence abscissa. This may 
be considered as very probable. 


Using certain well-known formulae from the theory of Dirichlet’s 
series*, we have thus in all probability : 
For f (n)=t (): 


7) 











ap tO) 20 (2)... ae 
h=laiek 
For f (n) =| (n): 
x n 
1 
pS LO) 00% (6.6 (6— —l.ki a “hee Coa 
h=ldth 
For f (n)=¢ (n): | 
” 
1 ¢(d) 9% (s—1 CaF. 
5 >) Uag~ aChe gmaeeter cy 
h=Ldih 


Hor @De: 





1 14-1 
Fa ps ers oo (1— Sie S (s). son, (19189 


For f (n)=1;: 


h=l@th 


# See “ Encyclopedic ” T, I, Vol. 3, p. 268. 


n 
1 1 Ges 
= >; » was &), ms") ses eae Se 
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>> » B® oo 6 Reda? a, (10 99) 


Paet 
; Of these, (19°12), (19° oe a 22) are probably valid for R (s)>1, 
(19:13), (19°14) for R (s)>2, (19:15) for R (s)>0. Formula (19:16) 
‘is nothing else than (13°24). rad 








20. Let f(z) be any oa se) and thus 
f@)—fO) =z - FO) +5 f"(0)+ ste ne (01) 
Then 
es < (2) 
Di Gat ac =" * Dita d— an el ae 
n= 1=1 din 
trom which follows 
% 
2 
“OY pee (0) eof,» @O12) 
"ial dn (A)! 
for a sufficiently small |2|, provided the A. M. V. exists. 





In this way we obtain, for instance 
n 
1 Ja i me ; 
- »} » 2” oo —log (l—2), eh ve (20°13) 


when |2| < 1. 


For z=—1, the last formula becomes 
nr 

1 
es » » tal} 

n 
h=1dh baie ; 
Many more examples could o1 course be given, but would give us 

nothing fundamentally new. 


Pa eniog 2d. ve (2051381) 


It is further evident, that any other expansion of a function in the 
form of an infinite series will furnish similar results. To go into details 
would carry us tofar. The following examples must suffice. 


Formula (7. 4 for instance, gives 


1 2d2? = 
>) dea ak co «cot a—l, aoe we (20°2) 


458 


a 


and the corresponding (7°33) 


1% 
1 ” # cott— 2a? wee (20°21 
=O dn é wad P a| oo e— 7m ( ) 


provided the limits on the left exist. 


Similarly formula (11-31) gives 


1S Su yanron, 


when s is Ey a canes integer, provided the A. M. V. exists ; and 
(11.33) gives a corresponding formula. 


21. Let p be a given prime number. 


Define f(r) =1, if n=p", r=positive integer. | 
fp(~) =O, if n contains other prime factors than p. 
fp(1) =0. 


b(n) =7, if n=p'n’, n ‘==0 (mod p). 


n i a=) d 
BS abs(n) =0, i =£0 (mod 7). 





Se ee 
ms = Saye) 2 ra oo Fe ae oS 
papl—a” f=} , 

From this we ome in the usual manner 


a 1 yb =>) fae ie Rear aeh 


1 
This result is ee of the following generalisation. 


Let (P)= (Pn s Prov "y Pa, ) be a given finite set of primes, & in 
number. 


Define f,(~)=1, if x is made up entirely of primes, belonging to 
the given set. 
fp(~) =0, if » contains other prime factors than those be- 


longing to the given set. 
fp(1)=0. 
2 


> 


= _ 9 


and ws(n)= | | | | +7,;)—1, if n=n’, p 
t=7 buns 
’ S=0(mod Pn. 3b Pe +, k). 


é 
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Thus 


@ - fa) f 
» fol). =D) bom)0" * noe (21.2) 
z= 


n=1 
from which follows ’ 


l n 
= yi tp(h) ye : a a we (21.21) 
a. 


where the sum to the right is extended over all numbers T,, made up 
entirely of primes belonging to(P), and not forming an 7‘ power of 
k 
any factor of | | p, , 7 being >2. 
od Ea 








22. Comparing (12°1), (12.11), (12:12) with the corresponding 


oO 7 oO 
DAO) qe = de" ho, vs ve (22.1) 
n=1 n=1 
where 
tb, (") =)! fd), Re, si ve (22.11) 
d: n 
i= % pats G ; cs ve (22.12) 
din 


and where f,(”), and henve by (22.11) also y,(”), are positive, we obtain 
easily from Bromwich’s theorem II and Cesaro’s theorem of comparison 
for two divergent power series *, the following interesting result, 
provided 


a ; 
35 film) diverges, and both limits east: 
= : 


n=1 


ETO) 


_Lé A=h 
~ a> n eee ose 


EXO 
h=1 


(For the proof, use the value for v,, (#) given in (18.12)). 


* See Bromwich, Infinite Series, p. 131, 


Ms 
= 

S 
— 


co 
= 
Il 
—" 


(22.2) 


ee 
Y 
8 


Ms: 
= 
={5 


= 
ll 
— 
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Ex 1. Let 
j(®)= pn) ~ b(n) =p(n) 
rales wax RBA 


Thus 


ee ae 





oe 








n — 
1 
dui Sie) 
A= 
by (13.41), (13.12). 
Hence 
n 
a ) oo, log n. os ws (22.21) J 


Ex. 2. Let 


a Y} wt (5) \. b(n) = “jot 
din 


finy=n “ai(m) =|(n) 


Thus 


n 


Sf. Shona) Soa 
h d:h EY sient 36 
t n 7 


poe ge ea 
it 


W 











~ 


h=1 
by (13.32), (13.22) 
Hence 
n 
1 h 3 
aie Sy e@ +(7 & bas the vie (22.22,) 
h=l dth 
Ex. 3. Let 
f(n)=9$(n) »  af(n)=n 


fi(n)=n a(n) = f(r) 


Thus 


h=1 h=1_ 8 
n Te 2? 
h 
; ay 
h=1 h=1 


_ by (13.22), 


Hence 


, ; 
b} ‘at J a aoe one (22 23) 


2/& j 
a 


Putting (ny =" in formula (12.1), we obtain from (18.3) by 
the aid of (22.23) 


ie > (5 7) 9 = 


n=l d: 
= se >) pe (d). +(4)= a ee (22.281) 
m=L d: 


We know, however, from (11.12), that 


>} p(n). 1 _6 
n? 6(2) om 


‘n=l 





from which we conclude 


pa p(d). d. +( us =p(n), as (22.8) 


Sy Up. 
a formula, which is easily verified. 
Formula (22.3) may be written 
n 
2 71 
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from which follows, by (12,12) 
#0") _ ny a} ‘ A. en (OBL 


ws d:n 


Various other general results. similar to (22.2) may be obtained by 
using Frobenius’s theorem with Bromwich’s extension (See Bromwich, 
Infinite Series, pp. 182, 313). 


23. pe-dnversion of Laguerre’s series. 
Let in (12.1), f(n) satisfy the condition (11.2), and p-invert. 


‘The result is 


Sno) f(r). yr a h(n) =a. om ve (23.1) 


r=] 
Hence: 
a (a). fd). + (3) et, &. .. 23.11) 


provided always 


f(m m')=f(m)f(m’). a aoe a (Ce 
Let now xp(7) satisfy (11.2), and f/—invert. 


We ‘toes > 
S100 hr). ove — h(n as @ 
r=] 
= Ss A »by (14.1) we wa (28.2) 
n=l : 
Hence : 


ae (d). (4). f (3) = 1(n) ct ve (23.21) 
Mn 
for n>1, provided always 
mm’) =(m)xf.(m’) a ve (23-211) 
We will consider a few simple examples. 


ix. "l.. Pat 
f@=l. -. b(n)=t(n). 
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’ Hence by (23-11) 


SH @). t(4) =1=f) | 


ad:n 
which is evidently correct because of (12°12) 


Ex. 2. Put 


finan. $a) =(() 
Hence by-({23.11). 


Snare [(i)=t. 
d:n 


The last formula may be written 





>} #): IG) atk 
d:n” (3) peat 
from which follows, by (12°12), (12° 11) 
@-7=)) ar in 
d:n din din 
an evident identity. 


Ex. 8: Pat 
flny=d(n). 2 p(n)=n. 


In this case, (23°21) becomes (22°3). 


For exaniples of a more general nature, use for f(m) or ~p(n) the 
arithmetical functions defined in § 3. (towards the end of p. 175, 


Vol. IX). 


V. Differentiation of Laguerre’s Series, 


94, The series (12.1) evidently admits of differentiation. The 
result may be written: 


Le 2) n-1 2 oe 
f() n®, 2 —(1—2)" yn. (nm). a. (24.1) 


—— 


mw “(Laat vee ety 








pea n=1 


If we here put 
n’, 21 (1—2)’. 


Ua)=" oe a woe(24.11) 
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we find that the condition | 
Cee, v' »(#) =1, see "eee vee (24,12) 


is satisfied. 


Let 0<y<l. 
2 L4(l+y)tUtyty)+-- +0 tyt yt ty )> 
Sy 1+ yh. ty) ty. Atyty) +. 
ty" ty ty ty"). 


pase! by (1—y)>0. 
(l—y)+(1—y*) + (l—y") +... + -y")> 
Sy" Lay") ty" (L-y" 4) + Fy (1—y). 
Qn 


hee 
l-y 





nny" HS y( lt+y+y'+ wet iy) =y, 


oe n— ny ny tt— ny" Psy "4 ¥ 
: e (n+ Dy 
cis [ays [=H * 
Square, put y=~/2, and multiply by a”—(1—#)*, when we obtain 
ne (1 —a)* = (n+ 1 ya"(1—a)? 


(=a") ae tip 
or 
Un (@)>0'n4i(@) ae mY ios ww» (2418) 
for geal: 


We may therefore apply Bromwich’s theorem I, on the left side of 
(24.1), using Cesaro’s theorem on the right, when we obtain 


é 0 
aah S1 hab (ie Sa. 43 i ws (24.2) 
hol = 


provided the limit eaists (or tends to co), and the series ‘converges (or 
diverges tow). 


We may put (24.2) into a slightly different form. 
For this purpose, assume n ds (n) =O (n) ; 


j ia (@ (5) = > ¥G)P@- 
Yeo 10(s)- Pa & —_ 
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Hence: 


2 >} 9 Me Sv Se (d). d. 0 (5)= 
h=1 d:n 


n=l 


= Si wy (3) gee) Wet tae) 
n=l d:n 


valid under similar conditions. 


We will now consider some examples.. 





25, As in §19., we have, putting L™) instead of f (n) in (24'2) 


ne-) 
n 

2 f (d) 
— h ae ory ae fe ‘ie ate , 
2 = ee waa SA (), (25°1) 

h=1 dzh 

and similarly, tf the condition (11: 2) ¢s satisfied ; 

n 
Da DH (d) er or Gh a rs we (25°2) 

= a: 


always provided that the limits on the left exists and thatthe Dirichlet’s 
series on the right converges. 


Ex.: For f (n)=1, formula (25.1) gives 


77 
ESS as Y) at 298 (3); permet ae Xi /'(20.11) 
h=l dh 


probably valid for R (s)>1. 


The case s=2 is particularly important. We obtain 


[o 8) 
S) [@) co Ent eer. <2 ey 111) 
h=l 


in agreement with Dirichlet’s result, given in formula (13.22). Hence 
the alternative result (see p. 257 of the present paper) is incorrect. 


” 
The case s=1 shows that Sym th) is of an order greater 


h=1 
than n.* 
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For f(n)=1, formula (25.2) gives 
n 
2S aee SV (2) ates 1 Pict ics eet 
ne ray pat (3) 4 “teiae . Re we 5.1) 
h= : 


which for s=2 becomes 
for) 
3 : 
} Hoorn Rs cs (25.21) 
h=! 


in agreement with (13.32), 


- Other special results may easily be obtained in a way similar to 
that of §19 


The matter of § § 20, 21, may also be easily extended on the pre- 
sent lines. 


26. It is further evident that we may, by the aid of Bromwich’s 
theorem IJ, obtain a result corresponding to (222). Under the same 
conditions as in § 22, we have: 


n n 
fh) S} a bay 
Lt h=l  _ Lt k=l . (261) 


ear tea ~ 2>0O 7 
fi(h) ) 
Sy h ; DS La) 
ey I h=] 


From this result, new asymptotic formula may be obtained 


n 


de 

We note (see § 22., Ex. 8.) ides tee eo z ; 
2 

1 


h 
But 


n 
D5 = bn(n+ 1)(2n+ 1) co ‘ 
A= 
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Hence 


Yale oo 7 Si, Me r. wee (26°2) 
h=1 


27. We may apply » inversion to formula (24.1) written in the 
form 


oo 
> nf (qa {= Ge nyf(n)a", me me a fet) 
n=1 n=1 
but the results are the same as those of § 23. 
We will consider specially the formula (14.22) (where the brackets 
in the denominator of the fraction under the sum should be removed), 


comparing it with the corresponding 


~) nd(nja" _ a(1+z) 











a=" , =a)" ioc a (27.2) 
n=1 
We obtain 
si ¢(n) 
n 
—<* v,,(2) 
n=1 1 
a) ; = lag ae se ME 
ay $”) Uy (#) 
n=1 ™ 
and hence 
oo 
Se one) 
n 
Lt *=1_ - Al 
a—->l1 yD om 2 eee eee (27.3) 
2) 2 -og!(2) 
On 
n=1 ” 


This is an interesting relation between two divergent series, corres- 
ponding terms of which tend to equality. The anomaly is of course due 
to the fact, that v,,(«) and v,’(#) approach unity in a different manner. 


VI, Integration of Laguerre’s Series. 


28. Dividing both sides of (12.1) by # and integrating, we 
obtain 


468 


I f(m) log (l—a”) =— jg b(n) , 


n=l 


ln) -y HO) 9 


(l—2”) a A ta 


1 


no constant of integration being required. 


or 


: 


n 


. (28.1) 


, (28.11) 


From this result we may deduce many interesting identities. 








We note: 
OD _ 2) 
log || (l-a")=— yy LO) ga 
n=1 ” 
ies | 
Jog: L ola 
1 Tale LT) og 
og any xu) ys . x”, 
n=l 
Brogts (7) 
log | | (l—a”) ” =—2, 
n=] 
oO $(n) 
log 4 | atl) ee ee 
n—=1 l-—a 


29. Formula (28.1) may be written 


> SE) a” 
t=l ae ‘ 
co 
pee 


aie 


by f(m) log — Re log (lta+.. 


Se 


. (28.2) 


we (28.3) 


. (28.4) 


. (28.5) 


+a") 
. (29.1) 
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Pat 
. ” _ log (l+a+.. oa") 
vo" n(®) = AT se ay (20: 11) 
pe v "<O= =i, eee eee (29.111) 
Also 
0" (2) >0" n41(@), eee eee (29.112) 


since the fraction v”,,(v) is<l fur z<1, and the numerator is increased 


by a smaller quantity than the denominator, when w”,(#) is changed 
into v" n41(@). 


Hence Bromwich’s theorem J, may be applied to the series in the 


nomerator of the last term in (29.1), so that, in particular this series 
approaches 


wal 
if the latter series converges. 


Hence we derive the following theorem, by the aid of Cesaro’s 


theorem : 
lee) 
Slee Sy Lo), See ee ee) 
= | 


; n 
log er n=1 


provided the limit ewtsts,"and the series 


i°.2) 
sy f(m) log n 
n 


n=l 





“as convergent. 


(This is of course only a particular case of a more general theorem, 
where the condition for the validity of (29.2) is that the last term in 
(29.1) should approach zero, as # tends to unity). 

30. As an example of the last theorem, substitute in (29.2) 
f™ for fm) 
ns-} 

We deduce, as in §$ 19., 25., 


nea yi ye cok (s), ose we (801) 
=) Seah 


provided the limit on a ‘lett exists and the Dirichlet’s series converges, 


3 
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The last condition is obtained from the theorem * that if F(s) 
converges for s=8o, 


oO 
’ 1 
P= ee ay w. (30°11) 
n=1 


converges for s>s,, Hence, when R(s) is equalto the convergence- 
abscissa of F(s), a special examination is necessary. 


Ex, For f(n)=1, formula (30°1) gives 


n - < 
1 1 e 
login yy =) d’ &(s), ze . (8012) 
h=1 ash 
which for s=2 becomes 
n 
ee logy a we ss0 (30-13) 
ht ‘ 


Under conditions similar to the above we obtain in addition 


{@-2 a1 
fog Dy: h by HA) Ge det pre i Ce) teas we {30°2) 


provided the condition Pets is satisfied. 
Ex, For f(n)=1, formula (80°2) becomes 


nN n 
= dit ; eG) co) AF ws (30°81) 


which for s=2 gives 


¢(h) 
h? 
h=1 
31. From (28:1) we deduce, putting f(n)= i 
n 


— © log (Qa) — Sih : pak 


n=1 


* See Landau: Tanah to tee eect der Primzahlen, 
pp. 108, 109, 


6 
ool login <3: oe ww» (30°212) 











| 
{ 
| 
| 


- ZS =e fo) ‘ 
te: 
= >) Slog (Le .ut2™) gL) 
Hence : ee 
2 = (=> —£0)” = Fog ’ ae GLI) 


n=1 


provided the series on the left converges.—This is a 


formula very 
similar to (13,52). 


Similarly, for f (n)=p (n), 


00 ee) 
—log (l—z) », ae —2= > PO) tog (1+ a..to"), wee (31.2) 


n=1 n=] 
But the first term on the left vanishes by (11.13). 
Hence ; 


oD 
> i log (1-a-+..+2%) =—a, “.. 4. (8121) 
wal 
from which again follows the result (15,3) for a1, the series on the left 
supposed convergent for a=1. 
By differentiation of (31.21), or directly from (14.1), we deduce 


>} pm) 14+2074+30'+ ..4(n—1). 2” 
n l+e+a?+.. eS ae 





lees s« (91,23) 
n=2 
This series oscillates for w=1, 


We obtain, however, symbolically 
(n—1). 0 


yee. es We 


2 1 e 1 
dt (n) (1-2) © 2 H(”) (1-=) ° 
7g = | 
fo 8) 
> hot = ieee 
= 3) noon SH 


n=1 


and hence 
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from which follows 


. Oo y 
. >} pin)eo—2 .. oe B18) 
n=1 
We may therefore regard it as highly probable, that 
00 
say >) p(n). 2 = 2. at . (31.31) 
wa : 


This agrees very well with the theorem of Frobenius. In fact, we 
find, putting 


n 
a(n) = by ECT), ow = (16.12), 
Pr=sg 
for N=83, 91, 126,| 127, 128, 131, 134, 144, etc. 
N 
le 1 oe 
that N Ly o(n)= 2 
n=l]. 
exactly, 


? VII. Conclusion. 


In the present paper I have tried to show,‘how asymptotic formule 
in the theory of numbers may easily be obtained in a manner, some- 
what different from the usual, which rests chiefly on the theory of 
Dirichlet’s series. Incidentally I have derived many other interesting 
results, several of which appear to be novel. I have dealt mainly with 
the properties of a class of series, bearing the name of Laguerre, and 
closely associated with that of Dirichlet. The literature, dealing with 
the latter class, however, is rapidly atiaining enormous proportions 
while that of the former is very inconsiderable, except in the special 
case, known as Lambert’s series. Laguerre’s class of series thus 
deserves a closer attention than hithertc has been paid to it by workers 
in the theory of numbers. ‘here is reason to believe that the theory — 
of these series might be brought to at least the same degree of 
perfection as that of Dirichlet’s series at present. Probably new light 
would thus be thrown on some of the most difficult parts of the subject 
in particular on the still unproved, highly important, proposition of. 
Riemann about the imaginary roots of the 6—fanction. The chief use- 
fulness of the series in question lies in the fact, that they form a 
connecting link between Dirichlet’s series on one hand and ordinary 


power-series on the other, they being associated in a simple manner 
with both. ; 
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SHORT NOTES. 
Note on Triangles inscribed in an Ellipse.* 


§ 1. Consider a triangle ABC inscribed in the ellipse 
a? : y* 
oe 
and let the eccentric angles of its corners be a, , y respectively. 


If (#, y) be the centre of either of the in and ex-circles of the 
triangle ABO, and p,, p., p, the perpendiculars from its vertices on.the 
line «=X, we shall obviously have 
- BC.p,£CA.p,+AB.p,;=0. 
But the equation of a circle having donble contact with the ellipse 
along «=X is, 
a? +y? —2e’aX+e?X?—b?=0, © 
and therefore, if ¢,, tf, tf, be the tangents from A,B,C, we have 
t, =e; 3 tp =ep, and ft, =ep,; 
and consequently, 
BC. 44CA. t£AB. t=0 ; 
which shows that the circumcircle of ABC touches the circle having 
dcuble contact with the ellipse along the line =X parallel to its 
major axis. Similarly for the circle having double contact along the 
line y=Y. 


Hence, if the circle ABU be (a—h)*+(y—h)’=R’, the abscissae 
@) Wa, *aXs, 2, Of the four incentres of ABC, are given as the roots of 


*[en(h—ePX) 42h — WK + RFX BP HR { 4 —K) 4 Ai} 


Hence, if p, p,. ps and pi, be the perpendiculars from the four 
incentres of ABC, upon a chord a=d, 
et ps pe pa =e'(d—a,) (d — a) (d—a4(d—%) 
= (1? +1? —2edh+ ed? + R’—b*) —4R* { (h—e'dy'+F? } 
= (52+ 27?) —4R°G? 
=[6*—(R—- *)*)(0°—-(B 7") =H", 
where § is the distance between the circumcentre of ABC and the 
centre of the circle having double contact along w=d; and, e 
the lengths of the common tangents of these circles. From this 
result, it follows that if the circle round ABO were to touch the circle 
of double contact, since either ¢ or ¢’ is zero, one at least of the quantities 
Psy P'» P's» P's 18 ZeLO, 80 that the chord of contact with the ellipse mast 
pass throagh the in-or excentre of the triangle. sb tos + 
* Extracted froma paper read by the author before the Conference of the 
Indian Mathematical Society, December, 1916, 
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Again, if (e—X)’+(y—Y)?—77=0 be one of these circles the lines 


through the origin parallel to the lines of intersection of this circle 
with the original ellipse, are. 


» (<+%) —(z'+y") =0, 
so that \=p*, where p is the radiant of the ellipse parallel to the 
chord of intersection. But the invariant relation between the ellipse 
and the circle gives 
MA— 9+ XO’ — A’ :=0 

so that Lp,°=6/A; Lp7p,?=0'/A and p2p,29,2=A'/A 
and the relation 6°=440’ becomes (Lp,)’—42p,7p,2=0 
or Pit p.+p,;=0 
7.e. the algebraic sum of the three radiants is zero. 

§2. The following general results, which follow as corollaries 


from the preceding, have been kindly suggested by Prof. A. C, L. 
Wilkinson. 


If ABCD is a quadrilateral inscribed in a circle, the sixteen ins- 
cribed and escribed centres of the four triangles ABC, ABD, BCD, ACD 
lie by fours on two of perpendicular lines : 


Also, ro5 [(e—h)?+(y—k)?—R*], for any incircle. 
Hence 


rib resgg [M+ (bY B (eh) (yak RM 


1 
=7R Lh) (Yak) B+ (@—h)+ (yk) BY 


=" 5 


2.e,the sum of the radii of the circles inscribed in ABC and ACD is 
equal to thesum of the corresponding radii of ABD and BCD. We 
have also similar theorems for the sets of escribed circles, 


Again when 
we make 


wy? 
ath —1+(#—X)?=0"0 circle 


2 2 
we also make va 


tp 1+ NOX) 1 (eh) (yh) —R4] =0 


@ circle, and the radical axis with 


(e—h)*+(y—1)_R»=0 


“Tt >a” Se *e ms 


AT5 


isthe same for both,so that if it touches the first it also touches the 
second. Hence the point on the circle ABCD where the circle having 
double contact with the ellipse touches the given circle is the same for 
all conics through ABCD. Therefore in the special case of the line-pair 
(as conic) we obtain the following theorem: 


If §,, S,...8, are the points of contact of the 8 circles touching two. 
given straight lines AC, BD anda given circle, then the same 8 points 
occur also as the points of contact of circles touching AB, CD and 
the given circles, as well as of the circles touching BC, AD and the 
given circle. 

A. N. RaGHAVACHAR. 





On poristic Polygons. 

The following result (due to Salmon) furnishes a simple method of 
determining the condition forthe porism of a polygon in terms of the 
invariants of its in-and eircum-conics :— 

If a triangle is inscribed in a conic S=O whose sides touch respectively 
the conics 

S’+1S=0, S’+mS=0 and S’+nS=0, 
then 

{ ©'—A(mn+ nl +m) }? =4° A'+lnnAl[O + A(l+m+n)] 
uwhere®, ©’, B, A’ ave the invariants of the conics Sand 8’. 

(Conic Sections, p. 343.) 

For, consider a polygon A,Aq...A,, inscribed ina conic S=O, and 
such that all its sides, except A,A,,, touch a conic S’. Then it is seen 
that A,A,, touches a conic of the formS’+nS=0, bya repeated appli- 
cation of Salmon’s theorem thus: put J=m=0, and n=l1,; then the 
‘side A,A, of ihe triangle A,A,A, touches a conic S’+1,S=0; again put 
l=1,, m=0, n=1,, then the side A,A, of the A A,A,A, touches S’+ 
1,9=0; and so on. Now since any side A,A, may be lookod upon as 
the open side of a polygon, it follow that A,A, touches a conic whose 
equation is of the form S’+1,,, S=0, so that if we apply Salmon’s result 
to the two triangles A,A,,A,_, and A,Ay-An-2 We obtain 

[O'—4Bhin-2 linl?=40'[O+FA(Cy nat lon)] 
and [O’—Bl ns hn al=4.4'[O +4 yn-atlon-r)). 
On simplification these give the result 
ete ee eT 
Ley. Faces Re 
which may be looked upon as @ recurring relation from which any h, , 
may be determined if the two preceding ones are known, 
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Obviously the condition that is necessary and sufficient for the 
polygon to be poristic is that ), ,, =0. 
Potting successively »=3, 4 in the above recurring formula, we ge 
4A’ l,,,=O°—4A'@, 
and (@2—4A'@)'? 1,,=8A’ (©"—4A6'O +8A"A) 
which give the well-known results for the case of the triangle and|the 
quadrilateral. 
This gencral method is obviously laborious for higher values of m, 
but there may exist shorter methods for special cases. 


In the case of a pentagon, it is obvious that A,A,, A,A, may be 


taken to touch the same conic S’+1,.,9=0, while of course, A,A,. 


touches S=0. Directly applying salmon’s theorem, we obtain 
; [o’—Al,,*, 2 =40' [O+2AI,,.] 
which gives on reduction 
(©@°—4L' ©)*=32A"A [6"%—40'0'O+8A7A)]. 
Generally when x is of the form 2m-+1, it will be seen that 
ly, mt 
In the case of a hexagon, similarly it is obvious that the sides of 


the triangle A,A,A, all touch the same conic S’+1,,,,9=0. Hence Sal- 
mon’s theorem directly gives 


h, m™ 


[O'’—8Oh,,P=4 [A’+ 4),,"] [© +3A,.] 
On substituting the value of 1;,, this will be seen to be equivalent to 
3 [O°—4L' OP +164’ ©[ O44’ ©} 4 $6A2A @'(@"—4A'@) 
+512A%A?=0, 
In the solution to Q. 831 (Vol. V. J.I.M.S.), Prof. Wilkinson has 
obtained the condition for the porism of a hexagon in this form. Gene- 


rally, when m is of the form 3p, Salmon’s theorem directly gives the 
condition for porism in the form 


[O'—3841, "54 )?= 4[A'4 O44) [O +3A1, p43]. 
. : F. H. V. GuiaceKuaram. 


A Geometrical Problem. 
Given the eireumcircle and the orthocentre of a triangle to find the 
locus of the in- and ex-centres. 
1. Let S, H denote the circumcentre and the orthocentre, and I 
the in or ew-centre. Then 
SI?=2R.NT, ava we (1) 
where N is the mid-point of SH or nine points centre, and R the given 


circumradius. Thus the locus of I is defined by equation (1), and is 
readily seen to be a Cartesian. 





hf 
. 
i 
3 
q 
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For, the above equation may be written 
($y =4R {(@—ofty} we we we) 
S being the origin of cartesian coordinates, and N the point (c, 0). 


Equation (2) may again be put into the form 
{ (2? +y?—2R? } 24 4R?(2c~—R?—c*) =0, 
or S?+4 I'u=0,... a ne we (3) 
where sis a circle, «a straight line and J the line at infinity. The 
form (3) shows that the locus is a cartesian, whose double tangent is 


w=0; the points of contact being the real points of intersection of the 
_curve and the circle s. 


2. The focal properties of the curve are found as follows :— 





From T the inverse of H with respect to the circumcircle draw 
TK tangent to the circle. Measure TO, TO’ equal to TK. Then O, O 
are two foci of the Cartesian. 


Por, the circle OKO’ touches SK at K, and therefore SO/SK 
=OK/O'K =cot KO O'=m (say) 


in SO =mR. 
and SO’ =R/m. 
Also SH.ST=SK’, 
° ] 4 = 1 
:, eR (m+ ~) =i. 
.e c=Rm/(1 4m’). 


478 


Denoting IO, IO’ by p, p’, we have 
p?=(a—Rm)*+4?; 
p?=(a—R/m)'+y?. 
p— mp” =(0"+y'—R?)(1—m), 
p?+m’'o?=(a?+y?+ R*)(1+m?)—4amR, 
{ p’—m'p" } *— 2K { pt-4- mip" } 
=(a?-+y?—R?)'(L—m?)°— 2k? { (+9? RY)(1-+m*) —4amR } 
=(1—m?)*(a?+y*)?—2(a?-+ y?) fe R°(1—m?)?+4(1+ m?) } 
+ 8ek?mR-+ R4(1 —m*)?—2k?R2(1+ m?) 
=k‘, after reduction by using (2), 
where k?=R?(1—7m*)?/(L-+m*) =(SO’—SO)?/(1-+-1/m?) =OK*. 
Hence, the relation between and 9’ is 
{ p°>— mp” } *—2h?(p2--mp’2) +4 =0, 
which can be reduced to the form 
ptmp' +k=0, 
shewing that the foci are O, O’. 


3. Now p+mp’>m(p+’), since m<]1 in the figure ; and (P+ 9’) 
>00’>K0O’ or k/m. ) 


Hence p+mp'>k, for real values of p, 9’. 


The conjugate ovals are therefore given by p—mp’+k=0, 
the upper and lower signs corresponding to the inner and outer ovals. 


; 4, The equations of the ovals in question may be written in the 
form 
p—p’. tanO +2a sinO=0 ;x 
or p cosO—p’ sin Oa sin 20=0; 
if 2a is written for OO’. 


The fundamental property of this oval may therefore be stated as 
follows :— . 


If I is a point on the inner oval, produce IS to J such that JS =SI, 
and with J as centre and a radius equal to 2R describe a circle cutting 
the outer oval in I, I,, I,;. Then the system [ I, I, I, will be ortho- 
centric, and the harmonic triangle ABC which is inscribed in the circle 
S will have the fixed point H for its urthocentre. 


M. T. Naranrencar. 
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Astronomical Notes, 


In Memorium, 


((eneewesercers ES OE GO OEE 


During the last two years the Notes under this head were 
being written by Mr. R.J. Pocock, B.A., B.Sc, F.R.A.S., late 
Director of the Nizamiah Observatory, Hyderabad (Deccan), who 
fell a victim early last month to that fell disease, the Spanish 
Influenza. The deceased was much attached to his work at the 
Observatory, and in 1917 published a “Star Chart”, which consists 
of a single circular disc which can be made to rotate so as to show 
at a glance the stars visible in India for any hour in the year, 
Very recently in the current year, H. E.H. the Nizam’s Govern- 
ment, published his “ Astrographic Catalogue.” He wrote frequently 
inthe Monthly Notices of the Royal,Astronomical Society ; and in 
India he appealed to the popular reader through his charming 
weekly notes on astronomical topics in the Madras Times. The 
Society regrets the loss of such an “enthusiastic member; and 
this column, in particular, will be poorer for the lack of his contri- 
butions. 

In his memory this column in the current issue has been left 
vacant. 
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SOLUTIONS. 


Question 930. 

(S, Matuarr Rao) :—Fill up the vacant cells in the following figure 
with the remaining numbers of the series 1, 2, 8 ..63, 64, so that the 
whole figure and each of the four corner subsquares of 16 cells may all 
be pandiagonal magic squares. (The figure of the question is the square 
printed below of which only the left hand bottom corner subsquare of 
16 cells was filied up. Hd). | 

Solution by RB. J. Pocock, B. M. Vasavada B. Sc. and Sadanand. 

[N. B.—There is a misprint in the question where the number 24 

n the cell (6, 1) should be 34]. 
We may write the given quarter square in the form 


4x8+7|3x8x4|/4x8x6/38x8-+1 


| 


4x84213x845|4x8+4+3]38x8+8 


es ee | ee | Oe 


3x84+3/4x8+18/3x842|4x8+5 


ES OO eee eS 
——— — 


3x8+6|4x84+1/3x847|4x84+44 














We can construct 3 other cells in which the cofactors of 8, viz. 4 and 
3 are replaced by 5, 2; 6,1; 7, 0 respectively, we have then merely to 
the numbers 1, 2, 3...8:-in the subsquares so that each and the whole will 
be a magic square. We begin by writing down the numbers I, 2, 3, 4 
arrange respectively in four superposable solutions of the eight queens 
problem which are consistent with the numbers already given. The 
remaining squares are then easily filled in, adding we obtain the 
solution as follows :— 


5x 8+5|/2x8+2/5x8+48|2x8+3 7x8-+1 6I7x 844 ? 


sr ns et | ee 
a 





a ee 





Tee 


Bx84+4/2x847/5x841/2x84+6 7x85) 3I7x845 p 






et ees 








2x8+1/5x8+6)2x84+4/5«847)|- 5|7X8+2 87x 8+3 








| 
— ee | ee 
——_—— 





— 


ax8+§ 5x8+3)2x8+4+5/5x8 +2 47xXx847 17x8+6 


-_——_—_— (oe, | ———_—__—__ __—_. 


4x8+7/3x8+44/4x8+6/3x841/6x8+3 8486x842) 845 


re re | es 


ee | 
—-a 





—\— 











—eet emmy | 








4x842/3x8+45|4x843/3x845\6x846| 8416x8471 84 


—_-e__—_— | 
er 


3x8+3)/4x8+§/3x8+42/4x8+5 8+76x8+4) 8466x841 














—— | | et ee 





el ee et 
= —_—__ 


8x8+6|4x841 3x8+7/4x8+4| 8426x845, 8+3)6x8+8 
a 


ae 
A 
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Question 945. 


(SapaNnanD) :—Fill up the vacant cells of the following magic 
square :—(The Square printed below. with only the two diagonals filled) 


Solution (1) by B. M. Vasavada. B. Sc. (2) by N. P. Pandya, 
(3) by HE, Rama Iyer, and (4) by Mehta Kanhyalal. 


- 








——— Ee) ee | | eee 


ome |e |” | eee |e 


h2 | 27 | 37 


ee | —— 


50 | 81 | 35 sod 


ee | ee | 








46 | 24 
3 | 54 


66 | 53 
64e| 3 


—— | ——_——— 


(2) 


——— 


27 | 48 


25 | 35 


20 | 41 | 


| 68 | 50 


73 | 36 | 23 | 30 


Se ie Se ee ee 














Se 








ee 











46 | 97 | 83 £3 16 | 46 | 44 | 51 | 48 | 16 
40 | 54 | 30 | 29 | 42 | “a7 | 54 | 37 | 39| 28° 
(3) | 36 | 21 | 27 | 41 | 80 | (4) “at | 32 | 27 | 40 | 65. 
“qo | 50 | 86 | 35 | 24 | “8 | 60 | 60 | 35. 52 
“73 | 23 | 29 | 37 | 43. 7 [a5 [80 | 94 | 48 
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Question 947. 


(M. K. Kewarramant) :—A triangle ABC inscribed in any ellipse 
touches a confocal ellipse at the points D,E,F respectively. Show that 
the ratio of the triangle DEF to ABC is r/2R, where r and R_ refer to 
the triangle ABC. 


Solution (1) by K, B. Madhava and Hemraj, (2) by A. C. L. Wilkinson. 


(1) It is known that D, E and F are the points of contact of the 
escribed circles of ABC with its sides: cf. Smith: Geometrical conics P. 
179 Ex68. (Hence the actual areals of D, E, F are O, (s—b)/a,(s—c)/a ; 
etc. We have therefore 








ADEF 1 o 8 6s—b =e 
S| See ee s—c 
SABC abe Ss . 
= 2(s—a)(s—b)(s—c)/(abc) 


‘i Fas. 1 , 


ie. . 4B2y OR. 


(2) The ellipse in trilinears being lyz+mze+nzxy=0, we have for 
the tangential equation of any confocal— 


pPle+ q?’m?+ 7°n?—2Qplm— 2q7mn—2rpnl 
+X(p'+9?+7°—2pq cos C—2gqr cos A—2pr cos B)=0 
This touches the sides of the triangle of reference if 
P=m=n?=—\ 
Thus we take yz+ze+ay=0 for the ellipse circumscribing ABC 
and for the confocal] 
Pq sin +qr sin np sin P =0, 
The tangential equation of the point of contact with (1, 0, 0) is 
Bat ere ae ae 
q sin ot sin >=. 
Whence D is (0, s—b, s—c). 
It follows that AF=OD=s—} ; BF=CE=s—a; AE=BD =s—, 
and the ratio of the areas of the triangles ABO 


bes, 
° OR 


» DDF is at once seen to 
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Question 948. 


(M. K. Kewatramant) :—A perfectly elastic particle, acted on by on 
forces is projected from the centre of a rectangle whose sides are 2 a@ 
and 2 b (a > b) to strike the bigger side first and then go on rebounding 
from its sides. If it.ever pass through an angular point show that the 
“direction of projection makes with the smaller side an angle whose tan- 
a 2n+1 
b2m+1 
point of the smaller side other than the extremities, the tangent of the 


angle must be of the form = lds a 
B78 


gent is — 





where m and n wre integers ; and if it ever strike any 


mH 
Solution by S. R, Ranganathan, M.a., L.t. 


Let the particle first impinge onthe longer side at a distance of 


S so that it 


has to be shown that if the particle ever passes through a corner, # must 
be of the form ny). 
2m+1 

Measuring distances parallel to the longer side from its midpoint and 
neglecting the sense of the distances, it is easily seen, because the parti- 
cle is perfectly elastic, that between two consecutive impacts on a longer 
side, the particle is carried through a distance 2m, irrespective of its im- 
pinging on a shorter side in the interval. 

Hence, after m impacts! at the longer sides, the bias will be 
ata distance of (2m+1). If it ever paases through a coner, this 
distance must be a, or (2+1) a,» being any integer. Hence, we get 

ee (2-41) 
~  Om+l1 
The second part of the question does not seem to be correct. For 


# from its midpoint. Then the angle of projectionis tan 








taking the simple case of a= 5 b and the angle of projection being = 


it is easily sesn, that the second impact of the particle will be witha 
shorter side at a point other than an extremity. But, in such a case, 


according to the question tan ue z.e. 1 must be of the form 





a2Qe+1l. 3 2n+1 
4.€. 
b° 2m 2 2m 
which is untrue, since 3(2n+1) is odd and 4m is even. 
But the condition that the angle should be of the given form is 
necessary that the particle may impinge at the midpoint of a shorter side, 


Se 
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Question 949. 
(C. KrisuvaMACHaky) :— With the usual notation for the numbers of 
Bernoulli and Euler, show that 
(1) 2n =B,2°(2*—1) G4) — B,2#(2!—1) C3 +B,2°(2°—1) Ca 
— (—1)" Ba 2(2"—1) 
(2) (—1)"B,(2n41) =(—1)"B,2"(2"—1 (ar *) 
4-(—1)™B),_-.28"-2(28"-2_1) Cre 2) Siete 
—B,2°(2"—1) (a ) +(2n-+4)). 


Solution by Hemraj. 
(1) This is given in the reverse after putting 
27722" — 1) 
20 Bena 


in Art. 575 (7) of Edwards Diff. Cal. 
(2) Following the notation of Arts: 571, 572, 573, we have 


5 
gin @=Cos x [| S.5+ 87 +85 ard 


Sagat = — 


Expanding sin 2 and cos a, and equating the coefficients of #”t!, we 
get 
—W"H109 on ‘ 
Seng = - CSena1— HC Sen-st eH eSenns 


Again secr+tan w= 148.5 +S C485 +. .=o(say) 


Differenting 


sec x (sec +tan eet z= v.e. Sece-+tanz =cos a 
3 


Equating the coeflicients of 2°”. we have 
Sar =Sinu— 2nCSon—1 Se (— ae 
= eG — Gs) Ssi2 C00.) 3, (0, 0, ee 
pa Pe —"Can) Si +(—1)” from (A) 
= 'C,8,,— i—' "0, Sonat™ "Gg sSan_ s—+(—1)” 


n = 2 — 
= 2? (2”" *) Baya: oe 1) Be ea (tT ae 





+(-1)"14eB, SED (1) 
*. (-1)"(2n41) HB, =(—1),B"2"(9"_ 1) (yt) 


+(-YB, yas) (201) 


. 
— 2° 2.7m ania. 
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+. B,28(2=1) OC" FD 4 (241). 


n> 
or tan #=S,7+58, sit apie 
Differentiating seca=cos @ [sesget] 
2.€ 1+58, ae oeene * =|1-+.. | [ Si+8) 855 5 ee 


Equating coefficients of 2*”, we get the result stated. 





Question 950. 


(C. Krisonamaciarr) ;—Collect the coefficients of «” in the series 
Dis 8 13 @ 135! 
l—2 (i-a) 3! (—ay 3! da tiatt 
and show that their sum is zero when ~ is odd, and is 
m 1.8.5...(2m—1) 
ey "2.4.6 (2m) 
when n is 2m. 


Solution by Hemraj, Sadanand, Alpha, B. M. Vasavada and 
S. R. Ranganathan. 


The it series io equal to 


pefia(e: 2) +3 rie ee (Ss ») + } 
“rat oa 





=, roe 
ero 
aoe ET 1.3,5,—...(2m —1) 0m 
= Lies =e 4 x Anh Sas 2 pr 
aT las © 46° edauaan 9%, aaa (5 alla 


The absence of an odd power of 2 clearly shows that the sum of 
the coefficient of 2” is zero when n is odd. 
The coefficient of 2” is see), 

» (2m) 


1.3.5....(2m—T) v1 on nm is equal to 2m. The factor (—1)” with which 


2.4.6.... (2m) 
it is multiplied in the question as printed is incorrect. 


which shows that the sum is 


5 —_ 
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Question 951 


(C. Keene —Prove that 
1 





wal Qn BR an+1 
(1), { (log tan ) da = san43 wee 
Oo 
1 
ma gn on} 
(2) (log tan x) pe lh 6 —)p an", 
9 cose (cos #-+sin #) 2n 


[3 


. a | 
(3) (log tan 3 es _(2 —)) on 
| cos 2 # pir 4n Ente 


elo 


on-] 


4 f. Cog iahax (ogtana) gy? 


Fa Wide | fo 
cos # (cos a—sin @) Qn 


Solution (1) by A. C. L. Wilkinson ; (2) by Hemraj and Sadanand. 
For (4), we have . 


Log eed Sal by —s 
Pi he he oe (log) ada 


r=0° 
nl 
ut S21) _ 2 By jon 
cq <r +1)" sn , 


(See: Carr: Synopsis, 1t 2395— ” 9807, whence the formula 


CO 21 


B.4%| 2 
* ip any—1Yy 


is derived ; also, Ramanujan: I. M. J., Vol III, p. 226.) 
For (2), write 2 in place of « and use the formula 
ee eee 
I—2' 1-2 142° 
For (3), add (2) and (4). 
For (1), we repalce it by 


(log 2) (2n) ! 
f cosa) 1+ a “DIC ) rp", 





In this write z=e ™” and deduce the integrals 
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© cosh 2au 1 & 9 
OB 1 — ae sf cos 2ax _l _t mt 
ite aes asec a ress an = sech a, ( r Lal’, ) 


(See Boole : Finite Differences p. 110). 
[Compare also : Bromwich Infinite Series—pp. 452 and 473.) 
(2) In each case the result follows by putting log tan a=s and 
applying Edwards, Diff. Cale. § 574. 


——_——_—_— 


Question 952. 


(Heskas):—The polar reciprocal of an equiangular spiral with res- 
pect to a rect. hyperbola having its centre at the poleand touching the 
spiral is the curve itself. 


Solution (1) by Sadanand, (2) by Alpha and L.S. Vaidyanathan, 
Sadanand, 
(1) Let the hyperbola and the spiral be pr=a’, (2) and r sina =p. 
Then if (R,@) be any point, its polar with respect to the hyperbola 


4 _@ 

is r cos (0+) = 
a 
If it touches the spiral, then 


mmetry of this result shows that the polar will touch the spiral at 


‘ 


=p=r sin 4, giving Ree. The 
BY 
(RA). | 

Also it is clear that the curves touch where R=r and hence the 
result. 

(2) Let the rectangular hyperbola be 
me 6 cot a. 


2¢93 20 =c?, and the spiral be 


r= 


These two touch at the point whose vect 
Gr ) cot a 
ci=a", sind.é 2 PS eer me Ch) 


the tangent to the spiral at (7, 9) is 


orial angle is } (™—4); if 


Now, 


r cos (9—Oi— 904 2) =" gin A=a.sin a. @ 
1.€. > sin (0+0:—9) =4 sin Brook & de Ee (2) 


If the pole of this with respect to the reot. hyp. be (P,%), its 
1 with 
7. p. cos (0+ 4) =c'. ose os 


Q@, cot a 


equation musi be identica 


(3) 
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. Hence equating coeffts of rcos 0 and sin O in (2) and (3) we get 
sin{a+6,)_ ccs. (a+0,)_ aco! OOF See a 


BID. 4 m1) COE Ee eee 


p. cos - p. sin ¢ c 
whence tan ¢=. cot (a+), or ae Di Gaincs 


ne itectee ab a 
p 
‘(@aigwe a 
_a sin awe ie? cot a 
(4-2 )cota cs a 
a*.sin ae 
¢ cota. 


or p=ae 


Hence the polar reciprocal is the locus of (p, ¢) and is the oem 
spiral itself’ 


Question 953. 


(CommunicateD BY Hemras):—'f'wo of the common tangents to a 
circle S and a conic T meet in P and the other two in Q. Show that 
P and Q lie on the same confocal to T. 

Solution by A. O. L. Wilkinson. 
Consider the following theorem. 
8. S’ are two conios, O ts a@ conic having double contact with S, then 


a conte cun he described through the intersections of S' and O which will 


touch a pair of common chords of S and 8’ at the points where the chord of 
contact of the conics S, OC meets them. 


Let AB, CD be a pair of comnion chords of S and S’ and take ABC 
as triangle of reference ; so that 


Sis yz+za+ay=0, 
S’ is ayz+ bza-+cay=9. 
Then CD is (a—c) y+(b—c) x=0. 
Then C is wy bye sat (KO+ py+v2)? = 
and consider the conic 


MY tye tent (hat py +v2)—2 (ayz + bze-+ ony) =0, 


= 


te te oe O- 


aoe» m 
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This passes through the intersections of S’ and C and since it can be 
written ; 
z { (c—a)'y+(c—b) x } +e(ha+py+vz)?=0, 
it is a conic touching z=0, (c—a)y+(c—b) #=0 at the points where 
these lines are met by Ka+py+vz=0. 


The reciprocal theorem is 


S. S’ are two conics and C a conic having double -ontact with S, then 
a conic can be described touching the four common tangents of U and S' and 
passing through two of the opposite vertices of the quadrelateral formed by 
the four common tangents to S and S' and the tangents at these points are 
the lines jeining them to the pole of the chord of contact of the conics S and C 
with respect to S or C. 


Let C degenerate to two points on S and then project these points 
‘into the circular points at infiniry and the theorem as stated . follows 
with the additional theorem that the tangents at P and Q to the confocal 
pass through the centre of thegiven circle. This is of course immediately 
obvions geometrically. 


It is curious to notice that we can project this theorem into its own 
converse, for if we project P, Q into the circular points at infinity, the 
theorem to be proved becomes : 


If from two points Q, Q! lying on a conic CO tangents be drawn to a 
confocal S, these tangents will tuuch @ circle. 


To prove the theorem in this form, reciprocate with respect to @ 
focus, and we get the following theorem. 


If two tangents to a circle meet another circle in four points, these fou. 
points Ite on a conic having ene focus at a limiting point of the two circles 


This may be proved as follows :— 
Take the pair of tangents 
S D—A (la+my+n)’?=0 
to the circle S=0 and consider conics through their intersection with 


S’=0, then if S+% S’=0 be a point circle, 
a (S+ 8’) 2—A (lat my+n)'=0 


is a conic fulfilling the required conditions. 


~__-_or 
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QUESTIONS FOR SOLUTION. 
998. (F. H. V. Gurasexnaram) s— If 4} Ug Ug + Uy = 22 5 


s,=sn (u,,'k); c,=en(u,, k)d,=dn (u,, k) 5 


r ab. Os. ga Cr, gt Ode 


Sy am vi diae 5) pis Ae 
prove that E (114) + E(ug) +E (us) + E(u) —2E (#) 
4 


, 

a kcyCoCsCa Cy 
ze eae ) 3 

kh? —Kc,ccsc, Cy 


2k* sn # dn # on(a—u;—u,) cn(e—u,—u4) On (@—Uy—Us) 
k?—H? cn @ cn (e—u,—tug) cn (w—Ug—ty) CN (G—%— Us) 


[Suggested by Q. 973.] 


oa 


Prove also that the above expression is equal to the symmetrical 
result 


4 - 
, 8, pa a'r 
KK? gy358584 ae + Pecssca BY. — — ddd, H- p 
r=1 r=1 r=1 


Kh? k’*6,898,85 — KP cyCoCycy 4+ dyad day. 


999. (LaxsumisuankaR N. Buatt and K. J. Sansana) :—Prove that 


the following function of the four quantities p, q, 7, s— 
QE pq! + 2p'g’r—2Lp'gr —42 p"g’ —6Lp’q?s* 
is equal to 1536 cosect4a, when p,q,7,s stand for the tangentsor 
on 
4 
Prove further that the same function has the value 8 cos? 2a, when 
P, q, 7, § Stand for the sines or cosines of the angles 


7 2 3 
a, ato a+ pets: 


cotangents of the anglesa, a +—,a +20, a +9. 


1000. (K. J. Sansana):—Prove that 
(nL) (941) (Bn — 1A (Bn-$1) #4 (SnD) (Sth DH oe 


a Q: 
= Takeo! (3 sec*y—2), 
(n—1)5—(n-$1)54(38n —1)-§—(8n- +1) +-(5n —1)-§—(5n+1)°+.. 
=n tan y sec’y (3 sec*y—1),— 
% 


where y=7/2n and # is an integer greater than unity. 
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1001. (K. J. Sansana, M.A.) :—Prove that 
1+ (Qn—1)-*+-(2n41)* + (4n —1)“*+- (An +1) =4+ 
4 
= in cosc*y (cosc’y—?2). 
1+ (2n—1)-8+ (2n+4+1)%+ (4n —1)F + oe 
6 
Fens (15 cosce’y—15 cosc*y +2), 
E 1+ (2n—1)-°+ (2n+1)-°+... 
'  _at® cose’y 
~ 80640n* 
where y=71/2n and n is any positive integer. 


1002. WP. PanpyA) :—Find the lowest prime numbers which can 
be arranged into a magic square of nine cells. Also find a magic square 
of nine cells, all numbers in it being perfect squares. 


1003. (S. RB. Rancanatuay):—If ¢, (x) stands for the mth, 
Bernoulli’s polynomial, show that ; 


oo(5) =" [44(3) ~#0(5) J} 


g = eager Lé(g) + G) I, 


according as ”, which is greater than 1, is odd or even. 


1004. (C. Krisnyamacmart) :—Show that the effects of the elliptic 
motion of the earth on aberration in latitude and longitude are given 
respectively by 

—C sin @ [sin (O—)—e sin (©—})] 
and —C sec & [—cos (O©—)+e cos (5—h)] 
where 2ra=U.T.C. V/1—e* sin 1” the notation being as in Ball’s 
Spherical Astronomy. 

1005. (K. B. Mapuava) :—Show that when |z|<1, and the real part 
of z is positive and less than 1, [(1—z)= lim (1—2)'-* f(a, z), where 

x—>1 


oO 
I@ =>) gat 


Zz 
n=1 ™ 


1006. (K. B. Mapuava) :—It is known that the hypergeometric 


series F(a, b, c, #) diverges if a+b=c. Show that as >1—0, the series 
however, becomes infinite like 


T(a+b) ok 
Tare Gj 4 . 
1007. (AtrHa) :—Prove that if 

S,=1 !—2!4+3!—4! +..., 


(315 cosc’y —420 cosc'y-+-126 cosc*y—4), — 
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Ny—2 (24-3 (3!)—4 (4/4... =1—2 8, 
ccs wt oe Leh: Q t) OG fi 5 eee 
and generally £(—)""} * (n!) is of the form aS,+, where a and @ are 
integers (positive or negative). 
(Bromwich : Infinite Sertes, p. 482, Ex. 21) 
1008. (Communicated by Mr. Martyn M. Thomas) :—If I, is 


written for the integral fz cos 2 nw log (2 cos 3 a) da, 

. oO 

ig: (" 

ah be Fe, el = 3. 
BONG Shoe We ee n+ Tn 2n(n+1)(2n+1) 
and deduce that ey 
Fe a | aa: otf at 

Yates (a gte es = mai) +. 

1009. (Communicatep ny Mr. Hemras) :—A B C is a triangle ; O, P 
are its circumcentre and orthocentre. If O P meets AB, AC in B,, C, ; 
prove that the join of the circumcentre and the orthocentre of AB, C, 
is parallel to BC. 

1010: (K. J. Sansana, M.A.,):—Solve the equation #*+y°=a'+b° 
where a and b are given positive quantities and wand y are required 
to be postive. Examples :— 


af 4-y°=19= (3) ar (3) epy' = 91 4438 


_ IO (Serecrep):—In an ellipse the tangent at P cuts the direc- 
trices in Z, Z’, and the remaining tangents from Z, Z’ to the ellipse 
meet at T. Shew that P T is normal to the ellipse and bisected hy the 
minor axis. 

1012. (N. Sankara Aryar) :—Solve é 
(1) a°+ 12a°4 452+ 1002*+ 1202+ 78a 4-21 — 
(2) 2a*+ 12a°+ 302?+ 3224+12=-—0 F 
by expressing the left hand members in the forms (A® + B’) and (A‘+B‘) 
respectively. : 


1013. (S. R. Rancanavuan) :—If N=a,a,a,a, where the a’s are 


mutually prime integers show that the product of the numbers less 
than N and prime to it is given by 


(a,a,a4¢,—1)! | | (a,4,—1) ! 
Tri g,622— 1) (4s Tare agar (a,—1)! ; 


1014, (S. R. Rancanapuan):—Prove this extension of Wilson’s 
Theorem. If m be any nonprime number, then 

m—l1 m—1 

md(m)+(1—1) 9 =m when m iseven m1d(m)-+-(—)~ 9 =m when mi 


is odd where md(m) denotes the product. of 
prime to it, ) 4 oF nambers Jess than-m and 
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PROGRESS REPORT. 


1. The Founder of Our Society—The honor of being the Founder 
of our Society belongs to Mr. V. Ramaswami Aiyar (whose photo 
accompanys the present number of the Journal), now Special Deputy 
Collector of Ramnad, His &rst letter proposing the formation of the 
Society, dated 25th December 1906, is contained in his letter, dated 
8rd April 1907, annoancing the formation of the Society ander the name 
‘The Analytic Club.’ The latter was published in the leading Madras 
dailies of the 4th April 1907; and it is but fitting that we place it on 
record in the pages of our Journal. It will be observed from the dates, 
that our Society has just completed the twelfth year of its existence. 
The discovery of Mr. 8S. Ramanujan, B. A., F.R.s., one of the greatest 
living Mathematicians of the world, marks this period of its life. The 
founder of the Society devoutly hopes that the objects with which the 
Society was formed will be fullfilled to a greater degree in the future 
periods of its existence, and expects that ali members will unite their 
‘hest endeavours inthe realization of this hope. The letter announc- 
_ing the formation of the Society is printed below. 


2. Mr. 8. Ramanujan, F. B.S. This distinguished Mathematician 

has returned to Madras in somewhat indifferent health, after a 
prolonged stay at Cambridge. By his unique mathematical talents and 
by the amount of useful and original work, he has raised India in the 
estimation of the outside world. We extend our most cordial welcome 
to him and most fervently pray that he may be soon restored to his 
full vigour to prosecute his glorious work in the scientific world. The 
committee hope to show their mark of appreciation further by a 


suitable announcement in the next issue of the Journal. 


3. Mr. T. J: Mirchandani B. A., B. Sc.—Demonstrator, D. J.S. 
College, Karachi, has been elected a member of our Society. 


Poona, D. D. Kapapta, 


Ist April 1919. Hon. Joint Secretary, 
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Me. V. Rawaswawratyer’s LErrer, DATED 38D APRIL 1907. 


Sir,—I recently sent a proposal to some gentlemen interested in 
mathematics suggesting the formation of a small Mathematical Society. 
The proposal ran as follows :— 


Sir,—I believe several friends interested in Mathematics have felt 
the present lack of facilities for seeing mathematical periodicals and — 
books. This is a very great disadvantage we are suffering, 


I propose therefore that a few friends may at once join and form a 
small Mathematical Society and subscribe for all the important 
Mathematical periodicals and, as far as possible, for all important 
books in Higher Mathematics. 


We may call the Society ‘“‘ The Analytic Club” for the present, and 
have it in view to give it a broader basis with a suitable name by 
and by. 


Our work immediately will be to obtain all the important 
periodicals and new books and circulate them to members. I shall be 
glad to undertake the duties of Secretary for the first year and do my 
best to promote the object in view. : 


If half a dozen members can be counted upon to join imm2diately 
and each subscribe Rs. 25 per annum, we shall be able to make a good 
start. The Annual Subscription may perhaps be somewhat less, say, if 
a dozen members can be had ; but even a dozen members paying Rs. 25 
per annum would not suffice to enable the Club to obtain the more 


important books appearing every year. I propose therefore that the 
subscription be Rs. 25 per annum, 


It appears to me nevessary also that members should be prepared 
for a further sacrifice, and I propose that each member should send the 
journals and books he receives on to the next, and the last to the 
Secretary, at his own cost, This in effect would be to add about Rs: 5 
more to one’s subscription. Ihope friends interested in mathematics 


will not consider this a too heavy sacrifice—at any rate initially, in giving 
the Club a start. 


Will you kindly write to me if you are in favour of the proposal ? 
In case you are, I request you will send me your subscription of Rs. 25 


for 1907, as early as possible, so that we may make a start at 
once. 


This is only a tentative scheme aud we may try it for a year and 
then introduce necessary changes. 


I proposa to consider the Club formed as soon as three friends 
have agreed to the proposal, making with me four members. Thereafter 
all business requiring determination by the Club can be done by 


circulation. Requesting the favour of an early reply. [ remain, Sir 
yours truly, 


(Signed) V. Rawaswamr Aryar. 


2. In response to this proposal (which I was able to send only to a 
very limited number of persons) tho undermentioned have written to 
me consenting to become members of the proposed Society : 
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Messrs : 
R. N. Apte, M.A. LL. B, FR As., Prof. of Math. Rajaram College, 
Kolhapur. | 
M. Y. Arunachala Sastri, M. A,, Assistant Professor, Nizam’s Coll- 
eg, Hyderabad. 
K. Chinnatambi Pillai, B.4., Assistant Professor, Christian College, 
Madras. 

B, Hanumanta Rao, B.A, Prof. of Mathematics, College of Engi- 
neering, Madras. 

D. K. Hardikar, b.A., Professor of Mathematics, Nizam’s College, 
Hyderabad. 

G. Kasturiranga Aiyangar, m.a, Lecturer, Maharajab’s College, 
Mysore. 

B. Krishnamachari, M.A. Asst. Superintendent, Accountant- 
General’s Office, Madras. | 

A. V. Kuttikrishna Menon, M. a., Teachers’ College, Saidapet. 

V. Madhava Rao, m.a., Prof. of Mathematics, Maharaja’s College, 
Vizianagaram. 

M. T. Narayana Aiyangar, M.A, Prof. of Mathematics, Central 
College, Bangalore. 

R. P. Paranjpye, B.sc., M.A. Principal and Professor of Mathe- 
matics, Fergusson College, Poona. 

R. Ramachandra Rao, B. a., Collector of Kurnool. 

K. J. Sanjana, ma. Principal and Professor of Mathematics, 
Samaldas College, Bhavnagar, Kathiawar. ; 

P, V. Seshu Aiyar, B.A. Lecturer, Government College, Kumbha- 
konam. ‘ 

S. P. Singaravelu Mudaliar, B.A., Asst. Professor of Mathematics, 
Christian College, Madras. 

R. Swaminatha Aiyar, B.,, Treasury Deputy Collector, Coimbatore. 

|. R. Venkataswami Nayudo, 3B.A., Professor of Mathematics, 
Maharaja’s College, Mysore. 
~ ‘Krishnan Nayar, Ba. 3B.C.£., District Board Engineer, 
Mangalore. 

S. A, Subramania Aiyar, B.A, B.C.E., Executive Engineer, Madras 

-p. W. D., Madanapalli. 

With me it makes 20 members. 

* 3. 1 beg to declare on behalf of all those that have joined, that the 
Society is now formed, under the proposed name ‘‘ The Analytic Club” 
for the time being; and I shall be its Seeretary provisionally. 

4, My thanks are due to the gentlemen who have joined. for the 
support they have given me in starling the Club. ‘be membexship has 
already exceeded my modest anticipations, and many more, l think, will 
be joining. ‘his renders some changes and a better organization at once 
necessary. I shall soon be submitting to members proposals for a 
simple Constitution for the Society according to. which the affairs of the 
Society will be managed by a committee consisting of a President, a few 
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office-bearers and some additional members. From the snpport that I 
have received in this respect also, [ feel we shall have a Committee giving 
the greatest possible confidence. 

' 5. I think, the Society should now aim at being a combination of 
all Professors, Assistant Professors and Lecturers, and men of like 
interest ia Mathematics or in the promotion of Mathematical study, in 
whatever province of India, with a view lo the creation of a Central 
Mathematical Library from which members can obtain all mathe- 
matical, including astronomical, books and journals through the post. 
Every journal should be sent in circulation to members who have made 
a general application for the same; and every book and journal should 
- be sent to members on special application, as often as applied for. All 
this, of course, subject to rules that shall be made in this behalf. 

6. If this conception of the immediate aims of the Society be 
approved, our Library should preferably bein a place which is postally 
a good centre for all India. In this respect, Poona is, next to Bombay, 
the most central place for all India. It is practically Bombay as 
regards the rest of India and it is a centre as regards Bombay 
Presidency itself. Further, Iam glad to be able to mention that Prof. 
Paranjpye will be willing to take charge of the Library, provision being 
made for the discharge of purely mechanical work through Assistant 
Librarians. My draft constitution will be found to provide for this. 
I trust Madras members will endorse my suggestions and show their 
full appreciation of the reasons which make Poona, which contains that 
noble institution, the Fergusson College, so felicitous a centre for our 
Society. Further, by voting Poona as our centre, we Madrassees will 
convince the rest of India that we do not look at the matter from a 
purely provincial point of view. And it is my deep hope that a 
combination formed on these lines may be of fruitful consequences in 
the future. ‘ 

7. Further, we shall have to get more than one copy of most books, 
and journals, and probably several copies of some journals, for the sake 
Sf convenience. ‘I'his being the case, some of the extra copies we get | 
can be placed in Branch Libraries in Madras, Allahabad, d&e., as” 
membership extends, So‘that members in these Provinges may get them 
quicker on their application. 


8. The subscription of Rs. 25 has been felt heavy b some of those 
naeee I addressed, Among the provisions in the drat constitution 
that I shall submit, will be one enabling the Committee to reduce the 
subscription in the case of any particular member to Rs. 15, and to 
continue this concession as long as they deem fit. I trast that this 
provision will be passed and that it will sufficiently meet all cases 
Hite such encouragement may be necessary. ‘I'he scheme ought to be 
: _ a eens of, more specially by the younger gentlemen interested 
aoe ematics, many of whom will be the future occupants of the 
ematical chairs of our colleges,—and I hope none of them will feel 

eterred from applying for membership at ‘once. ; 


9. Intending members will communicate with |the undersigned. 
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Conics with vanishing 9, 6’. 
R. VYTHYNATHASWAMY. 
[Presented to the Second Indian Mathematical Conference, January,11919.] 

§ I. Self Harmonic Quartics. 

Two quartics (a a,0,454,)(#,1)4, (Yobibabsb«) (a, 1)* are said to be har- 
monic, if 

Gob, —4:a,b3 ++ 6agbq — 4a,b, + aby =0. 
A quartic is self-harmonic, if 
aa,—4a,a,;4+8a,?=0, en fie wie 
ze. if its /—invariant vanishes. 

The relation (1) is of the second degree in the coefficients. Hence 
when a By three of the roots of a self harmonic quartic are known, there 
are two values § §' (say) of the fourth root. 

Theorem I. The roots of the Hessian of the cubic whose roots are 
a, 8, y are 6, 6. 

Let the co-ordinates of a, 2, y be 1, &, w’, so that the roots of the 
Hessian are 0,00. If X be the fourth root, we find, on equating to zero 
the J—invariant of (#’—1) (#—d), that \=Oora. This proves the 
theorem. 

Note. §,6’ may be termed the cyclic centres of afy. This has 
already been done in my Note on ‘Pascal Hexagon’ (J. I. M.S. 
Vol. X, p. 342. 

Theorem II. If § be a cyclic centre of a, 8, y, every one of the numbers 
a, B,y, 5 ts a cyclic centre of the remaining three. 

For the quartic (7—a)(2—£)(a—y)(a—§) is self-barmonic and the 
self-harmonic relation is a symmetric one as among a @ y Si 

Theorem III. Jj aBy§ 7s a self-harmonie quartetic, (so that each 
of the numbers is a cyclic centre of the other three) and af the other cyclic 
centres of By6, 2y6, AB§, aby be a’f'y'6' respectively, then (1) a’ Z’y’s, 
ts a self-harmoniec quartette ; (2) the other cyclic centres of B’y's', a’y’§" 
a'B'G', a'f’y’ are aBy§ respectively (3) aBy6d and a’ B’y'§' have the same 
automorphic linear group. 

As before we choose the co-ordinates of a,8,y, as 1,0, w, Let § be 
0 so that §’ iso. By forming the Hessians, we readily find a’2’y’ to 


w& w? 
be hee and sas Write these values as per following scheme 
a B ee, 
1 w @**, 4,9 


a 4’ Rt 


~ le 


Mt OP ae 


Se = eae > » <> - 
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Since © is obviously a cyclic centre of 

| ae” Ww? 

“re ee i 
it follows that a’@’y’§’ is self-harmonic. Further since the other cyclic 
centre of a’f’y’ 7. (—5, -F vei is § (0), we may either verify 
directly, or preferably predict from symmetry, that the other cyclic 
centres of a’4’5', a’y’§’, and Q’y’’ are y, @ and a respectively. Finally 
to prove (3) we remark that the process by which we derive a’f’y’§' 
from afy§ involves only the Hessian and the self-harmonic reiation, 
and is consequently invariantic for linear transformations. Hence, if any 
linear transformation carries the group (afy6) into itself, it cannot 

but transform (a’£’y’§’) also into itself. 

Cor. 1. |Associated with every self-harmonic quartette there is 
another and the two are symmetrically related. 

Cor. 2. One cross-ratio of a self-harmonic quartette is an imaginary 
cube root of —l1. Hence any two self-harmonic quartettes are projective. 

Cor 3. Let (a), (a’§’) be corresponding pairs selected respectively 
from a self-harmonic quartette and its associated quartette. If a” be 
the harmonic conjugate of a’|w.7.t. (§6’), the pairs (a§), (a”G’) are 
harmonic. 

This is apparent if we take the special coordinates exhibited in the 
scheme. . 

Cor. 4. From the known property of the Hessian, we see that if 
(au’) be a corresponding pair of two associated self-harmonic quartettes, 
the homographie transformation of period three whose fixed points are 
(aa’) carries (Ay) into itself and (4'y’s') into itself. 

Theorem 1V. Given the linear group ofa quartic (7.e.a group 
- consisting of identity and three mutually harmonic involutions) the 
quartic belongs to a one-parameter family. Three of the quartics of the 
family are perfect squares. If the parameters of these be the roots of 
the cubic F (\)=0, the roots of the Hessian of F are the two self- 
harmonic associated quartics of the family. 

Proof. Let the involutions of the given group have fixed points 
(0,00 ), (1,—1), (i,—7), so that they are—2a,l/#,—1/# It is obvious that 
every quartic belonging to this group must be a reciprocal quadratic in 
2, z.e. of the form : 
w+2d27+1, 

_\ may be conveniently taken as the parameter of the quartic. There 
are evidently three values of \ for which the quartic is a perfect 
square, V1z. 0, 1,—1. The values of \ for which the quartic is self- 
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harmonic are + 37, It may be inferred that the quartics determined 
by these two values are associates since they belong to the same group. 

Tt is easily verified that ++/3 7 are the cyclic centres of (a, 1,—1). 

§ II. Properties of the Polar Line of a A w. 7. t.a Cirewm-conte. 

The cyclic centres of the vertices of an inscribed A are the inter- 
sections of the conic with its polar line (vide: ‘Pascal Hexagon,’ loc. czt.). 
The theorems of the previous paragraph translate themselves into the 
following geometrical properties. | 

(1) Let the polar line of ABD be D D’, (all the letters 
referring to points on the conic). ‘Then the polar lines 
of BCD, ACD, ABD pass respectively through A, B 
and C. Let these polar lines be AA’, BB’, CC’. 

(2) The polar lines of B’C’D’, A’C’D’, A’B'D’, A’B’C’ are AA’ 
BB’, CC’, DD’ respectively. 

(3) The cross ratios (A BC D), (A’B’C’D’) on the conic are—W 
— WW’, 

(4) There is a conic touching the tangents af A BC D and 
having ABCD as a Self-polar quadrangle. This conic 
passes through A’B’O’D’ and its 0, 0’ invariants with the 
given conic both vanish, * 

These follow immediately from {he geometric interpretation 
of harmonic quartics quoted in Grace and Young’s 
Algebra of Invariants. These results are proved below 
by elementary methods. 

(5) The conic inscribed in corresponding triangles BCD, B’O’D’ 
(say) has double contact with the given conic the chord of 
contact being AA’. (cor 4), 

(6) AA’, BB’, CD’, C’D touch a conic having double contact with 
the given conic. (cor 2). 

(7) et D’L, D'M, D'N be -drawn conjugate to DA, DB, DC 

respectively. LA’, LB’, LC’ are all conjugate to DD’ and are therefore 
concurrent at the pole of DD’ (cor. 3). 


(8) ABCD and A'B/C’D’ have the same harmonic triangle 


(Th. ITI.) 

§ III. The Four-point System of Contes. 

It can be shewn that every four-point system contains a unique 
pair of conics for which 9, 0’ vanish. If these be Si, Ss, the values of 
X for which 8,;+X8, is a line conic are the roots of an equation of the 
form \°+K=0 since 9 @’ vanish. Now the values of \ for which 
Sit 8, is $, or S, are 0, oo. Hence we have the important theorem. 
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The cyclic centres of the three line-conics of a four-pornt system are the 
conics for which 8, O vanish. 


Now let us choose a different co-ordinate system for the conics, 
by taking the cross ratio of the four common points in an assigned 
order on each of the conics as its parameter. The line-conics are 
represented in this system by the parameters 0,0, 1. Hence the 


parameters of the two conics for which 9, 0’ vanish are—Ww,—Ww*. 
Hence, 


The four points of intersection of two conics for which 0, 9’ vanish 
form a self-harmonic quartette on either ; and conversely, 


Since any two conics can be reciprocated into each other, we have 
the perfectly general theorem. 


The cross ratio of the points of interseotion of two conics on one of them 
as equal to the cross of the points of contact of the common tangents on the 
other. 

Hence the points of contact of common tangents oneither of two 
conics for which 0, 0’ vanish, form a self-harmonic quartette. 

Now if ABCD be the points of intersection A’B’C’D’ the points 
of contact of common tangents on one of the conics, then evidently A 
B OC D and A’B’O’D’ have the same harmonic triangle. Hence 


The points of intersection and the points of contact of common tangents 
on either of two contcs for which 8,9’ vanish, form associated self harmonic 
quartettes. 


The converse of this may be proved by using the general cross- 
ratio theorem. 
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Bernoulli’s Polynomials and Fourier’s Series. 
By S. R. RaNnuaNaTHAN. 


[The object of this note is (i) to establish the Fourier expansions 
of Bernoulli’s Polynomials and (ii) to deduce the sums of certain 
interesting types of series in a finite form and to work out some illus- 
trative examples with the help of these formulae. The results (14), (24) 
and (16) seem to be particularly interesting. 


Of these (i) is suggested as a problem in Whittaker and Watson’s 
Modern Analysis; the other references, which are all to Bromwich’s 
Infinite Series are given as they occur. } 


In what follows, series of the type 


ee cos2 mn 2 
and 
nee par 


occur frequently. PGT it would be well to observe at the beginning, 
that both the above series are absolutely convergent for all values of 
p>1; they are also easily shown, with the help of Weierstrass’s M-test 
to be uniformly convergent for all values of a, provided p>1 (vide: 
Bromwich, Chap. VII, Art. 44, Ex. 1.). Further, 


y= 21 nz 
n 


is uniformly convergent in the open interval (0, 1). 


Starting with the well-known result (Bromwich, Chapter VIII, 
Art. 65) 


—lysin2a2 sin4a72, sin6 Wa x 1: 
eis a ae font) =a—3, if O0<a<l 


and, integrating term by term, we get 








(—1)?cos2 a2, cos4n2 a A a 2, B 
zat ( of eed tow) = ig 2 


Hence the constant of integration is determined to be Soe 2 Hi , by put- 
ing «=0 on both sides and remembering that . 
1 ») ey ities | 
mare Dy | ho re (28)! 
where B, is the sth. Bernoullian number, s, being an integer. 


Similarly, integrating the first result (2n—1) times, we get 
(-—)"# {ee cos 6 m2 : 





gent hl as Loe gn -+- —__.. eae |, ae a eee 
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es a sar ge ,_ 3B: g-3 = Bow! : 

(2n)! 2(2n—1)!°2!(2n—2)! 4! (2n—4)! 

B, a*"-* = _\n+i By 
tT (an—6)! Coney (2n)! 
pCa as (20) (2n—1) (2n) B, 2°" 
=Gal{? te Che aoa a. 
+(-—)") B, t . 
1 


= aay) {tm t(" BaF 


where ¢,,, (#) stands for the mth. Bernoulli’s Polynomial, (cf. Bromwich, 
Chapter X, Art 94). 
Integrating once more, we get 
(—1)"*! (sin 272, sin472@, sin6 m2 } 


ase A a a ae 


= wis Ty! { dangi(@) } 


Thus, we have in the interval (0,1), 
cos2m2 cos4ma, cos67a 








ae ae eae SG 
Ee (But) le) } oe 

pod Sat ahh ak tl ee 
= (yy tee (a) ss we (2) 


] 


Putting x=; in (1), we get 


n—1 Qn 
Tyr [But "4m (it 
bl, cal. ee GRAS 


. = — gant aan gent gan nee see eee (1) 
1 : Pee 1 1 
= —5a\ 1g ) jltsatgat 
Q2—1_] Qatt—l gt? 
"gear “Gaye Pe 
Thus, we have 


B,= 


— 
— 


(=y"2"—4 


Za 927-1 ieee 





; trod) cr C) 


which gives B,, in terms of the preceding B’s. With the help of this 
formula, the first few B’s are easily calculated, since the first few ¢(7)’ 
are easily calculated with the help of the substitution suggested in 
Bromwich, vz. y=2(a#—1) and z=(a#—4). 
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Writing in full, we nays 


By= = pee {a —4n)+ 


2n(2n—1)(2n—2)(2n— oe ie 
= eee 


+ (—)"2"(2n—1)B, 1 24 ‘ 


sli 


Again, putting «=; in (2), we get 
— N+1 Qa pponei 1 1 1 : 
er tan (4) = 1 sere t soap yan +... (2 1) 
a+) Bh 
~ BF) P 
where K,, is the mth. Kuler’s number. (Cf. Bromwich, Chap. X, Ex. 38.) 
Thus, 
(—)"t? gare 
2n+I1 
which gives F,,, in terms of the B’s. Writing in full 


E,=(—)" 4n+1 _ 2” Bio. eee 
sy Qn+1 2! OSE ey ik 


E,= Pon41 (3), ae ee (4) 


a 








wet (—)" By, 2!" i 
Next, putting «=; in (1) and multiplying both sides by 2, we get 


Cy | Bey ee 


1 1 
= iste ara an fie {ta Qe" in? eee } eee (1 2) 


= 330-1 ma fqats gen os Br eee it {a ja t es ts = a } 


i 39"—-1 Q2"-1 ari”? 


Thus, Ba ={— Soo _— ian (3): es --- (8) 
And, putting #= % in (2) and multiplying both sides by = we get 
— grit re wrET smtp gent ioe 


(—)"41 (2n)%41 


~ “V3 Qntiy Poy:41\($)- tee (2°2) 
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By means of this formula, the following results are easily got.— 





teres tt-i+4 See ore (2:28) 
og ia a SCR (2:24) 


Putting #=+ in (1), transposing and multiplying by 2, we get 


1 1 1 1 1 1 1 1 
1 ~ oa gan sant on Qa Ton t aH + 1327 a 


=O { But (—y tanta) b+ 


{ (37.2714 9-1_1) Bo 


2 eae 
~ 3*"(2n)! 


(— 3.2" tant) t a (GS) 


Also ve can be written as 


1 1 
L+ Sat get pat ant Lt 


“fy (271)? _Qutt __ \tgan z i 
-fo~ {a 3") By + (—)"3? dan(2) } ve (12) 
Subtracting (1-3) from (1-2), 


on” O2t Qon NOWM—1Q99N 
rami 3")By+(—)"2"93 staal 
1 
=2f 5 mty teste iat et t 


Qa?” 
= eS 18) By + (—)"3"ton(3) & , by 1-2. 


So that, making use of (5), we get 
1 n hii NNQQNH Mt. - 
dn (8) = gpacagaa { 3-2") dan) + (YM EVADE, 


wo rel 1 02% —1 _- ii 
=e ye Oa Be. ad =e 


bd. 
Hence, we get from (1°8) and (6) 


1 1 1 1 1 l 
1 Sa gat Ba Ga Gm TO 


? or ee 

This gives for »=1, 2,3 and 4 respetively, 
ott ae iv wo =< Le 
—Z- ptytao meh pet Uy ve (1°42) 
lata tae 355-650 a we (148) 
Pearl at ot 5207 7° vs (1.44) 


Bae te = 79,601,160 
Also, putting «=+ in (2) and multiplying both side by we get 


ee eee pee ee i, 
[ent gana gan — pam t at Ga 


= ee tne soe (25) 


Subtracting (2°2) from (2°3) 


— "+! (Qazye4i 
1 l 1 1 
= oen—pent genet } 
= (=)! nye 


29" 4.7 
so that toys QQ) =i: Fon4a (3): sis bv ove. Cam 


tonsa (3), 


Hence, we get from (2:3) and (7) 
1 1 1 1 1 1 

Pat gn gn pen tat ge 

_(—y" 2041 

V8 (2n41)! 


Thus, by calculating the Bernonlli’s Polynomials of argument 3, 
both (2°2) and (2°4) can be evaluated. For example, 
‘eee 511° 
pie yt Es mbes aay, 4% ae (2 41) 


(2414.1) tan4i(z). wwe (24) 
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1 1 A, 1 oe 1 ete bE 9-4 

hoes Wea Re | _ 91a" 
rig a t= 157,464/3 eee 
eo t aee 207,9137° 

Tot a Be 5 396,809, 280,7/3. oh are 


Again putting a=} in (1), transposing and multiplying both sides 


by /2, we get 
1 | 1 1 1 1 
ee ee ATs 5 be 
ay va ny 2” 11” 132" 


gan Bin +o 
= a { Bato i) + 





(2 1)? 


1 - 
a ai atin } 
{ But (—)"" tnd) be 
1 i 1 
gage {gat ge} 
{@ ot 92"-1_1)B, + 


(—)"* geal tan(3) ; ae (1'5) 


The following particular cases of (1°5) are easily calculated :— 
ie Gas Be gy | ™ 


(27) 
~ V2 (2n)! 


pL, Ss. ea 
V2. (2n) | 20" 


rc teers ef eV KS thle 
l—-s—atat 8/2 (1°51) 
1 _ 1ln‘ 
cay setae ate "768, V2 
A Se pia Chap., X., Ex. 14) wee (1°52) 
ie 21611° 
5 eS ateeol “e wee (1°53 
I—3 Bet ata (1,474,560 Vz oad 
Similarly, we get from © 
1 1 1 1 1 


reat gen pepe te a 
=r te OF 
oan l—sentgen—" } 
~ 2 Gah aes | (—)"#1 2°" tanua(3)— (20+ DE, t +0(2'5) 
which gives, for example, , 
retype at ert = we (2°51) 





1 1 1 1 _ 1975 7 (2°52) 

et 3 Be et = 4005/8" i 

Lip ieee _ . 807m" _. (258 

Pt Br Br qt = §53 3508. ea 
$ : 

Jpg ele 

1? Bo ee ee 1,633, 607,6807/2 


Lastly, adding (1:2) and (1°4) side by side, we get, after slight 
simplification, 
1 1 


1 xan + xan z 


1 ei ets 
Ti tb gmt Tom t gmt 


_7"(3"—1) (2-1) 








: oe (CLG 
2. 32” (2n)! B, ( ) 
Thus, 
1 yh! 1 1 ie 
— "ee a Sar os6i. te 
Atirta tip tig: 9 Cee 
Let ee 514 
Vie ee eee ee oe CLG 
ee Ta tip tit 486 ee 
fe Ga Go| 1 Pe i | + : 
lise tae typeby t+ =559° a vee (1°63) 
Similarly we get from (2:2) and (2°4), 
1 1 1 1 1 ] 1 


en Beart pa Tp t gee — Tmt Pom 
ees | Qu QW41 
= eh { Ponti (4) + Ponti (4) } 


a (eee) 








= V3 (Qn+1! donti(z). an aloe (2°6) 
Thus, 

Ay Eee ae Tee ee . 
7 ips tos 1? 133 eas ee ove eee (2°61) 
Loe Ls ee ln eit 
ST evi Te tT “* =T94dq/3 ne -» (262) 
Di ieee poe _ 8017’ 
i arta tt is 594 88013 ms s+» (2°63) 
NH ay eevee a eeiee 
vos? Ie Is" ~964.539,520-3" oie 


Note :—The calculation of > 3 1 i i 
} angi (3) and >, (2) which are required 
in the above can be done almost mentally up. to by makirg om of 
pe eae given in Bromwich, vwiz,, y=a(@—1l) and z=a2—1 
ence it 1s that the formulae are interesti icati rae 
numerical cases, ne £0% aBpHiontion, tp ania 


ee 
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Legitimacy of the ordinary Complex Numbers. 


By G. A. Miter, 

It is well known that in 1797 Caspar Wessel presented to the Aca- 
demy of Copenhagen a memoir in which he established the legitimacy 
of the ordinary complex numbers by giving a geometric meaning to 
these numbers and to their combination by addition, subtraction, multi- 
plication and division. Somewhat later W. R. Hamilton (1837), and 
A. L. Cauchy (1847), established this legitimacy in two additional ways, 
the former having employed for this purpose the now classic method of 
real number couples while the latter employed the less commonly used 
method based on equivalence with respect to modulus 7?+1. OC. F. Gauss 
had stated that he would publish a demonstration of the legitimacy, but 
he failed to do so. 


In view of the great usefulness of the ordinary complex numbers it 
may be desirable to give here a proof of their legitimacy which differs 
very materially from those noted above but is based on facts which are 
very well known. This proof is here based largely on the group concept 
but it can clearly be given without the explicit use of this concept. 

It is evident that the totality of the complex numbers a+b ?, where 
a and b are real numbers and ¢=7/(—1) can be placed in a (1, 1) corres- 
pondence with the translations in the plane represented by the equations 

‘=e+a 
y =y+b. 

In fact, we may say that each of these translations is a complex 
number and vice versa. By doing this, these complex numbers become 
dynamic (and not static) geometric elements. 

The two complex numbers 

a+bi and c+dt 


or the two translations 


‘=a+a aw =at+e 
y=y+b, y =ytd, 
are clearly equivalent to the single translation 
a’ =xa+a+c 
y'=ytb+d 


That is, when the complex numbers are regarded as these transla- 
tions, two of them are equivalent to their sum and this proves that the 
ordinary complex numbers can be combined according to aadision, re- 
ducing to the addition of reals when the numbers are real. The tota- 
yet aah Sara ae 





* Cf, Encyclopedie des Sciences Mathematiques, t. 1, vol. 1, p: 339. 
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ity of the complex numbers thus constitutes a continuous two parameter 
group, viz., the group of translations in the plane. This group is abelian 
and its identity is the ordinary zero. 
The complex number a+b: may also be said to be the linear trans- 
formation represented by the equations* 
x =ax—by 
y’ =bz+ay 
If these complex numbers with the exception of 0 are represented 
by the totality of such linear transformations, it is easy to see that two 
complex numbers are equivalent to their product. In fact, if 
s=a-+-7y and 2 =a’+77/ 
then 2’ =(a+bz)z. Hence the ordinary complex numbers, with the excep- 
tion of the identity of addition, constitute another two parameter con- 
tinuous group of transformations, This group exhibits the fact that 
these numbers can be combined by multiplication and gives a perfectly 
clear geometric significance to such combinations. 


Although 0, or the identity of the translations group, does not 
belong to the latter group of transformations, we may clearly require 
that when 0 or the transformation 

a =O0e—Oy 

y’ =Oa+Oy 
is combined with any of the transformations in this group it shall 
reduce to this tranformation. If this is done, it results shat the ordinary 
complex numbers become real and their legitimacy has been fully 
established, since the said transformations are evidently legitimate. 


An advantage attained by regarding the ordinary complex numbers 
as such transformations is that it furnishes a much broader notion of 
number and it puts life into numbers. The static geometric interpreta- 
tion of these numbers brought them from the ghost world into the world 
of reals, while the dynamic geometric interpretation endows them with 
life and the power to do things. If one complex number is regarded as 
belonging to one of the two continuous groups of transformations 
mentioned above, then all the other complex numbers should be regarded 
temporarily as belonging to the same group and to be affected by the 
first number. Our emphasis is, however, not on this evident interpre- 
tation bat on the fact that it establishes the legitimacy of the ordinar 
complex numbers in an interesting and useful manner, 4 


In the Hncyclopedie des Sciences Mathematiques, tome 1, volume I 
’ . ; ’ 


page 362, certain groups of transformations are represented by ordinary 
complex numbers. . The two groups noted above would seem to have 





* Cf. Paseal’s Repertorium des hoheren Mathematik, vol. 2 (1910), p. 167 
3 DP. . 
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close contact with those considered at this place in the Bncyclopedie. 


In fact, these groups might be regarded as among the simplest and most 


\ 


interesting illustrative examples of continuous transformation groups, 
so that the present proof of the legitimacy of the ordinary complex 
numbers may also serve as an easy introduction to some elements of the 
group concept. 


University oF ILtiNors. 
October, 1918. 


Astronomical Notes. 


1. The Orbit of Sirius. 


The micrometer measures of the companion now extend over more 
than a complete circuit. The independent investigations of the Orbit 
have been made by Dr. Aitken and M. Jonkheere respectively by 
discussing all the available measures and there is a remarkable agree- 
ment between the two results. The elements obtained by Dr. Aitken 
are as follows :— 


Period 50.04 years 
Time of Periastron passage .»  1894,133 
Eccentricity ae 0.5945 
Semimajor axis a 7”.570 
Inclinatiod ra 43°.3] 
Nodal Point uae 42°.71 


Angle between Note & Periastron. 145°.69 
2. A Total Eclipse of the Sun. 


A total eclipse of the Sun (invisible in India) will occur on May 29. 
The path of totality passes through Central Africa and crossing the 
Atlantic, passes through S, America. The duration of totality is 6” 
50° in mid Atlantic. ‘lhe eclipse occurs in a region of the sky which 
is exceptionally rich in bright stars and the Astronomer Royal has 
drawn attention to the importance of the occasion as it affords a 
favourable opportunity for testing Hinstein’s theory of relativity, 
according to which a ray of light passing near the Sun will be deflected, 
the deflection being inversely proportional to the distance from the 
Sun’s centre. It is proposed to take photographs at the time of the 
eclipse showing a good number of stars and if successful photographs are 
taken, these will be compared with those of the same region already 
taken for the purpose, which show the same stars in their undisturbed 
positions. The comparison is expected to throw some light on the 
validity of Kinstein’s theory. 

3 Photo-Electric observations of the brightness of the Corona 
were made by Prof. Stebbins during the total eclipse of June 8, 1918. 
The light was found to be equal to 0.6 of the light of the full Moon. 

4. Comet 1786 If :—Miss. Palmer has, in Astronomical Journal 
No. 744, investigated the orbit of the comet 1786 II which was dis- 
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covered by Miss. Caroline Herschel and was observed for a period of 
82 days by several astronomers. She deduces the most probable 


period to be 9373 years ! : 
5. Parallax of Nova Persei :—From the motion of the nebulosity 


ronnd this Nova, Prof, ‘'urner has determined its parallax and the value 
obtained is +0’.0093. A new determination by the direct method has 
been made by A. Van Maanen with the 60-iach reflector of the Mount 
Wilson Solar Observatory and the relative parallax deduced from 14 
exposures is+0”.007 +0’.004 which corresponds to an absolute parallax 
of +0’.009. The close agreement of the values obtained by the two 
different. methods is noteworthy. 

6. A New Publication. Since the late Prof. Watson’s classic 
treatise on “ Theoreticul Astronomy” went out of print, there has 
been a great need for a text-book in English dealing with determination 
of orbits and celestial mechanics generally. The publication of 
Prof. Plummer’s “ Introductory Treatise on Dynamical Astronomy ” 
admirably satisfies this need. The book will serve as a good introduc- 
tion to the treatise of Tisserand and other standard works on the 
subject. 

7. Inthe “ Observatory ” February 1919, attention is drawn to a 
slip in Sir R. Ball’s Spherical Astronomy. The last equation on page 


338, giving tan (Semidiarnal are) should read 


tan h 


2 
=+ {sin} (c+¢—6) sin (¢—$+§) sec 3 (2-+¢+6) sec 4 (c—¢—6) } 2 
T. P. BuaskaRa Sastrt. 


ooo 


Supplementary Notes. 


(L) Statistical Mechanics in Astronomy. It is well known that 
statistical mechanics owes its origin to the investigation of the laws of 
thermodynamics on mechanical principles. Clausius and Maxwell 
may be said to be the founders of the science. The method was greatly 
developed by Maxwell and Boltzmann. 


On account of the elegance and simplicity of its principles, the 
science of statistical mechanics received an independent development 
apart from the field of thermodynamics from contributors since the 
time of Clausius and Maxwell, but it was chiefly known as the theory 
of gases, 


It was proposed by Poincare to apply the theory of gases toa 
stellar system. But a difficulty was felt. In gas-dynamics the 
prominent feature is the collisions of molecules, whereas in the stellar 


system, collisions are exceedingly rare and cannot be the harmless 
rebound of the theory of gases. 
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During the last few years, the general methods of statistical 
mechanics have been brought into use for astronomical purposes and we 
have thus a regular progression through rigid dynamics, hydrodynamics, 
and gas-dynamics to stellar dynamics. Sore of the prominent workers 
in this field of inquiry are Schwarzschild, Eddington, Jeans and Charlier, 
Charlier’s theory lays importance on the small deflections of stars by 
chance encuunters, and he finds that the stellar universe has approached 
considerably towards statistical equilibrium. 

(2) Question 841. On p. 79 (J. I. M.S., 1917) there is a note on 
Question 841, stating an elegant, though rather artificial, Oxford (1898) 
rider, which runs thus :— 


“Tf the moon were to move in a circular orbit round the Earth, in 
a plane inclined at an angle & to the ecliptic, the time of revolution 
being equal to one sidereal day, show that it appears to an observer on 
the earth to oscillate in a slender figure of eight, over a point on the 
equator.” 


The solution may be given thus :— 
Let l’ be the orbital co-ordinate and R’,§’ the equatorial co-ordinates 


of the moon referred to the node of the orbit on the equator and let w’ 
be the inclination of the orbit to the equator, 


Since l’ is the orbital co-ordinate of the moon, it is also the 
equatorial co-ordinate of a suitably chosen point on the earth’s equator, 


as the two angular velocities are the same. The R’ and §’ of the 
moon are given by the usual formulae: 

tan R’=tan I’ cos Ww’, 

sin §’=sin l'sin Ww’... sa (1) 
Hence the hour angle measured westward from the meridian through 
the fixed point in question is 
h=l’—R’. 
From this 


&’ 

tan 1’, 2 sin? — 

tan Be wter te tee F see eee ore (2) 
1+tan? I’ cos &’ 


Equations (1) and (2) give the apparent motion as /’ varies through 
360°. From (1) §’ varies from 0 to w’, w’ to 0, 0 to—Ww’, —w’ to 0 asl’ 
goes through the four yuadrants; and from (2) tan h vanishes at 0, 90°, 
180°, 270° and is of alternate signs in the four quadrants and has a turning 


value + sin’ © see w’ (in each quadrant), which is small, so that the 


figure is that of 8. 
; R. N. Apres, 
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SOLUTIONS. 


Question 962 


(A. C. L. Witxison): -If two circles are such that hexagons can 
be inscribed in the one which are circumscribed to the other, prove that 
the sum of the products of the diagonals taken two at a time is constant 
and equal to 

4R?;? { (R?—c?)? + 4R?7? } 
: (R?—c*)? 2 





Solution by F. H. B. Gulasekharam, M.A. 


Let two fixed circles of radii R and x respectively with their centres 
distant c apart be such that a hexagon A,A,A,A,A;A, is inscribed in the 
former and circumscribed to the latter. 


(a) Then the triangles A,A,A; and A,A,A, are circwmscribed to the 
same fized circle, coaial with the two given circles. 


For, the variable triangle A,A,A, is inscribed in a fixed circle, while 
two of its sides touch another fixed circle ; hence, by Poncelet’s Theorem, 
the side A,A; touches a fixed circle coaxial with the two given circles. 
Hence, the sides A,A,, A,A;, A;A;, A,A,, AyA,, A.A, all touch a fixed 
circle coaxial with the two given circles. 


(b) The diagonals A,A,, A,A;, AgA, intersect in L, the limiting point 
of the system of circles coaxal with the two given circles. 


For, applying Poncelet’s Theorem to the variable quadrilateral 
A,A,A;A,, the side A,A, touches a fixed circle coaxial with the two 
given circles. Hence A,A,, A,A,; and A,A, touch the same fixed circle. 
But by Brianchon’s theorem, the three diagonals A,A,, A,A;, A,Ag 
meet ina point. Hence their point of intersection L is a limiting 
point of the system of circles coaxal with the two given circles. 

(c) If t, be the length of the tangent to the inner given circle from 
the vertex A, (r=1, 2, 3, 4, 5, 6), then 

(i) t,t,=t.t,=t,t,=a constant, 

(ii) tits bets tet = tot, + tytg+tts=a constant, 

(iil) tty tate + tots tits + toto + tet; =a constant. 

(i) For, from the property of coaxal circles, (Theor. (4). p. 350, 
Nixon’s Euc. Revised), 





ONS ta t, te _ 
AL AU Age Age Ac 0 A onset 


es 
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also A,L.A,L=A,L.A,L=A,L.A,L =a constant. 


Hence tt,=ft,=t,=a constant. 


(i) If gq, be the length of the tangent to the incircle of 2:A,A,A,, 
or of \A,A,A,), from the vertex A,, we have 

19:95 _ on 

d+ Ist Ys 
where 9 is the incircle of AA,A,A, or of AA,A,A, 5 and 

(H+ Js)(Gs+95)(Gs+H) _ 4K. 
dt Ist ds 
Hence PP+4 R P= qidst G9s+ WG: 


> 


We have shewn that p is constant. 
Hence qigst+ 4:95 +45 18 constant. 


Again from the property of coaxal circles, 


Mm —% _% _% — %_—% — g constant. 


St ot eae Pay eS 
t,t, tt:+t:t:= a constant, 


Similarly tat, + tits + tot, is constant. 
(iii) We have —%995 _—p?=_ 294% _ 
Nt s+ Is gat Yat Jo 
19299949596 = p* (a constant). 





(G1 t+ s+ 9s) (Got 9st 94) 
titste tits 
(A+ tet th) (tot tat ts) 
Hence from ¢ (i), 
(ttts+ts)fiet+(i+,) is constant. 
Hence tytat tatyttotyttytsttstet tot is constant. 
(d) A,AyA,A;+A,4;' A,A,+A,;A,°'A,A, is constant. 


Hence is constant. 





For, from the equations (W) above, 
A, Ay © (t-+6,); A,As 0 (fo+ts) AgAg 0 (fs-+16)- 
Hence A,AyA,A;+ A.A A sAc+ AsAg A, Ay 
oo { (ty+ ty) (tot ts) + (tat bs) (tat to) + (tot fo) (+f) } 
which is constant, from c (ii) and ¢ (ili) above. 
(e) The constant values in the foregoing are easily determined by 


taking the case in which the hexagon is symmetrical with respect to the 
line of centres of the two given circles. But before determininy. the 


64 


constants, let us establish the invariant relation connecting r, Rand ¢ 


for poristic hexagons. 


Let a,a,4,4,4,4, be the hexagon in the symmetrical position, the 
axis of symmetry being a,a,, the diameter of the given outer circle, 


Write Bile HRA Then since the sides 4,4,, 44a, 
a,a, touch the inner circle, it is easy to see that 
r=(R+c) cos 92=(R—c) sin ¢=R cos (O@—¢) 
+c cos (9+ ¢). 


Hence. cos 8 cos ¢ (R-+c)+sin O sin ¢ (R—c)=7. 
; cos $¢+sin 9=1. on ee aed 2 
Now writing ea O=p, 
T < 
remem ais 


the relation (i) is equivalent to 
3—2 (p'+¢") =(p"— 9"), 
or {1+(p—q)’)} {14+(~+9)’} =4, se - (2) 
giving the invariant relation between 7, R, c, for poristic hexagons. 
(f) To determine the eonsant value of 
AjAyA,A;+ AsAsAsA,+A,A,AsA, 
= G,Oy'A,4,+4,4,°A,0,4-4,0,°A, A, 
We have a,a,=2R 
a,a,=a,a,=2R sin 9+¢, 
Again, since from (e) (1) 
cos $+ sin 6=1, and sin¢-+-cos 9=p-+q, 
we have 2+2 sin (0+¢)= {1+(p+q)?}. 
: a,a,+a,a;,=R[1+(p+q)’]. 
Hence, the required constant value 
=2aa,a,a,+(a.a,)* 
=(0,;04+4,45)?—(aja,)? 
=R*{1+(p+q)?]?—4R? 
R°{1 2 jy _4 
[1+(p+q) ] [1+ (p+) ered 
R°{1+ (p+ gy’ \{1+ (p+q)?—1—(p—g)*], from e(2) 
4 R® pq{1+(p+q)*] 
- ARR 44 RY 
(R?—c?)® 


—c mie 


I 


{ 
| 


i 





65 
Question 963. 


(A. C. L. Winkiysoy) :—If two circles are such that quadrilaterals 
can be inscribed in the one which are circumscribed to the other, prove 
that the ratio of these quadrilaterals is constant. 


Solution by F. H. V. Qulasekharam, M.A. 


To avoid ambiguity, the latter part of the question should read 
* prove that the area of any such quadrilateral bears a constant ratio to 
the area of the corresponding quadrilateral whose angular points are the 
four points of contact of the inner circle and the original quadrilateral.” 


Let there be two circles such that a quadrilateral can be inscribed 
in the one and circumscribed to the other. Let A,A,A,A, be one such 
quadrilateral; and T,, T,, T;, T, be the points of contact of the sides A, Ay, 
A,A,, A;A,, A, A, respectively with the inner circle. 


If ¢ be the angle between the diagonals A; A, and A, A,, the area of 
the quadrilateral A,A,A,A,=% A, Ay. A, A, sin ¢. 


Again since T, T, and T, T, intersect at right anglos, the area of 
the quadrilateral T,T.T,T,=3T,T; T.T.. 
(vide : Nixon, Luclid Revised, p. 187. Ex. 87) 


Hence we are required to prove that 
ArAy AsAs Sin? i, constant. 
TT. TAT, 
Again we see that T,T, and 1,1’, bisect the angles between A, A, and 
A, A,; and the point of intersection L of A,A, and A.A, is the limiting 
point of the system of circles coaxal with the two given circles. (Nixon ;: 
Buclid Revised, pp. 370, 375 and 424.) 





Hence if t, denotes the length of the tangent from the vertex A, 
(r=1, 2,3, 4) to the inner circle, we have 


4 =f 5 fe — 4% Xs constant (say)1/; 
A,L A.L A,L A,L 
also A,L. A,LU=A,L. A,L =a constant. 
ee tytg=tt,=:a constant (say) 
Also A, A,;=Xt(i+t,) ; AgAg=X(tot fs). 


By Ptolemy’s theorem, 
A, As. AgA,=A,Aq. AgAy+t-A,Ay AsAs. 
XN? (tts) (tet) =(+ta) (teh) + (h+t) (+6) 
=(ty+ts) (tot fs) +4p. 
Hence (t;+t,) (to+t,) is constant, 
4 
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Hence A, Aj. A3A, is constant. sn +6 rt Ga 
Again since LT, bisects the angle A,LA,, 
mesh: Asb cog? (Hobson: Plane Trig. p. 196.) 


A,L+A,L 2 
A,L. A,L > 
imi G2). ons 
Similarly dips —F Rea 008 | 
Hence T,T; Varies as { e+e} Coss. 
But t,t,=t,t,=a constant, 


(ty-+ta) (ts+f,) 2 
para ee , (ty to+tetts) 1t—d 
Similarly Ty Catto 7 Whi area 
TU Dabs St se ee «ee (2) 
(For fhthtttt b? ae ) 


A WS 








(titte) (atts) (tetts) (uth) 7 
(Hobson’s Plane Trig., p. 208) 
Hence from (1) and (2) 
A, As. A,A,. sind 
Lylss Lean 
whence the theorem. 


is constant, 





Question 964. 


(H Br.) :—If f (zy) isa rational algebraic function of z and y 
such that f (—a,y)=(—)**'f («,y), show that 


Gi) { = f (sin 20, cos 20) ae 


CoN 
= Sat f (sin 20, cos 20) tan aa (cot @) a 





ear k i * 
=) Seo . f (sin 20, cos 20) (cot 9) dQ; 


oe 00 
and (ii) J f (sin 9, cos 8) nt 





_(—)*(27 ak\ 
i f (sin'9, cos 9) 79% 95 


where \=cot 0, or cosee @, according as 


f (—#,—y) =f(ay), or —f (2, y.) 


5 
[The integrals are assumed to be finite]. 
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Solution by K. B. Madhava, 


These results may be supposed to be more general than the general 
- case considered by me in solution to Q. 702 (published on p. 190 of Vol. 
VIII, J.I.M. S.,) but the same method of procedure is also available here. 


Since the integrals may be assumed to be finite, the range of integra- 
tion may be split up into parts so that 


o) 3 9 
med =(i8 + ts fe re cf ge A (1) 
J, 0 * | Sar 
o 
and the following substitutions be made : 
in the second interval, put ¢=™—9 
third x put ¢=0—7 
fourth ,, put ¢=2n—O, and soon et) 


tole 


Tt 7 2 


We shall therefore have in the first case, 


fe f (sin 20, cos 26) 
° 


27 f (sin 2¢, cos 2¢) (—)**" f CE 2¢, cos 2¢*) 


18) 





f (sin 2¢, cos 2¢, cos 2¢) ‘| 


+ Cray 


=f ‘ (sin 2¢, cos 2¢) at] rire { 


oO 
1 
apa} te 


=) fe f (sin 2¢, cos ¢) 3 i (oot ¢) d¢, 
oO 
which proves the first part. 


Again, for the second part, 
notice that f reneats itself, multip 


proceeding in the same manner wé 
lied by ape in every odd interval and 


by (—)**' in every event one ; and that , 5 , (cot @) repeats itself simi- 


larly, so that in every interval we shall have f (sin 20, cos 20) 4 i" * (oot 0) 


repeats unaltered by the substitutions (2), tan 9 however changes into 


(--)" tan 8, 
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Therefore . 
io) 


f f (sin 20, cos 20) tan G2 ibe nae 6) a - 


me 


tan9 tan 6, tan @ 


a 











f (sin 20, cos 26). ao| 


~ 7t—8' m+0 
tan 9 t 
er fa “le ion 2 


oe 


tan@ tan@, tan@9 
f (sin 20, cos 26), dO (“6 te-e tore 


=) 


tan 9 a™ 
+Op2q'"t +| ape rt 6) 


int 
ah f (sin 20, cos 20). dO. tan O. cot 0. (cot 8). 





= _/P f (sin 20, cos 20) 10% “. (cot 9); 


which ptiseting 3 the first case completely. 


For case (ii), we still proceed in the same manner; thus 
oO 
; dO 
ie J sin @, cos 8) Qin 


= 2 7 on 20e 8). f (sin 8,—cos 8) 
=|.° =o + =O 


f (—sin 0,—cos a, f (—sin 6, cos 9) , f (sin O, cos @) 7 


i (7+0)** (27 — —O)r ~ ta 0)FH ak’ 














gm 1 1 1 
=J dQ. 9, cos 9 a —— 
J f (sin 9, cos ) | 9 Coraynt eri) | 


1 1 
ae (eae ao 
(98-27)! "(6 7e7)m may 
it f (ay) =—f («, 9); saan J 
the integral 


La 1 1 i+)? 
—— dQ. i r i+ ‘fA ee oan : | 
j f (sin 6, jr 0) [ gmt (Gam (0+ arn) 


1 1 
Sp es 8 
el ve (0-27) (949 rm) Tove 
if j (—2,—y) =f (2, Y: ; * hs ‘ J 


Lap 
so that the second part= PAG, f (sin 0, cos 9) 2 : es 

o 
where \ =cot 9, or cosec 9 according as f (—2,—y)=/ (2, y) or—f (a, y), 
as in the problem. 





Question 965. 


(Hewras):—ABC is a triangle. A point J is taken on Al 
produced, such thatIJ subtends at Bor C an angle a, where cot a=3 
cot 4 © or 3 cot } B. Show that there exists a circle through A and J 
which cuts AB and AC in D and E, so that BD=CE=BC, [Suggested 
by Q. 959] 


Solution by K. J. Sanjana and N. G. Leather. 
Take the figure and notation of the solution to Q. 959. 





Thena =ZJBI;: let cot facet root, more generally. It is easily seen 


l+m—1 
that ZBI,I=3} C, so that ZBJI,=5 C—a. 
H 5 ee Oe ee 1 —l+m—1. 
ce T,B sin(43C—a) sin }Ucota—vos3C 2cos Aa 
oe JI,= ae 4K cosine =2 R (J4+-m—1) sin’. 


Adding I,A, JA=R { 2 (l-+-m—1) sin } A+-4 cos 3 Boos 20 } 
ee © { d+m—1) sin A+-sin A+sin B+sin o} 
cos3 A 


= {(l+m)a+b+c }/2 cos 3 A. 


Let any circle through A and J cut ABin Dand ACinE, From 
JA. DE=JD. AE+JE, AD,| 


we get tee 2’ sin A=2R’ sin (40 »; 
oc =(14+m) a+b+e, or (b'—b)+(c'—c) =(l-+m) a. 
Thos BD+CH=(/+m). BC, Ifl=m=1, cota=3 cot 3.C, and 
BD+CE =2a, so that for some position of the circle BD= CE =a, 
The same result follows from cot a=3 cot > B. 


—— eet 
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Question 965 (a). 


(A. C. L. Witxinson) :—Prove that 
1—2 (2+4?*) s2+-5k's;f , 1—2 (1+?) 3,2+3h's,' 
acdsee bt a sale Yo aor ar nd De Bo ce 

2s,¢ 1 256d, 

ae —2 (1+ 2k") 8,°-+- Sse —3h?s,528, : 
28,037, 
k rh k--ck’ 

where a=en( 5); $,=8n 5) , 6 =Sn 3" ) } 

Solution by F. H. V. Gulasekharam, M. A. 


From the addition formula for the E functions, we have 
k+ck’ k ik’ 
sn(MH) —an(8)-00(2) 
GO eG 
= —-3h? 818085. ase ove (A) 
We shall now establish the following relations :—- 


(3 E(ERE) amps w—wy—1o2 A428) + Sl! 


2s,c,d, 


(ii) 3 E 2) =p 1-2 2+) +55! 
2 28\¢,d, 


¥r Me \ ope gary 1-2 C1 +#) 5,2 1hs,? 
St) =5 (Pow) ee a 
(iil) B( 3 ) : ( ) 28yColy 


To prove (i). 
It is easy to reduce the relation 
3 Hw=E(3u)+%*snu sn 2u (snu-+sn 3u) 
Now write 8u=k+k, Then R(8u)=K+4(k'—H’), sn 3u = 
~~) k 
and, sn 2u=sn sete) | =sn[(k-+7h')— 3} (k+7k)'] = dy: 
v¢ 
D k-+eck’ fe *77," Vv Sa, 
Hence 3 B(-t*) =EH+1(k Bes ee (1+ks,) 
=(E+i(—H’) 4. 28d (1-+ks,) 
28505 ds =e 
‘a: “re iy say es 
Again, since sn[ 3(k+7k’)] = = 


Poca, Lda 


l —k?s,4 k Cg ? 


L-6 1—2 ks,+-2 k s2—ks,4 =0, 
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Making use of the foregoing relation 
28,7d.°(1+ kes) 
= 28,?+4 2hs,°—2h*s,4—2h's,$ 
2s,°+ (ks,4+ 2ks, —1)—2k's,! 
— 2s(1—2ks,+ 2ks,*) 
= —[1—2(142h")s,2-45h%s,4], 
Hence relation (i) is established. 


ll 


To prove relation (ii). 
As before, starting with the identity 
3 Ev=E 3u+ snujsn 2u (snu+sn 3u), 


write 3u=k; so that E 3u=E, sn 3u=1, 
: 2h: k ; 
d, sn 2u=sn=— = ( Sd) Pe | 
and, u=sn z =sn k =) rs 


Hence 3 E (2) =E + rete) 
1 


—p4 2hsves' +5) 





28,c,d; 
° 2k Cy 2s,c\q, Ls Oy 
Again, since s1--= hala eet PURE 
1.e, 1—2s,+ 2kh*s,°—k*s,! =0Q, 


From the foregoing relation, 
2 K*s,°c;* (1+ 8) 
=2 k's 8+2 k’s;'—2 h?s,4—2 ks,6 
=2 Ks, +(Ks!+2 ,—1)—2 ke! 
—2s, (1—28,+2 k’s,°) 
= — [1-2 (24 Byler +5 We] 
Hence relation (ii) is established, 
To prove relation (iii). 
We have 3K (iu, k) =3i koe + u—E(uk) | 
(Vide Dixon, EL. F. p. 54.) 


write wet 5 sn (& W) = =; cn (= K)= =C and du ey — 0 


Hence 3B (* ye) = Eee 38 (F HY] 


Again from relation (iii), - 
9 12,29 +5k 
oR (= ) —R’ _1-2(2-+k )S*+-5k°S* 





2SCD_ 


Hence, after simplification, 


=s (K’ 14-2h39" —h'29! 
au (= shy) =i (Ki— “aso Ot 3 1 





=(K'—E)—; Tac a [6.8 — 2k? s.%c,?—k'#S,*] 


“7,8 : 1 D 
[ for scan (=. k) ote: ae=>G and ie 


se ti’ 1—2 (1+) 87+3 ks, . 
za (& oe oe 26 S0C2Mq 











Hence from the relations (A), (i), (ii) and (ili) the proposed 
identity easily follows. 


Question 966 
(A. C, L. Witkinsoy) :—Prove that 


K 
h-3 (= 3)=-4 ! >) 
cn* % 
Solution by F. H. V, Gulasekharam, M.A., and K. R. Rama Iyer 


In the solution to Q. 965 (a), it was shewn that 


nt (oles rea 4 40 (1+8,), 
35 (cz) =E+k oe ra 


K K K 
h = “230 ao — hla = (> 
where s; an (5 Cy on (=) nd d,=dn 3) 
It was also shewn that 


1—2s,-42k?s,8 —k*s,4=0. 
(1—s,)*(1—Hs,2) =(1— 8) ,2 
(1—s,)'d,?=k’s,2 
(1—s,)d,=k's, 

c;"d, =k's, (1 i 8) 


Sy 38(<) = b+ = oa 


sy R-3 4H (= z)=-Pat 
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Additional Solution (1) by F. H. V. Gulasekharam. (2) by the Proposer. 
(1) When v4 vat us+ 4 =0, 

4 


4 
) twee y fee, 
k?—k® (c,¢,6,0,)~ C, 
i= r=l 
where §,-=SN &,, C.=Cn U, etc. 


(Vide. J. 1. M.S., Vol, X, pp. 338, 336.] 
Write u,=—K, then when ™+%-+-%,=K, 
3 


k? 
SD) Ber = B+ peicsts eee. eee (1) 
r=] 
a K : 
Now writing $=h=%=—> we get the required result. 


Note.—(a) By applying Jacobi’s imaginary transformation to 
(1), we can prove that when t+ u%+us=ik’, 








3 
: k’? 
EB = RH _ e - 
», fees ) k.cycaCg 
T= 
3 
» “gre dite (2) 
r=l ‘ 


Now, writing 4=%=%s= (5 ) , we get a result for E (+) ; 


(b) Again, we have when y+ e+ %s+%4=0, 





4 4 
I? \ 8c ; ‘ 
eee ee, rr (Ibid, pp. 338,336). 
DE = TE hd afer eh 
{44 - r=1 


Write u,= —(K+7K’) 
Hence when Ube ths=K+7K, 
. 
Ds Bu, =E+i(K!—E')— 7 dataty ( (3) 


r=1 








K+7K’ (K+7K’ 
Now writing = ="%= ( 5 ); we get a result for B( 3 ). 


(2) Consider the intersections of the curves 
yi=a(1—a)(1—h*a) (1) 
y=(1—#)(az+b) - ove AF wee (2) 
5 


74 


The absclasae of the points of intersection are given by 
F(#) =(1--2)(aw+ b)?—a(1—h?x) =0, es sas, CO 
a 
and we have immediately 2,2, =a a3 rare wee (4) © 
Applying Abel’s Theorem to (3), we have 
OF 
On, da, =—_ 2y,(a,da +db), 
whence as in Abel’s theoreni 
eat WE Ea! P| 
Yi Yo Ye 
Or, %4-++-%+u,=constant, where %, “2, u; are the arguments of the three 
points of intersection. 
From (2) as; +b = 24 as2+b = aes 
Cy Co 
— 51440,— 8010 du(uy+ us) 
©,Cq( 81°89”) CC, SN (4+ M2) ¢ 
hoes cn (%4+%,) 5 
C469 82 (y+ U2)” 
combining these values with (4), we have 


whence a 





U,+ Ug+u;=K and a= d 





C1C2Cg 
: Vz,da wdatadb 2 
Consider now = sag ee See 
a e) IF = da, 
Om, 
whence Lk? sn?u,du, ae and since Ldu,=0. 


We find on integratiug and taking Us =2 for the lower limit, 


, . +f a 
E(u) + E(u) + H(u;) -3E (>) =son % CN Uy en Wy cn® hay 
where 14+ u.+-u,=K. : 
Writing 4,.=K, u,=u,=0, we have the given result. 





Question 967. 
(M. K. KEWALRAMANI, M.A.) :—Prove that 
142-5 4-5 5-04.7-54 3-5 B5a8 
a x916-+/3 
Solution by (1) K. B, Madhava (2) by DL. S. Vardyanathan, M. A. and 
(3) by N. G. Leather, ; 


(i) Several problems of this nature h . 
of the J.LM.S. (vide: Vol. 7.) Orn eects eos eae 
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It may therefore be interesting to work out very general cases. 


0 
Write iW= Sy ping 


which satisfies the formal equation 
(fy) —tafyy=—4)) 
oO 


which, therefore, gives the veal equation 
Li (y)—éaf(y)]—e”) =0. 


Hence f(y) =Ce**” where C is independent of y and y ranges from 
0 to 27. 


Putting y=, we have caer? 
so that 
Denies? 
emia 4 -l. 





change y into 27y and 27 into a we shall then have after some 
manipulation 
(A) Lieing ys 
‘S] 6—2n77 
e —l 


where the dash on the signa indicates the omission of n=0. 


9 o<y<l 


3 
If we now remember, that the coefficient of Sin (© Oo is Beruou- 


lli’s Polynomial ¢,,(), and the coefficient of oie = the Polynomial 


$n (@) 
we shall have 
¢'om(#) =2m Pam-1 $(#) (m>1) 

and b om4i(®) =(2m-+ 1) [Pom(%) + ( —)" Bn ](m>1) 
where B,,, in the mth Bernoullian number. 

These results are given in § 94 of Bromwich: Theory of Infinite 
Series ; vide: also J, I. M. S., Vol. 8. p. 148. 

Expanding the right side of (A) and equating the coeffs. of 

G2k Qe +1 


~_ and ————— 


2k! (Ok+1)! 
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we have 
sin Qnmy _ 1 
2 Sy Quah ~~ Q@r+]y! dargr (Y) 
n=l 


i (B) 
Veos Qnmy 


oe 
(Qun)* =(—) ee (ary 1 PY +B, 


-——+,- ——- 


n=l 
and other expressions. 


The values of ¢, (y) up tov=6 are given in Bromwich, p. 236 ; 
the rest may be easily calculated. 


From (B) we get a variety of results giving particular values to 
yand 7. For the purposes of the present example y=? and 7=2. The 
result given by the Proposer seems to be incorrect; it ought to be. 





177° 
2916/3 
(2) We know that 
3 (W—2#) =sin +3 sin 2¢+3 sin 3 a+...... 0<r<2 7 
Integrating the above yavrcee m™ and w. we have 
5 («a +)-2 7 ae 008 OE Ee moe et 3 eee 


2 
Since > =7. 


Integrating (1) between the same limits thrice more we have the 
following equations. 











1a e\ —n°e sin x sin 2 aw sa 
Cr Ba tl Sak Iss ota? 98 a |. 
“= _ x _ an Cos a ona, aad de 
1 +355 ot Oy ian an sa a 

_ a ae mtx [sing sn ae 

fil 120) 36 cea if, 0 he Soman 14 (4] 
putting w=, we have 
3°94 4° 


after simplifying, where S stands for the series whose sum we are 
seeking, 


ep 4mld,. Aylin 
3§x12xVZ 2916/3 
3 3,tan das 1 1 1 
©) 5. "on “pom AA Seam lee oe 
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Differentiating with respect to 7, 
+- ——__—__. 





ld Soet 
(n— act (n+ mye (8n—m)*?  (8n it my VE =(— ") ‘see ary 7 


Differentiating again 


1 1 1 
= Gany Gm Gummy Gaept | 


= ays seo T tan ™ 
Qn Qn ° 


Differentiating again 


1 1 l i 
3 l ay cae bac ay eee a | 
= gi a mnt 
(7) [2 bec" ,_-tan + sec‘—_— a7 


a i, ill 
Cy [3 sec! __—. se 7 


Differentiating again 
1 1 by eat Sale ] 
2 Fe=>, (name G n—m)> (Bn+ mj 


_( 75 (mmr Oe | tank 

=(=) [ 12sec Ink 4 sec an. me 
1 hae iy a ee 
(n—m)° (n+m)? (8n—m)® (38n-+-m)!° 


™ of 1, gmt mm 
ec’—— | tan—— 
=() [ se 3 2n a 2n * 


Put n=3, m=2 
1. 41 om 4, 
IF eta int = yr [ 6-3 3 v3 
a’ 44 W811 
Seas =o. SORT 1/8" 
Put n=3, m=1 
iaeek (hs 168% ‘ 124, 
oe ate at = G aE: v3 
nm. 4 





~ 65, 3/3 ~F 3 eee 
Adding, we get 
1 
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QUESTIONS FOR SOLUTION. 


1027. (Srvecren):—1f p is a prime number and equal to 2n-+1, 
show that 
(22) !=(—1)"24".(n !)?, (mod, p’) 

1028. (N. P. Panpya):—Two tangents to a parabolaa are fixed, 


and a third one is variable, Find the locus of the centroid of a 
triangle inscribed'in the parabola, having its sides parallel to the three 


tangents. 


1029. (Surecrep) :—Prove that 


(£#) ee. 
n 


cacti? a ed d i“) at ead 
» aes! LG ya «| | (ae aos e"e | 
+=0 
1030. (Sutecrep) :—If 2-14 214 a2"14 a" ...a,,2"-2=0, 
for integral values of x from 1 to r inclusive, then 


(a-- a1) (@+ a2)... (+ day) = (y+ a) (Y+ ae)... (Y + day) 


103]. (C. KrisHnamacuarr) :—With the usual notation in elliptic 


functions, show that if u+-v+w=0, 
p(u)p(v)p(w) =29,+4 ‘Geena (u)p(e)—P'(e)p(u) Y? 
P(u)—p(2) 
Deduce that 
P(2) { PE+@) + P(z+ 2) +p(c+,) } +19, 
ag 1 1 1 
=@{ FuL/BL AS, We ae } 
Pe CeO) aed), oa 


Note.—where p(w) denotes the Weierstrassian fanction. 


1082. (N. P. Panpya) :—The month of April, 1919, coincides with 
the month of Chaitra of the Samvat year 1975. Find other pairs of 
coincident months in the next 300 years. 


1033. (V. Ramaswamr Atyar, M.A.) :—If two figures in a plane, 
one consisting of lines, and the other, of points, be in ortho-polar 
correspondence, (that is with respect to some triangle of reference 
ABC) prove that they will continue to be in ortho-polar correspondence 
under any relative motion of translation, 
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Show also that the circum circle of the triangle of reference 
continues invariable in the figure of lines and the nine-points circle, in 
the figure of points. 


1034. (V. Ramaswami Atyar, M.A.) :-Prove that the locus of the 
double foci of a system of confocal bicircular quarties consists of the 
two circular cubics which form the extreme members of the system. 


1035. (K. Awanpa Rao):—Suppose that 
f(x) =a,+a,%+...F4, 2" 


is a polynomical with integral (positive, negative or zero) co-efficients, 
and that is 7rreduczble that is to say it cannot be expressed as the product 
of two polynomials whose co-efficients are also integral, Then show 
that f(a) cannot have a root of multiplicity greater than 4 n?. 


1036. (A. C. .L. Witkinsoy).—A variable circle touches an 
ellipse at a fixed point. Show that the locus of the point of intersection 
of the other two common tangents of the circle and ellipse is the 
confocal hyperbola passing throngh the fixed point. 


1087. (A.C. L. Witxrson) :—If one angle of a triangle is 60°, 
prove that the Euler line of the triangle is equally inclined to the 
two sides containing the angle of 60°. 


1038. (A. C. L. Witxiyson) :-—The equation of a conic referred to 
tangential areal coordinates is 
al?+-bim?+- cn? +-2hlm+-2gnl + 2fmn =o, 


show that the magnitudes of its semi-axes are given by the equation 
I'a!+41 J R’a*+16 R‘Asin’A sin*B sin°?C =0, 
where Ris the radius of the circumcircle of ABC, the triangle of 
reference, and 
I=a+b+c+2f+2qg+2h 
J=A sin’A+B sin’B+C sin’?C—2 F cos A sin B sin C 
— 2Gcos B sin C sin A—2 H cos C sin A sin B. 
eee as =}05 ete., 
g, fr Oa Of 
Hence, or otherwise, prove that if a conic is inscribed? in! a triangle, 
the product of the squares of its semiaxes is 4 Ra@y, where Ris the 
radius of the circumcircle of the triangle and a, £2, y are the perpendi- 
culars from the centre of the conic on the lines joining the middle 
points of the sides of the triangle. 


S= and A= 
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1039. (A. |NarastncA Rao):—The integer 142857 is such that 


every cyclic permutation of its digits is a multipleof itself. Find other 
numbers of the same type. 


1040. (A. Narastnca Rao):—Show that any small displacement 
of a rigid body may be resolved into 6 rotations about the edges of an 
arbitrary tetrahedron A BC D. If the motion be one of pure rotation 
about an instantaneous axis, prove that 

“ab, “cd+ “be. “ad+ “ca. “bd =0, 


“ab being angular velocity about the edge A B, with a similar notation 
for the others. 


Determine the anguler velocity about the axis; also find the 
relation between the w’s when the motion is one of pure translation. 


1041. (A. Narastnca Rao) :—Prove the following analogue of 
Ceva’s Theorem in three dimensions. 


A, B, C,D, are 4 points on the faces of a tetrahedron A BCD. 
If AA, BB, CC, & DD, are the generators of a hyperboloid, we have 
four relations of the type 


AACD ABAD AGBD_, 
SB.CD AC,AD’ AA,BD ~ 

Are these conditions all independant? If not, determine the 
relation between them. 


Some Definite Integrals. 


By S. RAMANUJAN. 


I have shown elsewhere * that the definite integrals 


(Pes feat cos 7 t @ go Ta 


“cosh 1 2 





sin wiv — rw? 
n= é dt 
Pol ) {i sinh 7 a 


can be evaluated in finite terms if w is any rational multiple of ¢. 


In this paper I shall show, by a much simpler method, that these 
integrals can be evaluated not only for these values, but also for many 
other values of ¢ and w. 


Now we have 





00 . 
ty(t)=2 ig { 008 2 T2044 att we oda de 
o cosh mz 
mt? w' iy 
e 4 cosh 7 ta w! —na'w' dx 
Pe coshama @ 
Vv o 
where w’ stands for 1/w. 
It follows that 
1 —™w 
te{t)= d A(ctw’) (1) 


Vw Pry 


Again 
ap \2 
— 7 = w' X 


dy(t +-w)= Sat 


t ae MG ™ 
op cosh 7 » cosh T e+sinh — #sinh Tae  —z2 
w Ww mA daz 


o cosh 12 


—m(t-+w)’ 
Si oa 


Vw 
Qraz ta ae 
_(- ia ral ~—sinh—“e w de az \ 


sinh 12 w 


ge AE SP a ee 
* The Messenger of Mathematics, New Series, No. 522, Oct, 1914. 


on 
bo 


—m(E-+w)? ( 
4w 1 sVwe 


€ mth /Ato 


1 
ve 





Seats ees 
ihtnd mrt? / 4 A sin Ite oe 


sinh 1a 
o 


In other words 


rae an(t+-w 
mt /Acw {i4cb() } =e. dw dy(t+w). 


It is obvious that 
{ $y(t)= bw(—t) 
( thw (t y= —f,( (—?) 
From (1), (2) and (3) we easily find that 


; nt? . 
; —— eae el 
itibwlt+i)=—¢ 4w A 2—b, ~ +i) 


It is easy to n that 
Tw 
by(?) = 3 Pel! t)= > by(w)= a 4. oe 


iw 9 é 4A ; 
_ mu Te ee 
2 —tbw(w)=e ar £ dy(0) pep tobd) = (ay +5) 8 


4 Tv 
a 


dL w(ebt)=F+ mre 43 $wl2l) +tpw(Sw) =F. 


Again we see that 


1. —2e 
bwt+)—dw(t—)=— e dw; 
Vw 
: 5 om? 
and bo(t+ t) — by (t—2) =—e Aw. 


Vw 
Frem (1) and (5) we deduce that 


T(t-++-w)? m™(t—w)? : af 
eo dw bulttu)te dw tu(t—w)aet, 


Similarly from (4) and (6) we obtain 


1 (t+w)? 1 (t—w)? 1 
e Aw {5Hetttu)t —e 4w {thu}, 





It is easy to deduce from (5) that if » is a positive integer, then 


(2) 


(3) 


(4) 


(5) 


(8) 


(7) 


EEE ————— 


a 


EE —— 


re 
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to(t)+(—1)" tg ¢-£2ni) (9) 
oil \9 > 7 - pl ww > 
=—.{ “gt ohtt?) lg i nites inant i “ht £98)? 


—...to ” terms i. 


Similarly from (6) we have 


rol t)—tho(t + 2nt) (10) 
sel’ = (t47)*  —T (432)? —_7 (+52) 
Ve te w te 4 +e 4 w 


—..tO % terms } 


Ayain from (7) we have 


nt? m1 (t+2nw)? 
= 1 
Ad wealt)t(—1)" "ed wb (t+ 2mw) 
7 1 : 7 
Tw) Me43w)® —7 (t45wy? 
=e 4 w! fae —e 4 we sr +e 4 a (11) 


—,.to 2 terms; 
and from ee 


ve Z w{ d+ b0(0} (a1 th a4 200) x (12) 
“{Litete4ine) } 


™ n 1 P 
___(t+-2w)? ~_(t+4w/)? ™ (t+-6wy? 
eat a +2) nae = se) he 4 y so) 

-...to ” terms. 
Now combining (9) and (11) we deduce that if m and » are positive 


" integers and s=t+2mw +2n7, then 


bolt (DO FVOFD Smeets (0 Sa 


=— 


as —wy (8 —3wy? ae (s ~+5w)? 
fas “1h —e bg ea 
- to m terms | 
4 (—1yeneene ins t) 1a ae 


ie 
— 7 (431) ~~ G45) 
aw Nyetig aA — tO 0 terms } 


—e 
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Similarly combining (10) and (12) we obtain 
1 
maems1 tae, t 1 
L pot (Hy a CFOS bo 4) 


cao 82 7 — 2) 2 ms —4 v a 
a, 40 {awe zw 
= é 


T fo ap \2 
4w tage —...to m nent 


+e 
; 1 un 
mnyM4. of te, t Beg aac fo Ct 
+(-1) oe qm (st aie ji (t 7) 
™ : nm : 
— —(tt3s)? = 4-52)! 
a RAP +e “wv +...to % re 


where s and't have the same relation as in (13). 


Suppose now that s=¢ in (13) and (14), Then we see that 


\ tn 
if w=, then 
m 


(41)(241) 
+o { b(=1) Tmt ; (15) 


=e 


wae uN ys) UE yn) 
oo Rae ae 


™ ud \2 
+e Pei 5 w) BI Sy ae 
m wit 2 
ee me cnt {ae OY 
w ; 
amply (ee : 
—e reas (3 3) +...to eau 
eal mmt 
{5-H} { 14. (—1) rt eae } (16) 
mt? aS tant 7 t— Au)? 
Gr sia e as ‘a —e 4w roe +...t0 m terms } 
mnei |» m™ mt ™ ‘ 
wey ck wise 
+(—1) Vu @ ri 4 w 
ioe ° 
ee Ge 9 
+e 4w ( 9 +..,t0 % terms } 


where +/w should be taken as 


im fen 
EV (GD: 


——a—a—a———oerlcle eee ee en ee ee LS ee 


a5 
In (15) and (16) there is no loss of generality in supposing that one 
of the two numbers m and » is odd. 


Now equating the real and imaginary parts in (15), we deduce that 
if m and x are positive integers of which one is odd, then 


2 cos 2ta (= d 
cosh nt |” ay re a ) & (17) 





=[cosh { (1—») t } cos(am/4n)—cosh { (8—x) t } cos (9arm/4m) 
sv (3) [a O-D)ei he G-RE+E) 


pL Om 
—cosh 1 1 —2)nt} n t? cos bib es: —~) Pm 
( Ea tie = +...t0 m terms |s 





and 





ae Qtx . ™ m 2 : 
2 cosh xt ai : ( Posh I 
a id o cosh Tx sa N 0 (18) 


=—[cosh { (l—”)t } sin (1m/4) 
—cosh { (8—n)t } sin (9mm/47) 
+cosh { (5—n)t} sin (257/4n)—...t0 » terms] 


% 1 nt 47 
h 1—— )\nt es d 
+4/ ( =) [208 {( ae } sin (em tae) 
—cosh f ( 1— =) n ‘ sin a ip ail a 
mm mm 
+...to ” terms | , 


Hquating the real and imaginary parts in (16), we can find similar 
expressions for the Bene 


© gint zw in (7 2) ae As sin t a ‘ea 
— os ( —— )da. 
7 I, sinh ie sinh ma © 1 ) 
From these formulae we can evaluate a number of definite integrals, 
such as 





© cos 27H os at a? da—ttvV2 sin wf 
5 cosh Ta 24/2 cosh tt ’ 


: 2 2 
sin 7 2”? dz= — —l+v2 cos Wt 





ie cos 2mtw 








9 cosh TH ~ 24/2 cosh mt ” 
ie ¢) —_ 2 
i sin 2atw nave akde _.cosh T/—cos 1 
» sinh Wee | 2 sinh n/ 
CO . 
| atl e ws sin 7 a* da= i oe, 
9 sinh ma 2 sinh wi 


and so on. 
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Again supposing that s=—tf in (13), we deduce that if t=m win 
where m and are positive integers of which one at least is odd, then 


mt? a(t—w) We, 2 5 
$wl=5° 40 _ fe roma oH) +...t0 m terms 

1 ™ KA 1 ; 
ra ears (¢tt)_ 7 (¢£38)'+ ...t0 7% terms } r (19) 


This formula is not true when both m and » are even. 


If =m wnt where m and » are both even, then 


teo(t)+-(— ta) (+3) Fee iia (20) 
=e Ge te Lt—)'_, Ta (tBu) +...t0 em terms } 
(—1) (1+-3m) (1+ 2?) j~imm t Ps 
Vw 
n 9n 257 
pee dw 4 4w «to i niterms t. 


This is easily obtained by putting ¢=0 and then changing sto? in 
(13). Similarly from (14) we deduce that if =m w+n ¢ where m and » 
are both even, or both odd, or m is even and n is odd, then 





De eee ae oe Vememens —s 
bul) =x 4a | do Go) (21) 
+...tojm terms ; 
: Tse at yy: 
ore iF?) i Pa +..to terms }. 
If t= mw +ni where m is odd and m is even, then 


onaT { (m—1)t-+mw } ¢,,(0) 


Aw eo tw ip 


saa wm (t—2w)? Tt (t—4w) 
=A 


* eto 3 (m—1) terms t 


F ae ee 
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1+}(m—1) (m2). _} a(m—M(t-+w) 


=) eect 
(1) = 
A OG ee dl PF } 
q fy. pavet*) bay a" + 3H)" ito in bet 


This is obtained by putting f=w in (14). A number of definite 
integrals such as the following can be evaluated with the help of the 
above formulae. 





e) t+-2)2? i ot 1 ait tnd 
cos ack i ar 4 Tess} 


o cosh 72 
/ oat 
[Sain nie —nE+s)e 7, Li its 7 
J. sinh Te 2 2/2 V(t+4) 


and so on. 
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Fractional Differentiation. 
By M. T. NarANrIENGaR. 


[This paper relates to a method of fractional differentiation which 
is apparently a generalization of the customary processes of differentia- 
tion of the Calculus. The idea here developed is akin to that of 
expressing factorials of fractional numbers by gamma fanctions and the 
results arrived at are not altogether uninteresting. So far as the author 
is aware, no reference to the ideas of this paper is to be found in any 
previons paper in the English language. In other languages also, such 
references are few and are of a fragmentary nature. M Paal Dienes in 
his “ Lecons sur les singularities des functions analyttiques ? (one of the 
collections of |Borel’s pamphlets) draws casual attention to the 
genralized derivate of Riemann and of the analogous process of integra- 
tion of a fractional or incommensurable index by Hadamard. The 
reference to the work of Riemann is to “Versuch allg. Auffasung der 
Integ. and Differ.” (1847) and “Mathematische Werke ;” but the articles by 
Voss and Pringsheim in the Hncyclopaedie der Math Wissenschaften 
do not make any mention o! fractional differentiation. Forsyth makes a 


a 
casual reference to the operator f-,) "at p. 393, (Diff. Eqns., 1885,) 


but abstains from developing any properties of the operator. 

The International Catalogue of Scientific Literature gives the 
following paper, which may have some bearing on the subject matter ; 
but the present writer regrets he has not been able to get access to it, 

R. E. Moritzer: “Generalization of the Differentiation Process,” 
Amer. Jour, of Math. 24 (1902) 257—302.] 


(i) Ordinary Differentiation. 
1. The laws of combination of the operator D or ~ are extended by 
x 


considering fractional indices in-the index law as expressed by the 
equation 


DPD % =YP+%,. (1) 
Thus we may write 
oa 
D2D2y4— Du, (2) 
ea 
D?*D*DFu=Du, (3) 


rh 1 
and so on. The meaning of D? or D® in the above has therefore to be 
inferred from these functional equations. 


- * Presented to the Indian Mathematical Conference, Bombay, January 1919, 
, 


_* 


— a 
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Let us consider the fuuction a, We know that the operator D as 
applied to it signifies that the function has to be multiplied by the index 


BA 
mn and unity subtracted from the index. Hence the symbol D? should 
mean an operation which when repeated twice in succession will be 


' 2 
equivalent to the above. In other words, if D* is equivalent to multi- 
plication by R (7) and diminution of the index by 3, 


- i n—4i 
#.¢., if D? (2")=R(n)z* (4) 
then D?D3(2") =R(n)R(n— 30"! ; (5) 
and therefore R(n)R(m—3)=n, : (8) 


which is the functional equation defining the new symbol R (7). 


2. To solve the above equation, we may proceed thus :— 





We have R(n). R(w»—3) =n, 
R(n—3). R(w—1) =n—3. 
2 R(n)/R(w—1) =n/(n—4). 
But T(n+1)=2T(~), 
and T(n+4) =(n—3) T(n—4) ; 
R(v) _T(n+1) T(w—4) 
. R=) Fey tors 
_T(nt-)/TQu+4) 
P(m)/Tim—d) - 
Hence R(x) e Tw+1)/P(e+4) 
; XTm+l 
= eat” ehh 
Then R(n—3) = dT(et+a)F@) 
7 R(). R(n—3) =v Tt 1)/F() 
=)? n=n, by (6) 
Thus M=1 or K=]I; 
so that R(n) =T(n+1)/FO+3), Rewer) 
1 1 1 3 
z Bo-yalaartasrt oe 


{ Bromwich ; Inf. Series, p. 477, Kix, 51.) 


1 
3. Next consider D® («"). 
Proceeding as before, we have 
R(n) R(w—4#) R(x — 5) =" oF, 
and R(n—4) R(n—3) R({n—1) =n—35. 
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R(2)/R(n—1) =n/(n—%) 
_Tin+1) a3) 
T(n) T+) 
_Totl)/TO+3), 
~ T()/T@—3) 
R() =. T(w+1)/P (n+). 


It is easily proved that \=1 as in § 2, and we have finally 
Rw) = T(n+1)/F+3), 


y Bon fal 2 Serj t 
aad Rim) TO) Un+8 | 3+) | 3-6(n+ 8) 
u 1 
4, Generally D? (@”)=R(7) ap 
where R(n) =T (n+ 1)/ Tent P—) | 
eas: Te on) * NL} 
and Rw) 7p tl we 2-1) ; 
GaP Aerials 


(p—1)@p—1) 
rs RE 
p2p(n+3——) 

P 
5. The negative factional index is readily interpreted as — 


follows :-— 


Dp? (x") =2"—2TQn4 1)/F(n+ 2), 


since D7? Pygae? =a"T(n+3)/T(n+1), 
or D2 (2) =e" Tarn 1)/T(m+2); 
and so on. 


6. In the following we shall use the notation #! instead of 
T(@+1). 


Theorem I. The generalised Leibnitz's l'heorem. 


Tf u, v be any two polynomials in a, then 
D?(u v) =(D,+D,)?uv 
whatever p may be, integral or fractional, positive or negative, 


‘The proof of the theorem depends upon the well known property 
of the hypergeometric function given in Forsyth. 


9] 
Thus 


(D,+ D;)*(a"a"") - D,?(2"”) +2 dD? (a) Da(a") + 
cara wes > ! 
(m—p)! 
ati 


~(m—p)! 


mop,,t pa m! nv! MaP+i,,%—1 
Pk 1! (m—p+1)! m—1)! % ap? 
gittt—P (y pr 
$a Pe + 
se Ge) 
i Goethe} 
m! 14-1 P 
girt-p_! (m+n)! 


F th, § 126 
7. eae Ae orsyth, § | 
which is the same as D?(a”"a”) 








Hence writing (w.v) in the form YA(#””. @")the result follows. 


The following further extension is obvious :— 


D?(u,0.W.s0008) = (Dit Dot Dy+...)? { U0. ire } 


Let f (%) = py (a, & we" yand I (2) = =i (6; 2”) where n 
may be integral or fractional ; then the constant term in f(D) F(x) ts equal 
te the constant term in F(D) f(@). 


6. Theorem Il. 


For, f(D) F(a) =E(ap D?). © (bqx") 


ag Fe ane ae 
aba (o —Pp)° 


Hence the constant term is 2 (a,b, ” !) and its symmetry shows 
that it is the same as the constant term in F(D) f(z). 


ar? 


8. The generalised Binomial Series. 


Consider c= my ce oa a 
n! ares 
where 7, denotes aan) 
a5 2 
Bt DE)="5 Thy +2 pt 
But "ODI GeDT (=n, (n—2), &e., &. » 
ee i 
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. ” 2) 
Bs Dié)=n, te nz—aDz 
‘pl 
2 ‘| . 
e = de 

G (a-+-1) Dz—nz=n, -—— m Fat. § Rees 
PCT arden 
: FJ dtey 


™ 


In other words, we have the following generalised binomial series 


1 at 
a a x 
Len ita sat ait 
2n Ps 
oy! ah ae, nae 
=(14a)") 1+ tare J: 


9, The generalised Exponential Series. 


Bi: 


wiH 





Let °=ItG @ @it 


Proceeding! as in § 8, we'easily get 


D(z) —2=27/a1 


2Qe*; 3 
s= z]or"dee®, 
ail 


tole 


> 
2 


so that the series 


lt are Bo 


10. The generalised [ae partes, 


Here we put s=f? (h) wo? ig =(h) we 
@ DT Git  @it 


Dash) 


wae 1S few ast f 





and obtain D,z—D),2= 





am 


1 th ae 
me a= dé.&"D, =f(a+h—$), 
are 
so that the generalised Tay!cr Series can be written 
1 


A v ‘ 
f(w+ Begs | a&[£°D,,?((e-+h—E)] 
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11. Consider the series, 

ie 

a) tenes 

where a may be any quantity! except a negative integer. 


T—1 ce 
We have Dz tote 


The series z is obviously always convergent. Further, if we 
remember that 
a8 (a1) ! —F(1,8,a,"/2), where 3-——> 
z can be represented|by Barnes’ integral as follows : 





t 
ain fo easy WNT (88, 
md (aty—l)! (4-1)! \ B/) 


— 


bo 


v7 
where S{=%; 


, d 
12. Properties of (© <=) 


fe 
Let Dy denote (ans) 2, then 


SS eee n—t 

D,(«")= (2) 2g’ =O-n, 9 * 
Zz dx 2 
=, 0". 


Hence, we have 
(i) Ds (#") =(m,)'a" ; 
(ii) ¢ (Di)o"=4("3 from (i), 
where ¢ is a polynomial. 


13. Let X,,, denote the operation 
1-™ 
[ Die” |; 


4m 4 my 
then Ne") =o" oD? 2 
yt mente 
=2- (m+r) ‘etre fi 
=(m-+r) 2”, 
Hence any number of operations Xan '_ ete, are commutative. 
[Cf. Edwards: Diff, Cale, p. 486, Ex. 2.] 


14, We can prove that when x is an integer, 


pa ™tepen g(a? 4+ 1 gemqe2), (Ibid, Ex. 3] 


Qanti * 


For, the left hand side is equal to 


ii 


Dt" t= p"E(a, 2 


=D"z Shee Ar. a, soy 


=D"r (5) aah) 
2, n+l 


1 = 
r— 
- G Poa 


——= 
—1l 
gi (yt). Y(r) a, 3” 


Qon41 2n+2 


“ ©).C2 Os 
() (Gia) (Gey) 


_*(r7—2)...(¢—2n) x (7-1) (7-3). ae, 


O21 


Also 





= +1! 





1 
~ gayi Oras . 
Hence we obtain the result stated. 
More generally, we can verify that 


(3): GE Aiaegaat 





(-"-1) ! (3 -"): . = pany" (r—2 m—1) ? 


by the duplication formula. [Whittaker : p. 234, 12.15 Cor. | 
The result may also be written in the form 


eat eet. ee: (ry!. 


Hence, as before, we prove that the result quoted above is uni- 
versally true, whatever may be. 


95 


2° Partial Differentiation. 


15. We shall, in this section, discuss the properties of partial 
differential symbols £, a £ &c, as applied to functions of more than 
one independant variable. 


The following properties are immediate : 


(i) q’+” 7 qr+” 
4 da™dy" dy"da”™” 
q’tt+"+ p gqitt+n+ i 


CD) Gamay"d? — dy"aamace 8° 
where m, , p may be any quantities whatever. 
16. Euler’s Theorems\on Homegencous Functions, 


These may be written - ith oe notation) 
(1) (22 am oye 7 Me Juan u; 


? fo . 3° (ea 
(2) (# well +y? sa) U=NQU, 
and so on. 


Thus, the generalized Seouee > would be 


a 
"S K+ +. .) =n, Ub 


whatever + may be, the left hand member being expanded as an 
ordinary multinomial. 

These results may be further g‘ neralized as follows :— 

(i) Letw=ay"; then DD °u=mn,u, for all values of a if D, 
operates on 2” and D, on y”. 

Hence ¢ (D,,D,) u=¢(m, n) u, 
where we are to understand that (m%n”) is to be replaced by (m,n,) in 
the expanded form of ¢ (m, 1). 


- Again, if we ay", 
we have ¢ (D,, D2, Ds) u=9 (rn, n, p). &; 
and so on. 


(ii) Ifuw=a homogeneous expression of the rth degree, Euler’s 
theorems will take the form 
(D,+-D.+...) v=(m+n+...)U=P u, 
(D,+ D.+) *v=rwu. 
For fractional indices 
1 
(D,+Do+...)* a. wear! U, 


and so on. 
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“On a ey stem of three similar triangles, connected 
with a given triangle.” 
By S. Narayanan, Mapura CoLiner. 


1. et A,B,C,D be four given points in a plane. It is known 
that the pedal triangles of each taken with respect to the triangle 
formed by the other three, are all directly similar, the similarity aris- 
ing from the fact that the sides of each of the triangles are as the 
rectangles BC.AD, CA.BD, AB.CD. But it is perhaps not known that 
these four pedal triangles have the same double point. It will be shewn, 
in this paper, that they have a common donbie point which is the centre 
of the rectangular hyperbola ABCD. 


From the property of the rectangular hyperbola, it is known that 
the pedal circles of each of the points A,B,C,D taken with respect to 
the triangle formed by the other three all pass through a common 
point. In this paper, quite apart from the geometry of conics, it is 
shown that these circles meet in a point and thas point is the double 
point in question. These follow from a consideration of three similar 
triangles, formed in a particular manner, as expjained below. 


2. Let ABC be a given triangle and A, the foot of the perpendicular 
from A on BC. Drawing any line through A let BB,, CC, be perpendi- 
culars on it from Band C. ‘Then it is readily seen from the figure that 
the triangle A,B,C, is inversely similar to ABC. Thus for every line 
drawn through A, there exists atriangle A,B,C,, inversely similar to 
ABC. And a like construction gives, for every line through B as well 
as for every line through C, triangles inversely similar to ABC. We 
proceed to consider the triad of similar triangles arising when the lines 
through A, B, C all pass through a given point D. 


3. Let the feet of the perpendiculars from B and C on A D be B, 
and C,; those from Cand Aon BD be C, and A,; and those from 
A and B onCD be A, and B,. And let us denote the feet of the 
perpendiculars from A, B,C on BC, C A, AB respectively by Aj, B, 
and ©, Then the triangles in question, corresponding to AD, BD' 
CD are A,B,C, A,B,C,, A,B;C,. These are directly similar to one 
another, each being inversely similar to ABC. 


It may be noted at this stage, that A,A,A, is the pedal triangle of 
A with respect to the triangle BCD, B,B,B, is the pedal triangle of B, 
with respect to CDA and C,0,0, is that of C with respect to DAB. 
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4, Theorem. Jn the s/inilar triangles A,B,O,, A,B,C,, A,B,0;, each 
set of corresponding sides is concurrent. 


To prove that B,C,, B,C,, B,C, are concurrent. 


Let B,C,, B,C; meet in Hy. Let D’ be the isogonal conjugate of D 
in A BC. Now, B, and C, are the feet of the perpendiculars from B and 
C on the opposite sides in A BC: Hence the triangle A B.(, is inversely 
similar to ABC. Also H, in AB, C, corresponds to D’ in ABC. 
For, the angle A C,4,=B C,B,=B CB, (for B, B,, C,, © are concyclic) 
=the angle BCD=ACD’. Similarly AB, H,=A B, C,=CBO, (for 
C, B, C,, B are concyclic)=CBD=ABD’. Hence H, in ABC, 
corresponds to D’ in ABC as stated. Therefore the angle H,AC,= 
D’AC=BAD, which shews that H, lies on A D or B, C,. Thus B,C,, 
B.C,, B,C, are concurrent at H,. 


In the same manner, the other sets of corresponding sides C,A,, 
C,A., C,A, concur at at H, and A,B,, A,B,, A,B, concur at Hy. 


5. Let us now speciaily consider the fact that, in the triangles 
A,B,C,, A.B.C., A,B,C,, the corresponding sides intersecting af the 
vertices A,, Ay, A, are concurrent, viz., at H, and H,. It follows that A,, 
A,, A, H,, H; are all concyclic; for, as is seen from the figure, H,H, 
‘subtends equal angles at A, and A, on one side and a supplementary 
angle at A, on the other side. Hence we have the theorem that the pedal 
circle A,A,A, of A with respect to the triangle BCD, pass through the points 
H, and H;. 


In like manner, the pedal circle B,B,B, of B with respect to the 
triangle CDA will pass through H,; and H,; and the pedal circle 
C,C,C, of C with respect to DAB will pass through H, and H,, 


Thus we see that H,, H., H, constitute one set of the points of 
intersections of the three pedal circles taken two by two. We can now 
shew that the other points of intersections of these pedal circles taken 
in pairs are all one andthe same point w; and that wis the common 
double point of tne similar triangles A,B,C,, A.B,C,, A,B,Cs. 


6. Letus take w to be the double point of the two triangles A,B,C, 
and A,B,C, Then wA, and wA, :are corresponding lines of these 
triangles. ‘hey therefore divide the angles H,A.H, and H,A,H; simi- 
larly. Therefore their intersection w lies on the pedal circle of A with 
respect to the triangle BCD ; and therefore w A, divides the angle 
B,A,C, similarly 

In like manner w B, and w B, being corresponding lines divide the 
augles B, and B, similarly and therefore w lies on the circle H,H,B,B,B,; ; 
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that is w lies on the pedal circle of B with respect to the triangle CDA ; 
and therefore w B, divides the angle B, similarly. 


In like manner, again, w lies on the pedal circle C,0,0, H,H, of C 
with respect to the triangle DAB; and w C, divides the angle C 
similarly. 

We have tiuus shewn that the pedal circles all cointersect in w and 
that w holds, in respect of the triangle A,B,C, the same position that it 
holds in respect of the triangles A,B,C, and A,B,C, ; that is, w as the 
common double point of the triangles A,B,C,, A.BoCs, A,B,C,. 


7. From the fact that the similar triangles A,B,C,, A.B,C., A;B,C, 
have a common double point w, it follows that the triangles A,A,A;, 
B,B,B,, C,C,C, which are formed by taking corresponding points of these 
similar triangles are themselves directly similar and have w for their 
common double point. And we proved that the circumecircles of these 
triangles all pass through w. These latter triangles are, as we already 
observed, the pedal triangles of A with respect to BCD, of B with 
respect to CDA, and of C with respect to DAB. 


8. Taking now all the four pedal triangles of A, B, C, D, vzz, of 
each taken with respect to the triangle formed by the other three, it 
follows that every three of them have a common double point and 
therefore all the four have a common double point w. And the 
circumeircles of all these pedal triangles pass through w. Hence w is 
the centre of the rectangular hyperbola ABCD, 


9. We next proceed to shew that w lies on the nine-points circle 
of ABC; whence, it would follow that it lies also on the nine-points 
circles of each of the triangles BCD,CDA, DAB. To prove this, we 
revert to a consideration of the triangle A,B,C,, a study of which, as 
the line through A varies, is interesting. For our present purpose, we 
just require one property of the triangle. 


10. Theorem. As the line through A varies, the locus of O,, the 
circumcentre of A, B, C, ts the nitie-points circle of ABC, 


For, as the line through A varies, A, remains fixed and B, moves on 
circle AA,B. the The triangle A,B,C, which may be considered to be 
doscribed on A,B, is of a known species. Hence any assigned point 
connected with it moves on a circle. In particular, the circumcentre 
of A,B,C, moves on a cirele. 


Now when the line through A coincides with AA,, the triangle 
A, B, ©, is evanescent and its circumcentre therefore coincides with 
A,, # point on the nine-points circle of ABC; when the line through A 
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takes the position AB, the variable triangle A, B, ©, assumes the 
position A, B C, and the circumcentre in this case is the middle point 
of B H (where H is the orthocentre of ABC) and hence in this case 
also the circumcentre of A, B, C, lies on the nine-points circle of ABC, 
Lastly, when the line through A‘coincides with AC, the variable triangle 
_ A, B, C, becomes A, B, C whose circum¢entre is similarly the middle 
pointof C H and therefore lies on the nine points circle of A B UC. Hence 
the locus of the circwmcentre' of the triangle A,B,C, is the nine-points circle of 
ABC. : | 

Let O,, O, be the circnmcentres of A,B,C, and A,B,C,. It follows 
that these also lie on the nine-points circle of A BC. 

Theorem. Any set of corresponding circum-diameters of A,B,C,, 
A.B.C., AsB,C, are concurrent, the point of concurrence lying always on the 
nine-points circle of A BC. 

For, the angle BA, A,=B AA,=j}7—B =C,A,.0,. Therefore 
A,A,0, are collinear. Similarly A,A,O, are collinear. Hence O,A,, 
O.A,, O,A, concar at A). 

Similarly 0,B,, 0.B., O,B, concur at B, and O,C, O,C,, O,C, concur 
at C;. 

Now 1,, ., 7s being any three corresponding diameters, the angles 
which A,O,, A,0., A,O, make with 1, 1,1, are equal. Hence 1, 1,, /; 
concur at a point ¢ on the nine-points circle of A B C. 

But w having been shewn to be the common double point of the 
triangles A,B,C;, A,B,C,, A,B,C,, the lines wO, wOs, wO, are correspond- 
ing diameters. Therefore their intersection w lies on the nine-points 
circle of A B C. 

In the same manner, w lies on the ninepoints circles of each of the 
other triangles BCD, CDA, DAB. Tans, all the nine-points circles 

cointersect in w. 
J 12. Finally let 7, ™m., m,, denote any three lines drawn arbitr- 
arily through A, B, C forming a triangle D,D,D,; constructing the 
triangles A,B,C,, A.B.C., A,B,C, as before, let ww: w; denote the 
donble points of these three similar triangles taken two by two. Then 
it follows: that they lie on the nine-points circle of ABC, being the 
points corresponding to D, D, D,, in the same manner as w corresponding 
to Din the foregoing investigation. hus whatever the lines ‘My May My 
may be, the errele of similitude of these triangles is always the nine-points 
ies ee be shewn that the cnvariable points of these triangles 


are their ctrcumcentres 0,,0.,03. 
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The Theory of Linear Systems of Points. 


R. VytHyNaTHaswamMy. 


[The present theory is not exactly new. [nits root principles it 
will be found identical with the Invariant theory and the theory of 
Polynomial forms. But the view-points are different. While in the 
theory of invariants and of binary forms, itis the forms themselves and 
the relations between forms which are the subjects of study, the centre 
of interest, here, is the system of forms (or what is the same thing, of 
groups of points) all possessing a common property. That this dis- 
placement of the point of view does bring about a differenee of methods 
and conceptions will be seen in the course of the paper. 


With reference to the harmonic property, the chapter on 
‘Apolarity’ in Grace and Young’s Algebra of Invariants might be con- 
snlted with advantage. The difference in nomenclature is explained by 
the fact that this paper was written before I had any knowledge of the 
the Apolar Theory. 


The principle of the geometrical representation is the same as in 
the representation of point-pairs in a line by points in a plane explained 
in my Note on ‘Involution and 1, 1 Correspondence’. ] 


1, Defintion : The groups of points in a line whose coordinates satisfy 
k lineo-linear equations of the iype 
FS Ag ihyQig. By OL (ay9.0.%y—-1) + gd (ag. ..By_—o) 00» =O 
will be said to form a linear system of order » and class n—k+1. 


A system of order and class n (7.c, a system defined by a single 
equation) will be called a complete system. Linear systems of order n 
and class other than m, will be termed tncomplete. The involntion of 
point-pairs, for example, is a complete linear system of order 2. 


We may give another definition of a linear system which is descrip- 
tive in character and which will be found more useful in practice. If 
we have a system of groups of m points which is such that there is an 
absolute symmetry among the points composing any group, and that if 
any *—1 points of a group are given, the rest of the group is 77 general 
uniquely determined, then the system is a linear system of order x and 
class 7, In particular, if, when all but one of the points of any group are 
known, the group is determined, the system is a comple system. Thus 
groups of points on a nodal cubic which are its intersections with a 
line, a conic and a cubic form complete systems of orders 3, 6 and 9 
respectively. 
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2. Geometrical Interpretation, 


Represent every group of ” points by a point in space of n 
dimensions. If the group be,(a, a,...«,,), the co-eflicients'of the equation 
whose roots are 2, @...%, may be taken to be the homogenous co- 
: ordinates of the representative point. It may be noted that the representa- 
tive point depends only on the group and not on the order of points 


group. 


In this representation a complete system would correspond to a 
plane. Here and in what follows a plane in ~ dimensions means a flat 
space of n—1dimensions. An incomplete system of class * would be 
represented by a flat space of y—1dimensions, An immediate inference 
from this geometrical representation is that a unique system of class 
y can be found to contain 7 given »—ads, In particular, a complete 
system of order n is determined by groups. 


3. There are n n—ple points belonging to the complete system 


F= ) a> 2a ye. ta =O 
Y " ltti—T 


of order », these points being evidently the roots of the equation 
b= 05 B40 yO cores eee Oy =O. 


These points will be termed the foci of the system. It is obvious 
that an incomplete system will not in general possess any foci. 


A complete system is determined by its foci. 


(1) If alljthe foci of a complete system coalesce at K, the system 
consists of groups composed of K and any other »—1 points. 


For, if ¢ is an exact th power a, (k—k ” then 
F=a, (a#,—k) (@ —k)..... (v,—k). 
4 
(2) If the complete system whose foci are a ay...2p: contains the 
group 41 Y2---Yn, then the complete system whose foci are Y; Yo--Yn, 
contains the group @ y..6@,- 
Let 2, 9.-ny Yr YoYn be respectively roots of the equations 
Ay t+ nC, a, w"1-+4+nC, ay wv"... +a,,=0, a wc €L) 
by yen, by yh sve eee SAE AG +b,,=0. as pasa) 


The system whose foci are the roots of (1) contains the roots of 


(2). Hence 
(—)" (do by— 0, bynr Cg GalDy—ge+) =O. 


The symmetry of the a’s and b’s in this relation proves the theorem, 
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The point-groups % ..-Vns Yi Yor Yn of this theorem may be said to 
be harmonic. Thus a complete system would consist of all groups which 
are harmonic to the focal group. 


(3) A complete system of odd order contains its focal group. 


Proceeding as above, we find the condition that the complete 
system whose foci are 2 2%...%,, should contain the group 2, 2% ».%, to be 
(—)" (Go dy — nO, % Gy at eee) =O 
This equation is identically true if nis odd. Hence the theorem. 


This theorem is tantamount to saying that every odd group is self- 
harmonic. f 


(4) The harmonic relation is invariant for linear transformations. 


For, a complete system being defined by a lineo-linear equation, is 
transformed into another such system and the focal group is transform- 
ed into the focal group. 


(5) If 7 points of a group of the nth order coalesce at K, the 
group is harmonic to a group consisting of n—7-+1 points at K and any 
other r—1 points. 


Make a homographic transformation reducing K to zero. If now 
the points of the two groups are roots of the equations 
a, 2" +n, a, o,,,...--nC0,_, Gn, % =0, 
by a -+-nQ, a, @1..,...-4+-20,_, a,.,0"" t1 =0, 
using the condition of (2), the two groups are seen to be harmonic for 
any values of a’s and b’s. 


(6) An even group is self-harmonic if more than half of its 
points coalesce. 


This folluws directly from (5). 


4. The Indeterminate Systems and the Eztension of the Harmonic 
Relation. ' 


Any two groups of points forming together a group of a given 
complete system may be said to be conjugate. All groups conjugate to 
a given group of points will form a complete system of order n—r; 
which may be termed the polar system of the given group. The polar 


system of the same. group in this latter system is its second polar 
system and so on. 
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It is obvious on inspection that the first, second, ..«...systems of the 
point at infinity w. 7. #. the complete system 

| ee te a a +a,,=0, 

are given by D)=0, DAK) =0;......D7(F) =9, 

where D denotes differentiation w. r. f. one of the a’s. 


(1) The foci of the systems D*(F) are the successive harmonic 
centres of the foci of F. (v7de: Mr. Naraniengar’s Note on the Harmonic 
Centres, J.I.M.S., Feb. 1913.) 


For let b= age em yaya te oo. ee ces eee Uy 
It is evident on inspection that the foci of D(F) are the rvots of 
StL or >. ual =0, 
dx r—p,. 
where f; .......are the roots of ¢=0. 


Thus the foci of D(F) are the harmonic centres of the foci of I: 
Repeating the proof, the foci of D*(F) are the harmonic centres of the 
foci of D(F) and so on. 

(2) If FF, Fy.i....00 represent the successive polar systems of the 
origin, then the polar system of the group 4f...¢, is given by 

F,+ D(F,~1)2(4)) + D?F,-.2(hte)... FD’ (FP). tite...t, =0. 

For F =F,+2,D(¥F). 

=F,+a,DF,+ a,(DF,+,D°F) 
=F,+ DF,(a,42,)+ ynD*F ; 
and so on. 

(3) The polar system of all 7-ads o/ points w. 7, fa complete 
system of order ”, have in common a system I, of order »—r and class 
n—2r, this system evidently consisting of the point-groups common to 
the complete systems 

ies )e Ue pegeiess DD (8). 

The conjugate group of any group of the system I, is indeterminate 
and may be supposed to be any 7 points whatever. For this reason 
the systems I,. will be termed the determinate systems of F. 

The system I, will reduce toa single group if n—2r=1. Thus the 
number of the systems I, is the greatest integer in 3 (n—1) and if ~ is 
odd there will be a single group of 3 (+1) points whose conjugate 
group is indeterminate. Since the groups of a complete system are 
harmonic to the focal group, it follows that a group of the system I, 
together with any 7 points is harmonic to the focal group of F. 

We might agree to express this by saying that the groups of the 
system I, are harmonic to the focal group of F. This is the natural 
eatenston of the harmonic relation to groups of unequal order, 
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(5) Indeterminate Groups of Incomplete Systems. 


An incomplete system of order » and class §—or, as it will be 
written, of type [n, §]—may be regarded as the intersection of am—h+1 
complete systems of order m. An indeterminate group of order 
n—r of [n, §] is therefore a common group of the »—§+1 systems 
I, of the |complete |systems. Since I,is of class n—2r, itis evident 
that the »—§+1 systems I, have in common a system I,’ of order 
n—r and class { »—r—(n—§+1) (r+1)+1} lor [6—7 (n—§+2)] 
The number of the systems I,’ is therefore the greatest integer in 
5 6 ar f er is an exact integer pt, we will have a group 
of 1— points whose conjugate is absolutely interminate. 

The following is a table showing the indeterminate groups of 
systems of orders up to10. A single indeterminate group of order, 
say 4, is written 4), while the existence of a system of indeterminate 
groups of, say order 4 and class 2, is denoted by 4°. 


Incomplete systems of order less than 5 have no indeterminate 


groups. 
Table of Indeterminate Systems. 
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6. We proceed to the discussion of a very important class of 
incomplete systems called focal systems, 
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(1) A system of class cannot have more than r foe’. If possible, let: 
K be a system of class r and order » (> r) containing more than * foci. 
We can find a unique complete system containing K and any other n—r 
given n—ads (Compare the geometric interpretation of § 2) not 
belonging to K. In particular, we can find a complete system containing 
K and having »—,; points for foci. If K has more than, foci, this 
complete system will have more than » foci, which is impossible, 


Def. A system of class 7 containing 7 foci is a focal system. 

A system of classris completely determined by groups and 
therefore by its 7 foci. 

Note that every compleie system is a focal system. 


(2) The focal group of a focul system is harmonic to every group of the 
system. . 

For, we can find a complete system containing K and having any 
other, »—7 points as foci. Therefore every group of K is harmonic to 
the group formed by any (n—7r) points and the focal group of K. Thus 
the focal group of K is an indeterminate group of every complete system 
whose focal group is a group of K. From our extended definition of the 
harmonic relation, it follows that the focal group is harmonic to every 
group of the eystem, 


Cor. A unique focal system of class 7 can be found to contain a 
given group of 27—1 points. For, by § 3 (8) there is a uniqne indeter- 
minate groap of r points belonging to the complete system whose foci 
are the 2r—1 points. ; 

It will be evident that either nojfocal system or an infinite number 
of focal systems of class 7 can be found to contain a given group of » 
points according as n> or <2r—1. 

7. Focal systems of class 2. 

Theorem. The focal system of class 2 and order n whose foc: are f, fa 
consists of all cyclic groups assoctated with the homographic correspondence 
of period n whose fixed points are fits 

Since a focal system is completely determined by its foci, it suffices 
to prove the converse, viz. that the cyclic groups of sucha homographic 
correspondence do form a system of class 2 with foci at fi, f.. 


Let fy, f, be 0,0. Then the homographic correspondence of period 
n with these as fixed points will reduée to «’'=Wz where #"=1. Thus 
the cyclic groups are roots of the equation «”= where » is a para- 
meter. Hence such groups form a linear system of class 2, Evidently 
here are values of \ (viz 0, ©), for which all the roots of the above 
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equation become equal. Hence this linear system is a focal system and 
has foci at 0,00. This proves the theorem. 


It is not difficult to see that this theorem is not a special one but 
only a particular case of a more general theorem which connects every 
group of a focal system with the focal group by means of a periodic 
rational, or more probably, algebraic transformation. But it is impossible 
to get even a glimpse of this general theorem in our present state! of 
knowledge of Rational and Algebraic Functions. 


8. Haupression of a n-tic as a linear combination of nth powers 
(Vide:—Grace and Young: Algebra of Invariants, Chapter on ‘Apolarity’.) 


Since a system of class ris represented by a flat space of r—1 
dimensions, it follows that any group of the system (7.e. the polynomial 
whose roots are the points of the group) can be expressed as a linear 
combination of 7 fixed groups of the system. In particular, if a focal 
system with foci at a, @ y... can be found to contain a given group of 
order n, then the polynomial whose roots are the points of the group 
can be expressed as a linear combination («—a)", (e—)”, (z—y)” ete. 
Now by § 6, (2) Cor., if » is of the form 27—1, there is a unique focal 
system of class * which contains the group, and if x is of the form 27, 
there is an one-fold jinfinity of focal systems of class (r+1) containing 
the group. 


Hence a (27—1)—tic can be expressed uniquely as the sum of 
r terms of the (27—1) th degree and a 2r—tic can be expressed in a 
singly infinite number of|ways as the sum of (r+-1) powers of the 2rth 
degree. 


9. Geometrical Interpretation. 


We represented every group of m points in a line by a point in 
n-dimensional space and we found that a complete system was 
represented by a plane. We may now enquire what points in our »— 
space will correspund to a special type of m—groups, viz., those groups 
in which all the points coalesce. The locus of such points in n-space 
will, in the first place, be a curve and this rcurvejshould cut every plane 
in x points, since there are » coalesced groups or foci in every complete 
system. 


Thus the locus of points corresponding to coalesced N—groups is & 
curve of nth degree in dimensions. 


This jcurve will be called the twisted »—tic and is the® natura] 
extension of the conic and the twisted cubic. : 
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Tf X, X,...X,, are points on the twisted »—tic corresponding to the 
points 2, x...%, on the line, the complete system whose foci are 2, @...0, 
is represented by the plane X, X,...X,,. 


We have pointed out (§ 3 (5)) that if all the foci of a complete 
system coalesce, the system consists of groups composed of the point 
of coalition and any other n—1 points, 


Hence the locus of all groups which contain a point a, is the 
Osculating plane at Xj. 


Thus the group a @...a,, is represented by the point of intersection 
of the osculating planes at X, X,......X,,. (We see incidentally that the 
class of the twisted m—tic is n). 

lf P is any point in »—space, we may define the polar plane of P 
as the plare determined by the points of contact of the  osculating 
planes which can be drawn from P. Hence, from what has been stated 
above it follows that 

(1) the complete system whose focal group corresponds to P, is 
represented by the polar plane of P ; 


(2) the focal group of any complete system is represented by 
the polar point of the corresponding plane, 


: We have proved that a complete system of odd order contains its 
focal group and a complete system of even order contains its focal 
group, only if a certain relation of the second degree be satisfied. 
Hence in spaces of odd dimensions, every plane contains its polar point (or the 
polar plane of any point P passes through P). In spaces of even dimensions 
the polar plane of P does not pass through P unless P lies on a certain 
quadric surface uhich will be called the special quadric associated with the 

- twisted n—tic. 1t is easily seen that the special quadric contains the 


twisted n—tic. 


Again, it was proved that if more than half of the points of an 
“even group coalesce the group is self-harmonic. Hence in spuce of 2m 
- dimensions osculating regions ef m—1 dimensions are generating regions of 

the special quadric. 

Again, consider an even group X06... Pan The polar plane of the 
corresponding point w. 7. f. the special quadric, is a plane containing all 
self-harmonic groups harmonic to the given group. But {Dp iss iki S00 
2m times } is a self-harmonic group which is harmonic to a 2 ...®,. 
Hence the polar plane w. 1. t. the special quadric contains the points 
Xj Xyevesee Ray, Which are points on the »—tic corresponding to @4%q...Lamn 
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in other words, ix space of even dimensions, polarisation w.. t the 
twisted n-tic is identical with polarisation w. r. t. the special quadrtc. 


It must be remembered in connection with this result that the 
special quadric exists only in even dimensions. In space of odd dimen- 
sions, we may guess that polarisation w. 7. ¢. the twisted n—tic would 
be identical with polarisation w.7.¢. something which is similar in 
nature to the linear complex in three dimensions. 


Lastly, the symmetry of the harmonic relation shews that: ¢f the 
polar plane of A passes through B, the polar plane of B passes through A— 
a result valid for all dimensions, 


Repvesentation of groups of order less than n in n dimensions. 

The group 2,%....#, (r<m) can be represented in n-space only as the 
region of intersection of the osculating planes at X,X,...X,. This is, in 
effect, equivalent to regarding the group as identical with the linear 
system of groups composed of a,a,...2, and any other n—, points. A 
region’ of this type we shall term ‘a reg¢on in x planes’. 


The indeterminate system I,. of a complete system K will correspond 
to the aggregate of regions in (n—r) planes contained by the plane 
corresponding to K, 


In particulur, if» is odd, every plane in » dimensions contains a 
a unique region in + (7~+1) planes. | 


10. Focal Systems. 


A focal system of the rth class is completely determined by its 7 
foci. Such systems will therefore correspond to regions of r—1 dimen- 
sions which cut the twisted »—tic in r points. 


If x is odd, then throug» any point P there can be drawn a unique 
region of 3 (n—I1) dimensions cutting the n—tic in 4 (m+ 1) points 
[§ 6 (2) cor. ] 

Asan example take a triad A BC and let p be the corresponding 
point in three-space. The triad A BC has a unique indeterminate pair 
which is the focal pair of the unique focal system containing ABC and 


which is also (§ 7.) the pair of fixed points of the homographie 
ABC 


BCA 
cyclic centres of ABC. (Vide: Note on Pascal Hexagon, J.1.M.S., June, 
1918).This pair is represented in three-space as the points of intersec- 


tion with the twisted cubic of the unique chord of the curve which can 
be drawn throngh P, 


correspondence This pair I have elsewhere termed the 
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SHORT NOTES. 


Addition Formulae for sn (uj+ug+u,) &e. 


The symmetrical fractional expressions for the sn, cn, dn functions 
of (u+u.+;) given by mein the J. I.M.S., Vol. VIII p. 21], when 
reduced to their lowest terms, are identical with Professor Cayley’s 
expressions quoted in Hx. 20, page 523 of Whittaker and Watson’s 
Modern Analysis (Revised Edition). I give below the analysis required 
for this reduction, which supplies an elegant proof of Prof. Cayley’s 
results and must interest those who, iike myself, have not had the 
opportunity of seeing the original proof. 


If s,, c,, d, stand as usual for sn w,, cnu,, dn w,; 8/, ¢, d,’ stand 
a) fe) (e) 
for aa: (sy), Ou, (cr), Ser (d,) 
respectively and P stand for 
sn (%~—U;) SD (%s—%) 80 (%4— Us), 
we can prove by Liouville’s theorem that 
sn (74—%%4) SN (tus) SN (2.— M4) 8D (3 —%) +80 (v/;— My) 8D (e— te) 


=—P. sn (u,—u4) sn (uy—t4) Sn (%3—w4), pole WY 
Now writing successively «,=0, 7K’, K, K+7K’, we have 
Ya, sn (%—u;)=—P. I? 8, 82 83, vo Sek Tek a) 
Y 9, 8, 80 (H#—u;,) =—P ate ad (AR) 
SE ¢, dy d; sn (%.—v3)=—P he? cy c2 C5 Rr gu (A'S) 
E dy cy cy sn (th—u,)= —P. d; de dy ny wwe (A'4) 


the summation extending to the suffixes 1, 2, 3. 


Again writing in (A.1), m+ ue+u;,=32, m—u=sy, U;—U, =82, and 
consequently writing w—%=38(2—Yy), “=t+yt+4, Ug=a—2y+2, 

=a+y—2z, and differentiating with respect to 2, we have 
Lod, sn (t,—u.) =—P kL sy8,8,'. RR (A, 5.) 


The last result gives rise to three others when u,+ K, u,-+-7K’ or 
u,+K-+7 K’ is substituted for 1, For instance, writing u,+K-+7K’ 
for u,, we have . 

Ls,¢,"c," sn (ui.—uUs) =—P 18481'83 ove eee (A. 6) 

2. Again since g%=8,""*Lee— 8," [1+-s,%s,?—c,c,"], we have 

Ys? sn (4,—u,) = Lsy62°Cs” 8 (uy— Us) 
—(1—Ls,*) Ls, sn (u2— ws) — 818285 Ys8, sn (¢4o-* Us) 
= —P [2580/8 — 8898s (1+ k?—KLe,*) ] 


from (A. 6),.(A. 1) and (A. 2) oa aes ave (B. 1) 
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Now writing u,+z K’ for u,, we have 
Ys,"s,° sn (uty—u,) = —Ple,s28, £8180 sy — 81°8."s," (1+ h?) + 2 8,"s,7]. 


It may be noted here that Ls,” sn (u,—w;) is divisible by P when 
is odd, and that if P. f (m)=%e«,"sn (w—u,;), we can deduce the 
following reduction formula for f (m), for odd values of n greater than 3: 

f (n)+(1—2s,) f (w—- 2) 4+ 92s8,"s,? f (n—4) 

=— {Yan's tere, [f J)+f (8)+.-.+f —4)] }. (B. 8) 


3. If X, Y, Z, stand for the different numerators and W for the 
common deno.ninator of the expressions for sn, cn, dn of (t+ s+ ts) 
as given in J. I, M. 8. (Vol. VIII, p. 211,), we have 

X =Ls'ss; (s.’—8;") =%3;' (s28,' — 838, ’) 
=2Lfs;°(1—k*s,?s,") sn (u.—us) ] 
=2s,° sn (u,— us) —h’s;'s,"s,?Xs, sn (4y—u,) 
= —P[2s,s,'s, — 98.8,(1+ Ph —VLs,2+ k's,°s,"s,?)] 
from (A.1) and (B.1) sis) (Uk) 
= —Ley'cot;(¢.°—c,”) = —¢,°(c2¢5' — Catz.) 
Maes —hPs.8.c.c,) 30 (u—us)] 


i! 
—— } Cd ds — exc. 20282 283( 1 — 3s; yh, 


sn (us—1) 
1 
=—73 5 Aided, Zed; sn (Mas) +o set Sn; (4,— 5) 


be 
| 





+ Kecxe,2s28, 80 (to — Us) 
— kts, 8.8 €y020;28, 8 (U.—Us) 
= —P[e,c.0;(1 —k's,°s,"s,") —didid,¥s,8,5,' 
from (A.5), (A.3), (A.2), (A.1)]... (C.2) 


Bia. =| Sayad (d—d,?) 
1 5 : 
= — PLA (cx0ss,85chds) SN (t.—xs) ] 
1 2 
ae D3 | dies, (4 +4%c,’) sn (4-4) | 
i poe 
+i. [ did, « d, 6485 (1—h%s,*) sn (ay —ty ) | 
oe 
aa teats sn (u.—us)—c,¢,c, Led, sn (uu —Uy) 


+o d,d.d,L 2,8, sn (Us— ts) 


\ 
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— dy dy dy 8; 8 8, Xs, sn (ty— uy) 


-—P [a dy d, (l—i? eo 43 sy) —k Cy Cy Ce L 8, So $5 | 


~) 


from (A. 4), (A. 5), (A. 2), (A. 1) ap “4O9) 
W =-2 [sy 8; (s.’—s,*)] 
= 2» [s, s, (L—F's,%s,%) sn (%—,)] 
= 28,8, so (%.—w,)—KE s,° s,° sn (a2— ws) 
=—P[1—# ® s,? 52+ (k°+k*) 5,78, 8, — hs 488,258," 8,5" ] 
from (A. 2) and (B. 2) sae MOA). 


From (C.1), (C.2), (C. 3), (C.4), are derived Prof. Cayley’s 
results. 


F. H. V. GuLasekHARAM, 


On Question 963. 


In this question Prof. Wilkinson has given a very interesting 
property connected with quadrilaterals which are inscribed in one circle 
and circumscribed to another. The property is stated however ina 
manner which leads one to surmise that Prof. Wilkinson, at the 
moment, must have been in the fighting line of thought, leaving 
expression to take care of itself. Mr. F. H. V. Gulasekharam has, in 
the last number of the Journal, supplied the commentary required 
to understand the theorem, and also a proof bringing out other noteworthy 
properties of the figure. On reading it, | was tempted to see if the proof 
could not be simplified;—for a neat theorem is generally capable of a 
neat proof. In my attempt, I find that the property noticed by 
Prof. Wilkinson holds for polygons P, of any number of sides, which are 
inscribed in one given circle X and circumscribed to another Y, If Q 
denote the polygon whose successive vertices are the points of contact 
of the successive sides of P, then, the areas of P and Q remain ina 
constant ratio, as P varies under Poncelet’s theorem. 


In particular, the theorem is true in the case of trianyles, a matter 
which I had not known previously, but which is readily verified. 


2. To prove the general theorem: Let ABC...KL be the polygon 
P inscribed in the circle X; and let LA, AB, BC,...KL touch the circle 
Y in A’, B,C’,...L’. Let I denote the centre of the circle Y. Then 
T A’, I B’,...are perpendiculars to the corresponding sides of P; and 
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therefore every adjoining two of them (as I A’, i B’) include an angle 
which is the supplement of the corresponding angle (A) of the polygon 
P. Now the polygon is the sum of ” isosceles qaadrilaterals like IA’ AB’. 
If t,, ty.-t; denote the length of the tangents from A, B, ...L to circle 
Yand + denote its radius, then the area of the quadrilateral is evidently 
r. tq. The area of the polygon P is therefore 7 Lt,. ate (1) 


The area of the polygon Qis ,the sum of m isosceles triangles like 
I A’B’. Hence an expression for its area is 1 *Ysin A, where A denotes 
the angle at A of the polygon P. Now sin A=chord LB/2 R, where R 
+. the radius of the circle X. Hence the area of the polygon Q is 


Gh Y (chord LB), where the summation extends to all chords joining 
two alternate vertices of P. ase (2) 


By coaxal circle theory all such chords are tangents to a third 
circle, call it Y’, which is coaxal with X and Y ; and, it may be observed 
is the same for every polygon P. Denoting the tangents to this circle 
Y’ from the vertices A, B,...L by t’g, t's,...f'¢, we obviously have chord 
LB=?. +f». 


Hence the area of 
. 


a ; ; 3% 
Q=fR > Cet =z a ae | (3) 





Again by coaxal circle theory, if t, ¢ be the tangents from any point 
on the circle X to the circles Y, Y’ the ratio t/t’ is a constant, say k, which 
is dependent merely on the circles. 





Hence fa — ty — Sat =k, 
ta ty ty 
f : L ty 
5 S —hk 
which gives Ir. k, wee es wee (4) 


areaofP_ rit, _2R pare] 
areaotQ@ r/2RSf, 7 k, which is constant. 


(RAMNAD,) 
V. Ramaswami Aryar, 


13th May 719. 
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Astronomical Notes. 

1. Change in the commencement of the Astronomical day :— 

It has been decided to substitute in nautical publications a day 
commencing at midnight, for the astronomical day which begins at 
noon. ‘The necessary alterations will be made in the Nautical Almanac 
from the year 1926. 

2. Planet Notes :— 

Venus is @ conspicnous object in the Western sky during these 
_months. It will be at greatest elongation on July 5 and attain greatest 
brilliancy on August 7. 

The positions of planets on July 1 will be as below :— 


R Declination Constellation 

h. m. 
Mercury Bae aS 22°.0 N Cancer, 
Venus 9 AT 148 N Leo 
Mars oa 5 39 23.9 N Gemini 
Jupiter nme 7 39 21.8 N Cancer 
Saturn can 9 52 14.5 Ny Leo 
Uranus 22 15 ee a ye Pisces 
Neptune 8 41 18.2 N Cancer 


-Itis interesting to note that allthe planets except Uranus will 
occupy the same region of the sky between R.A. 5h. and 10h. 

Venus will be in conjunction with Saturn on July 2. 

Rev. T. E. R. Phillips has found that some remarkable changes 
have recently occurred on the surface of Jupiter. The Sonth Tropical 
Disturbance and the Hollow in the South Equatorial Belt disappeared 
in April but the Red Spot remains quite distinct. 

3. Absolute Magnitudes of Stars. 

In the Observatory May 1919 there is a note giving a clear 
explanation of the term, ‘he absolute magnitude is defined as the 
magnitude which the star would have if seen froma distance of 10 
parsecs, that is, from a distance equivalent to a parallax of a tenth of a 
second inarc. The Sun’s absolute magnitude on this scale is 5”".1, that 
is, when removed to a distance of 10 parsecs the sun will shine as a 


star of 5.1 magnitude. as 
~The relation between absolute magnitude M and luminosity L of a 


star is given by log L=0.4 (5.1—M), | 
where the luminosity of the sunis chosen as unit. 

4, Oephetd Vartables :— . 

These Variables are so named after 6 Cephei the typical star of the 
class. They exhibit variation in brightness which is regular and 
continuous, the rise to maximum being much more rapid than the decline 
to minimum, and they show variation of radial velocity with the period 
of light changes. The problem of these Variables has attracted much 
attention recently. It is supposed that the Cepheids are gaseous bodies 
expanding and contracting alternately and that such pulsations are the 
cause of the variation in the star’s brightness. The dynamics of this 
Pulsation Theory is investigated in two papers on the subject by 
Wddington (See: Monthly Notices of the Royal Astronomical Society, 


November 1918 and January 1919). _ 


Nizamiah Observatory, ‘ T. P. Baaskarsa Sasa, 
Hyderabad, (Deccan). | 
5) 
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SOLUTIONS. 
Question 985 
(M. K. Kewalramani) :—If A’,B’,C’ are points in the sides of the 
triangle A BC, such that B A’: A'C=C B’: B’'A=AC’: O'B=m: I, find 


an expression for the radius of the circumcircle of the triangle DE F 
formed by the intersections of A A’, BB’, CO’. 


Solutions by N. B. Pendse and N. B. Mitra. 
The length of A A’ can be easily found, for 
2 
(m+1) AN +mA'C +BA"?=m b?+¢? 
; 4 ; i a m? 
t.€, (m+1) AA’ =m B+e?— m a Gat a? Gutty 
= fe cg pa alr 
pare m+1 
AA = Vm (m+1) B+ (m+1) e’—ma* 
m+1 
similarly BB = Vm (m+) 2+(m +)Da—mb* 
m+1 
avd C Ga Vm (m+1) a’-+-(m-+1)b—m co? 
m-+-] gS 
The trilinear equation of B B’ is 

















aa—mey=0; 
bB—maa=0, 
cy—mb 8=0. 
The points B’, C’, A’ are given by 

aw _cy_bB_ 24 


mol On mat 


similarly CC’, AA’, are 


aT 27 a ee 


aa_bB_ cy_ 2A 


a0 SUB Lore grees 
loom m®+m+l1' 
area BDC=CEA=AFB = om 
m'+-m+t) 
area DEF = Ad —m) 
m*-+-m-+-1- 
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And BY Steel. 
BBO m+m-+1’ 
BF _ m(m+1): 
BB’ me m+l1 ; 

FD 1l—m’ 


BB’ m+m41 
EF __FD _DE__ 1—m’ 
fae <BR 00 +m) 
The circum radius of DEF is equal to 


Similarly 


EF. FD. DE __ BB’. AA’. CC’ 1—m? 
dares DEF 44 (l—m)? m+m+l 
m+-m-+1 
_ BB’. AA’. CC’_ (l—m)(1+my 
i 4A (m?+m+4+1)? 
= ‘WGPEn +H V { (a+ m*c?+ 2mac cos B) 


(b?-+-m?a*+2imab cos C) (c?-+-m*b?-+-2mbe cos A) } 
Partial Solution by G. V. Krishnaswami and Sadanad. 








Question 986. 


(M. K. Kewalramani) :—At any point P of a curve equal arcs PQ, 
PR are measured in the same direction along the curve and along the 
parabola of the closest contact. Prove that ultimately 


id 1dp\?_ dp (ds)* 
QR=4343(7) Pas § 24p" 

Solution by Sadanand, N. B. Mitra, and S, R. Ranganathan. 

Let the parobola be y=(az+b,y)’. If itis of the closest contact 


with fi 
3? od wi dp_ (1-2 (22)' 2) e 
Yap tpede apt 9 (ae) tae) + 
ia oo aot 10 ._.,[ See: Bawards’ Oaloulus, Bx. 51, P. 201] 
@=—, ab=— 1 dp 
then 2p’ Tee 
Substituting for # and y, we a 
sl dps BS 
Y=95 épids (-9 6p 72p" CE *) ) + 
Alence ultimately, 
QR=(:—¥) 


=(3+5 Ga) - fae) (si 
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Question 987. 
(V. TIROVENKATACHARI),:—show that 


lag 1 
[sin © (log cos 8) do=—3 4 145t5gte79t ~ 
oO 


Solution by K. J. Sanjana and several others. 
1 


~] 


b 


1 
More generally let us take [ (sin 6)" log cos 8 dO =I. 


1 
Putting cos @=z, we readily get =) log z. (1—2*)"dz 


Ns 
=| log s (,—n2 +7224... +(—1)’2”) dz 
oO 


i T;. so Mpa te Neat d 
(a) as qe ge ta +6 " rai ft 
eu 
Again, lied (sin @)#1, log (1—sin?9) dO! 
, ) 


-31T 
=—}| ; { sin @)*"**+ 5 (siniQ) **°+§ (sin 0)”*"... } dO 


oO 


So hye 1 24...(Qr44) 1 24...(2r-+6) } 
| 
| 





* US5...(8r+3) 7 35... (r+5)"* BS @re7) 
aah PEE fag abr th 5 Ores) Gr+6) 
(4) 2 35...(2r-+3) + 2p £8 + 8(arq5) (27+7) ae 
The result in the question is obtained by pntting *=0 in the 
values. By equating (a) and (@) we get the algebraical identity— 





ua) vy 12 Yr S| 
La aes Sie ( 1) (27+ Ly 
2:4...(27) (r+ 1) 











2rd ,(2r-+4) (2r+46) an 
= ——______ = 1 3 a i ——>---—— —— eee Y Cee FT. c 
3.5...(2r-+ 1) ee T3Dr45 8 Gr4 5) reat ee }- 





Question 988. 


(S. Marnart Rao)—Complete the following magic square, by place 
ing & other prime numbers in the vacant cells :— 


- 





‘a ; i { 
43 | 71 | 113 | 
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Solution by Prof, N.B. Mitra, and several others. 
We shall suppose that only positive primes are meant. 


_ If we fill up the Ist two cells of the 3rd row by « & y, it is easy to 
_ see that the remaining cells should be filled up as follows :— 


‘ 7 emg) eet Uf, Tis 


1b4—2 | 94—y 48—y | @+2y—62 


© 























@ | y | 9+y | 1422-2 


~~ 73 | 97 | Bid | Al | 


Hence y<48 and y, 94—y & 92+y are primes different from those 
given and from each other. The only value of y which satisfies these 
conditions is 11. 


Hence the square now becomes 




















| 7 | 43 | 71 | 13 
“Ida 33 | 37 | aap 
| 2 | nu | 03 | 120 
| 78 | 97 | 23 | 41 


Hence 40 <# <120 and 2, ea—40, 120—a, 154—a are all primes 
different from the others and from each other. 

The only values of x satisfying these conditions are 53, 101 & 107. 

Hence we get the following squares :— 

















loa {43 | 72 | 13, = 43 | 71 | 13 
47 | 83 | 37 | 67 53 | 83 | 37 | on 
107 | 1 {103 | 18 ror | 11 | 103 | 19 


; 





73 | o7 | 93 | 41 


i 





| 73 | 97 | 93 | At | 


53 | 11 | 103 | 67 











o7 {| 23 | 41 





ome 
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Question 989. 
(S. Maumart Rao) :—Give the solutions in positive integers of the 
equation 
(atytz2) *=ay% 
Solutions by K. J. Sanjana and N. B. Mitra. 
Solving as a quadratic in 2 we obtain 
a=thay—(aty) tv {a*'y’—4ay (@+y) }. 
If ay=u, e+y=v, we require W—4u v=!" |,=(u—2 kv)’, say. This 
gives u=v k?/(k—1) =a v, suppose; .. ay=aa+ay, and ==. so that 
Gi 
2=la, y=la/(t—1). 


By giving & rational valnes and choosing 1 so as to make # and y 
integral, any number of solutions may be obtained. Thus k=2 along 
with /=2, 3, 5, gives the triads 


8, 8,16; 12, 6, 18; 20, 5, 25. 


For this value of k,wW—4uv=—0. Ifk=3,a=2; and /=2, J=10, 
give the pairs of triads 9, 9, 9 or 36; 45, 5, 100 or 25. 


An easy practical method wonld be to put y=a a, z=b«#; this gives 
a—(1+a-+b)?/ab. Valaes of a and b should now be so chosen as to make 
x integral: thus for 


a=1, 1, 1, 2, 2, 3, 4, 5, 9,..., we get 


b=1, 2, 4, 3, 9, 8, 5, 9, 20,...respectively ; 
and tne triads 9, 9, 9; 8,8,16; 9, 9, 36; 6, 12, 18;...5, 45, 100 ;...may 
be found. 

As the equation for finding z in terms of y and z is a quadratic, if 
one value of # for given values of y andzis known, a second value will 
always exist. Hence if this is a,, we! have 

(%,+a+b zP=—aba; 
also (a+a+bayl=aba 
eof (a—a) {a+ (1+2a+2b) } =(a%—2) ab 2’, 
and a—a {aba—(1+2a+ 2b) }- 

Thus starting with 6, 12,18, and taking «=6, z=2,b=3, we get 
a,=150, so that 12, 18, 150 is another triad of solutions. Next taking 


25 
#=12, a=3, ingly we geb a, =2352,and 18, 150, 2352 is another solution. 


Similarly from this we shall get 150, 2352, 19321; and th 
be indefinitely continued. e process may 


Partial solutions by Sadanand, ,Pendse and V. Thiruvenkata Ohari, 
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Questions for Solution. 


ee ees « 


1042. (Marryy, M. Tuomas M.a.) :—The envelope of the curves 
y sin’?O =a sin @—z sin O cos e-+ (w—a cos @)®, where 9 is variabie, 
consists of two parts. Give a dynamical interpretation of the result, 


1043. (V. Ramaswamr Atyar, M.A.) :—On the sides BO, CA, AB 
of a triangle ABC pairs of points XX’, YY’, ZZ’ are taken such that 
XX’'=BC, YY’=CA and ZZ’=AB; and perpendiculars are erected at 
these points to the sides. Ifthe perpendiculars at \(Y, Z’), (Z, X’), 
(X, Y') intersect at P,Q,R; and those at (Y', Z), (Z’, X), (X’, Y) 
intersect at P’, Q’, R’; prove that the six points P,Q, R, P’, Q’, R’ all 
lie on a circle. 


1044. (V. Ramaswami Atyar, M.A.) :—Given three straight lines 
as well as their orthopoles: determiue the circum-circle, as well as 
the nine poiuts circle, of the triangle of reference. Show also how the 
triangle of reference could be determined. 


1045, (N.P. Paypya):—A variable parabola touches a fixed ellipse 
externally at P and the sub-normals at P to both the curves are equal. 
If a common tangent to the parabola and the auxiliary circle of the 
ellipse cuts the normal at P in Q, find the locus of Q. 


1046. (5S. Krisuyaswami Aiyancar):—At every point O of a plane 
curve a parabola and a rectangular hyperbola of closest contact with 
it aredrawn. If the common normal meets the conics at P and Q, then 


9.Q0'+4p,.P0 =0, 
where #, is the radius of curvature at the corresponding point of the 
evolute to the curve. 


1047. (S. Keisuyaswami Alyanaar):—If p, be the radius of curva- 
ture at any point of a cardioide and p,, p,,, P, B at the corresponding 


points of its evolute, 2—evolute, and the G—evolute of the a—evolute, 
show that 


Pag=Pa sinf +p, sina cosh = pcos 4 cos £. 


1048. (V. THirvvenkaracuani, B.A. Hons) ;—Kstablish the follow- 
ing asymptotic relatiuns 


1 sin (108%) 


——--— 


4 
dy =tan7! tte tan-' PL 
iererale e y=tan 4 (5 
0 y 





) 
-+-2? tan 5 ave ces 











= As 
cos Cyaan | oe Pri 
(lay) / 108 + vl v2 
ee : ao , 
Vel Va," ee 
when ja|\< hk <i. 
1049. (S. Rawanusan, F. R. 8.) :—Show that 
00 
sin 2@ 
(1) ao da 2 3 
t+- 


0 me a BAe owes 


VG") 





1. Vee 
ae bs ae 
sin 5 Tne de 
€ 
(2) ioe Leos, 32 
ME leg 8 TR 
0 e+uaptaot 
1 12 92 32 


nt nn np 
1050... (K. S. Skintvasacwart, M.a., b.1t.) :-—If 
(a2*+ bv+-c)" =po+ Py BAP, Wo... 
find in terms of a, , c, # the value of 
Po +p +p? att... 

1051. (A. C. L. Winxiyson) :—If ABCD is a cyclic quadrilateral, 
the points A, B, C, D occurring in this cyclic order, the sum of the 
reciprocals of the perpendiculars from A, C on their Simson lines with 
respect to the triangles BCD, ABD respectively is equal to the sum o 
the reciprocals of the perpendiculars from B, D on their Simson lines 
with respect to the triangles ACD, ABC respectively. 

1052. (A. C. L. Witxtnsoy) :—If the circle of curvature at any 
point P of an ellipse be drawn and O be any point on the tangent at P, 
prove that the straight line joining the points of contact of the other 
two tangents from O to the ellipse and its circle of curvature, the other 
common tangent and the tangent at P are concurrent. 

1053. (A. C. L. Winkinson) :—Two circles are such that triangles 
can be inscribed in the one which are circumscribed to the other. If 
P, Q, R be the points of contact of such a triangle with the circle about 
which it is circumscribed, show that the nine-point-circle of P, Q, Ris 
fixed and that the locus of the centres, K, of the inscribed or escribiea 
circles of the triangle PQR is the curve [K?==27, NK, where N is the 
common nine point centre, I the centre and r the radius of the common 
circumscribed cirele of the triangles PQR. 


ee 
tice at 
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Periodi.als received from 16th March to 5th May i919 
(with contents.) 


(1) Acta Mathematica, Vol. 42, No. 1:—Zur Theorte der linearen 
Gletchungen,—H. Study. The classification of sets of points,—Hric. 
H. Neville. Auszug aus einem Briefe des Herrn Landau an den 
Herausgeber—Edmund Landau. Bibliographie. 


(2) The American Mathematical Monthly, Vol. 25, No. 10. December 
1918:--The content of a second course in Calculus—K. J. Moulton, A 
system of Algebraic and Transcendental Equations—G. N. Bauer and 
H. li. Slobin, Practical solation of Linear Equations—H. T. Burgess, 


(3) Lhe American Mathematical Monthly, Vol, 26,Nos. 1 & 2. J anuary 
and February 1919: Leonardo of Pisa and his Diber (Juadratorum,— 
R. 5. McClenon. Onthe Form of the Power series for an Algebraic 
Function—E. J. Wilezynski. Concerning a method for finding a Parti- 
cular Integral—A, B. Coble. Book Review: Who was the first Inventor 
of the Caleulus—F, Cajori. Discussion: Concerning a new method for 
Tracing Cardioids,—W. F. Rigge. Collegiate Mathematics for war 
Service: Statistics in relation to the War—Roxana H. Vivian. On 
certain constructions of Descriptive Geometry—G. Loria. Difference 
Quotients—T. P. Ballantine, A Theorem in the Geometry of the 
Triangle—J. W. Clawson. On the Elementary Problem of closure on 
an Equilateral Hyperbola—A. Emch. Remarks on a previous Article— 
N. Altshiller. 


(4) Phe Astrophysical Journal, Vol. 49, No.1, January 1919: On 
the Dark markings of the Sky, with a catalogue of 182 such objects— 
H. E. Barnard. Studies based on Colors and Magnitudes in Steller 
Clusters—Harlow Shapeley. The Infra-Red Are Spectrum of Iron— 
H.M. Randall and EH. F. Barker. Discussion of some evidence on the 
origin of|Radiation in the Tube-Resistance Furnace—Arthur S. King, 
The Infra-Red Arc Spectra of Cobalt, Nickel, Manganese and Chromium 
—H. M. Randall and E. F. Barker. 


(5) Bulletin of the Calcutta Mathematical Society, Vol. 9, No.2 . 


1917—18:—The late Sir Gooroo Dass Banerjee—Sudhansukumar 


Banerji. On the figures of Equibbrium of two Rotating Masses of 
Fluid for the Exponential Potential, Part I—Abanibhushan Datta, 
Fourier’s Series and its Influence on some of the Developments of 
Mathematical Analysis—A.|C. Bose. On the Numerical calculation on 
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, d 
the Roots of the Equations ee (u)=0 and = r (u)=0, regarded of 


Hquations in »—Bholanath Pal. On some New Therems in the Geometry 
of Masses—Sasindrachandra Dhar. On the Electric Resistance of a 
Couducting Spheroid with given Electrodes—Sitachandra Kar. 


(6) Mathematics Teacher, Vol. 11, No. 2, December 1918 :—Why 
Students Fail in Mathematics—H. A. Merrill. A Solation of Equations 
by Standard Curves—R. C. Colwell. War Problems in Mathematics— 
W. E. Breckenridge. Arithmetical Errors made by High School Pupils- 
T. H. Minnick. Some Relations connecting the sums of the Coaxial 
Minors of a Circulant—W, H. Metzler. Canada’s Challenge: In 
Flanders Fields—T. D. McCrae, America’s Answer—R, W. Lillard. 


(7) Monthly Notices of the Royal Astronomical Society, Vol. 79, 
Nos. 2 & 8, December 1918 & January 1919 :—The Evolution of Binary — 
systems—J. H. Jeans. On a certain relation between the Elements ~ 
a Planets and Satellites,—R. J. Pocock. Observations of the Magni- | 
tude of Nova Aquilae, 1918, made at the Radcliffe Observatory, Oxford; | 
and a comparison with the Radcliffe Magnitudes of Nova Persei, 1901, . 
A. A. Rambout. The earlier spectrum of Nova Aquilac, 1918,—A. L, 
Cortie. The dark-line spectrum of Nova Germinorum No. 2, J. Lunt. 
The Stellar Magnitude Scales of the Astrographic Catalogue. Thir- 
teenth note. The Bordeaax Magnitudes (+17°,+16°,+°l5°and + 14°)— 
H. H. Turner, Z. Andromedae (231848)—T. H. Espin. Some probably 
Variable Stars—-T. E. Espin. Sw les relations entre les ae 
recttlignes normales dune meme e’totle sur deux cliches differents.— 
B, Bailland, On a shower of shooting stars from the Pleiades,—A. King. — 
The New Star of Hipparchus, and the dates of Birth and Accession of 
Mithridates—J, K. Fortheringham. Obeservations of Nova Aquilae, — 
1918—J. G. Hagen. The Spectrum of Nova Aquilae, 1911, June 15—_ 
A. L. Cortie. The Pulsations of a Gaseous Star, and the Problem of 
the Cepheid Variables—A. 8.-Hddington. On the Variable Star 
B. D.439°3476=Piazzi XVIII, 153—A. Stanley Williams. ‘The 
Short-period Variable RK. R. Ceti, C. Martin and H.C. Plammer. 
Magnitude Observations of five Wolf-Rayet Stars—C. Martin and 
Ii. C. Plummer. Proper motions of the stars in Zone 24°—32° N. 
declination, in relation to Spectral Types—F, W. Dyson and W. a. 
Thackeray. Occultations of stars by the Moon and Phenomena of 
Jupiter’s Satellites observed in year 1918—Royal Observatory, Green. 
wich. Mycrometrical measures of Double Stars (13th Series) and New 
Double Stars—T. E. Espin. Observations of a bright projection on the 
limb of Jupiter—F, Sargent. 
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—_—_—_—_—_— 


PROGRESS REPORT. 


In continuation of the announcement in the April number of our 
Journal, the Committee feel very great pleasure to inform the General 
Body that under Art. VII (b) of the Constitution, Mr. S. Ramanujan 
B.A., BRS. has been appointed an Honorary Member of our Society. A 
short life-sketch of Mr. Ramanujan is given elsewhere in this number 
and a portrait, prepared with as much care as possible from an old 
group-photo, adorns this number as its frontispiece. 

2. The following gentlemen have been elected members of our 
Society :— 

1. Mr. Mohanlal V. Vasawada, L.0..—Assistant Member; 

Board of Revenue for Irrigation, Gwaliar State, Morar (¢.1.) 

2. Mr. Harthar Nath Wancha, M.A.—Professor of Mathematics 

Rangoon College, Rangoon ; 

3. Mr. Nripendranath Matra, M.A., B.D. (Cal.),—Deputy,; 
Magistrate and Deputy Collector, Sitamarhi (?.c.), 
(Dist.--Muzaffarpur, Behar) ; 

Mr. Abani Kanta Ray, B. Sc.,—M. Sc. Student, Cal. Univ. 
College, Krishnagar (Bengal), (at concessional rate) ; 

Mr. R. Sriramulu—Lecturer, Pachaiyappas College, Madras; 

Mr, K. Narasimha Rao—Assistant Lecturer, Madras Christian 
College, Madras ; 

Mr. A. Nageshwara Acyar, B.L.—District Board Engineer, 
Ramnad. 

3. The Commttee feel it their very sadduty to record the 
premature death of His Highness the Maharaja Bhowsinghji of 
Bhownagar. The late Maharaja was a highly enlightened Ruling 
Prince and had cheerfully got himself enrolled as a. Life-Member of 
our Society in its very early existence. By his untimely death 
our Society has sustained a heavy loss. 

4. The following books have been presented to our Library— 

1. Analytical Geometry of the Straight Line and the Circle-by 
John Milne, George Bell & Sons, 5s/-, 1919; 

Differential Oalculus for Colleges and Secondary Schools-by 
Charles Davison, G. Bell & sons, 6s/-, 1919 ; 

An Arithmetic for Preparatory schools-by Trevor Dennis, 
G. Bell & Sons, 4s/6d, 1919; 

Bombay University Calendar, Parts I & II for 1919-20 ; 

Madras University Calendar, Parts I & 11 for 1919, and Exam. 
Papers for 1918. 


Poona, D. D. KapapiA,, 


Honorary Joint Secretary. 


eed dae Boa 


xe © t9 


10th Aug. 1919. 
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| Mr.' S.:Ramanujan, B.A., F.R.S. ve 

Mr. S. Ramanujam B.A. F.R.S., a Sri Vaishnava Brahmin was 
born of poor paver in December 1888 at Erode in the ree 
Presidency. He was put to school when he was five years ol Pari 
even while in the Lower Secondary Forms he gave indication of his 
special bent of mind for mathematics by questioning his teachers about 
zero and imaginary quantities. He matriculated from the Town High 
School, Kumbhakonam in December 1903 and read for about a year in 
the I, A. Class in the Government College, Kumbhakonam. Even at that 


Stage he was working at infinite series and different representations of 
numbers, 


Having failed in the F. A. Examination, a natural result of his 
absorption in mathematics and consequent neglect of other subjects, 
he spent nearly 5 years moving about from place to place andworking 
at mathematics in his own way, In 1910, he went to Madras with two 
good sized note books filled with his researches in mathematics and 
with the help of some friends obtained a clerk’s post in the Harbour 
Trust (Office. This enabled him to remain in Madras and work at 
mathematics with the help of books and periodicals which were made ; 
accessible to him there. In 1912, having one day seen the remark in 
Mr. G. H. Hardy’s tract on ‘ Orders of Infinity’ that the precise order of 
P (#) had not yet been ascertained and having himself arrived at a 
result relating to it, he opened correspondence with Mr. Hardy sending 
him some of his results on continued fractions and theory of numbers. 
Mr. Hardy was struck with the grandeur of the results and wrote to him 
an appreciative letter asking for more of his results in other branches 
of mathematics. On receiving these results which were mainly in 
Definite Integrals and Elliptic Functions. Mr. Hardy discovered 
in Ramanujan a great Mathematician and asked him if he would go to 
Cambridge. Meanwhile the Madras University recognising his 
Mathmatical talents had granted him a Research Studentship. 
Mr. E. H. Neville of Cambridge who came to Madras to deliver a 
course of University Lectures and who had been asked by Mr. Hardy 
to bring Mr. Ramanujan, with him when he returned to Cambridge, 
got the University of Madras to grant Mr. Ramanujan a special 
Scholarship of the annualvalue of £. 250 for three years, and Mr. Rama- 
nnjan sailed for England in March 1914, He was Very warmly received 
at Cambridge by Mr. Hardy and both he and Mr. Littlewood helped 
him in publishing his researches in the English Periodicals.. An account 
of his work while in England has already appeared in the February 1917 
number of this Journal. At Cambridge he was given the Research 
Degree and the frontispiece shows him in hjs accademical robes. In 
recognition of his abilities in Mathematics, he was elected a Fellow of 
the Royal Society in 1917, and in 1918 he was granted a Fellowship of 
Trinity. The Madras University has also been pleased to give him an 
annual grant of £. 250 for another period of 5 years without imposing 
any conditions regarding residence or work, Since May 1917, he has 
not been keeping good health, He returned to India in March last 
for the sake of his health and is now residing at Kodumudi a village 
on the banks of the Cauvery and very near the place of his birth. 
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On the Cartesian Oval. 
By V. Ramaswamr Aryar. 





Introduction. 


In tackling a problem connected with Genocchi’s theorem on the 
rectification of the cartesian oval, [ found that a method of treating the 
curve which dealt with the three foci symmetrically, and furnished 
simple expressions for the leading magnitudes connected with the oval, 
was a desideratum. ThenI groped my way to the discovery of the 
fundamental parametric equations here given. By means of them the 
treatment becomes simple and of the kind desired ; and, while the lead- 
ing properties of the curve are deduced easily and in various ways, 
several new results occur, some of them quite of importance. I have 
not, so far, found the method here noticed anticipated. 

In this article I shall be able to present only a part of the work 
that [ wish to ; I hope to present the rest subsequently. 

Secrion 1. 
The Fundamental Parametric Equations. 


2. A, B, C, being three given collinear points, the distances of 
any point P from them are connected by the well known relation 
PA’*. BC+ PB*. CA+PC*, AB+ BC. CA. AB=0; 
which will be referred to as the ‘equation of distances.’ By means of 
it, when any two of these distances are known, the third can be found. 
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3. Let now O, F,, F., F, be four points‘in a line in order, we shall 
say, from left to right. We will call the line the axis. Let OF, =a, 
OF,=b, OF,=c; so that o<a<b<<c, Thena system of consistent 
values for the distances of a point P from F,, F,, F, are furnished by 
the equations 


pi=vVoe+ : 
aay 


be 
=VJont oS 
pPr=vVe Weve f ; (1) 
ieee 
e ee 3 


as may be verified at once by the equation of distances. 


In these expressions there is a parameter X. For every value of X 
we shall have a point P, or rathera pair of points P, P’ situated sym- 
metrically about the axis. They arethe points of co-intersection of 
circles of centres F,, F., F;, and of radii (,, A. Ps, corresponding to 
that value of \. We shall speak of these circles as the ‘circles’ Pp, 
Px, Ps They are coaxal for every valuelof X. 

Varying \, from + o to — ©, we shall have a locus - of 
the points p, p’. We will call this locus ‘the Cartesian Oval.” O 
will be called its ‘ triple focus’; and Fy, F,, F, its ‘foci’ or ‘ single 
foci ’, 

_ Eliminating \ between the equations (1) taken in pairs, we get the 
following ‘ bipolar’ equations of the curve : 
Vb' pi— Va Pp. =Ve. (b—2) 
Vc pPi—V a Ps = Vb. (c—a) me ats ave. Ca 
Ve'Pr— Vb p= Va. (c—b) 7 

Also using all the equations in (1), we get the following ‘tripolar ’ 
equation of the curve. 

Va. (b—c). PitVb. (C—2). “PrtrvV/c. (a—b). P3=0 ce 

4. Theorem. [If the distances of a point P from F, and F,, taken 
with suitable signs, satisfy the first equation in (2), the point P must be 
on the oval. 

For, let the distances so taken be 51, $9: 8o that we have 


Vb bi—Va §=Ve.(b—-a) on. * a (8) 
nN 
Putting Vibe + 7e= = 61) 


ia 
Vea =bz, 
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and solving tor \,,we get the same value of \ from each equation, 
This is by virtue of the relation (a). This proves that P is the poin 
on the curve whose parameter is \ so determined. 


It is clear that’a similar statement holds with regard to the other 
equations in (2). 


Hence, if the symbol (AB) mean ‘the distance AB taken with a 
suitable sign,’ we see that our ovalis the locus of a point P moving so 
that any!of the following equations is satisfied : 


vb. (PF) +a. (PF,)=e. FF,; } 
ve. (PF,) +a, (PF, =. FF, ; Hs <a (4) 
. Ve. (PP:)+Vb. (PF:)=Va F.F; 5 


The Ordinary Form Identified. 


5. Let now A, B, be two given points; 1, m, m any positive, un- 
equal, multiples; and let a variable point P move so that 
» m (PA)+/1 (PB)=n, AB. a ese ese, (5) 
Then according as 7 is the greatest, intermediate, or least of the quan- 
tities 1, m, n, the equation becomes comparable with the first, second, 
or third equation in (4) ; and we conclude: 
\(i) that the locus of P is a Cartesian Oval having A and B for 
two of its foci; 
(ii) that the triple focus O is a point situated in AB produced 
such that OA _OB. 
Pn 
(iii) that it has for the third focus a point C situated in the line 
on the same side of O as A and B, such that 
OA _OB_OC, 
Po om on’ 
(iv) and that the point P also’satisfies the equations 
n (PA)+1 (PC) =m. AC, 
n» (PB)+m(PC)=/, BOC, 
Having made this identification we shall leave the ordinary form 
and_proceed to discuss the curve by means of the special equations. 


Section II. 
The Vertices of the Oval and its General Tracing. 


6. By the vertices of the oval we shall mean the points where 
the curve cuts the axis. Let # be the abscissa and \ the parameter of 
a vertex. We shall measure the abscissa from O as origin, and positively 
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to the left. The foci then are the points with abscissae —a, —b, and —c; 
and a+a, a+b, «+c are equal to the focal distances of the vertex 
numerically. So also are ,, Ps, ; for the value of \ in question. 


Hence # and \ must satisfy one equation out of each of the pairs: 
ep-a=+ P,;#+b=+pP.; #+c= +P, 


We find the equations go together as follows : 
(I) afa=Py @+b=py e+o=py; 
(2) #+4=P; 7+b=—P, *+c=—AP,; ; 
(8) w+a=—Pp, &+b=P,, e+c=—P;; 
(4) #+a=—P;, c+b=—p,, 7+b=f;. 
We may also observe that the equations (2) are what (1) become 


on changing ~/a into—Va; and (3) and (4) are similarly what (1) be- 
come on changing the signs of 1/b and vc. 


Denoting the values of # and \ given by these equations in order by 
(a4, Xa) (1, Xa) (a) Xo) (Hg, Xp) 
we find that they are 
a=Voe+Vea + Vab, \u=Vabe (Vat+Vb+ye), 
@%=Vbe —Vca — Vab, i= Vabe (Va—vVb—ye). 
0,= —Vbe+-Yea—Vab)r.=Vabe(—yatyb—Ve) >, 6) 
a= —Vbe—-v/cat+Vab, hy =Vabe(—Va—vV/b +c). 


Now on the axis set off the points of abscissae ay, 24, #3, a as 
above given; and call them D, A, B, C. These are the vertices of the 
curve ; and they are the points of parameters \,, \1, do, Xs. 


It should be observed that the vertices and the foci lie along the 
axis in the order 
D, A, F,, F,, B, 0, F,. 


7. For tracing the curve it is necessary to note the relative order 
of the values of \ which correspond to the vertices and of those which 
make ,, P2, P; respectively vanish, namely, 

NM =—be, M’=—ca, "= —ab. 
It is readily seen that they are in descending order of magnitude as 
follows : 
Ng Bey VN, WA NENG 
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Also we note, from the fundamental parametric equations, that 


the increments (or decrements) in the values of Pi, Pa, Ps Corresponding 
to any given change in the value of \ are of the forms 


Va.§, /b.5, V0.8. 


(1) As \ decreases from « to X,, the circles P1, P2, Ps decrease 
in radius and come into contact at the vertex D. The values of 
Pr Px» Ps corresponding to X=, are F,D, F,D, F,D. Hence prior 
to X reaching the value \,, the radii of the circles Pi, Px, Ps, have 
been of the forms F,D++/a.§,} F.D+ 7b. §, F,D+-+~/c.§; and, plotting 
these for a typical §, we sce that the circle p, is entirely within 
the circle p,, and the latter within the circle p;. Our tracing points 
f.p' have thus been imaginary until the value \, was reached, when, 
they both appear at the position D. 


(2) As X decreases from \, to X,, the radii of the circles 
Px Pa Ps, are to start with, of the forms 


F,\D—v/a.§, F,D—+/d.§, F,D—vc.§. 


Plotting these for a typical §, it is at once seen that the circles P1, Px Ps 
interesect one another. Thus as X decreases from \,, the coaxal 
circles (,, (2, P;, form an intersecting system ; and this must continue 
until the next contact occurs, that is, until the value \, is reached. 
Then the circles touch one another at the vertex C, and the values 
of P,, Px, Ps, there are F,C, F,C, F,C. Thus, as \ decreases from hy to 
Xz our tracing points P,P’ are real and trace out an oval extending 
from D to C on both sides of the axis. 


(3) As \ decreases from \, to X,, the radii of the circles are, 
to start with, of the forms F, C—va.§. F.C—-b.§, F,C—y. 6. 
Plotting these for a small §, it is seen that the circle p, becomes 
entirely contained in the circle ,, while the circle , goes. entirely 
outside the circle ;. This kind of non-tiniersection goes on until the 
next contact is reached, that is until X=,. In the interval, the 
radius P; diminished to zero when X passed through the value “\’ = ab, 
and then became negative numerically increasing. The like 
_ happened with the radius p, as \ passed through the valne \)”” =—ca, 
When X becomes equal to ., the circles Pj, P,, P; come into contact 
at B, the value of the radii then reached being F, B,—F, B, and —F,B 
respectively. The tracing points P, P’ have been imaginary in the. 
interval. 
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(4) As X decreases from \, to \,, the radii of the circlestare, 

to start with, of the forms 
F, B—vVa.6, —F, B—vb.6, —F, B—yv.6. 

Plotting these typically, it is at once seen that the circles 
Pi, P2, P; start ina state of real intersection and the tracing points 
P, P’ are real, This goes on until the next contact is reached, that is 
till \= when theradii of the circles become F,A,--F,A, and— F,A. 
Thus as \ decrease from \, to X, our tracing points are real and 
trace out an oval extending from B to A on both sides of the axis. 


(5) In like manner it is seen that as \ decreases from , to — 
8, our tracing points are imaginary. The circle 9, is entirely 
contained in the circle p, and the latter in the circle P;; and this goes 
on however large \ becomes negatively. 


8. Summarising, we see that the real part of the curve consists of 
two ovals—together called the Cartesian Oval—one extending from 
D to C and traced as X ranges from , tc \, and the other from 
B to A and traced as \ ranges for \, to 4. 


The latter oval is entirely contained in the former; for p, 
has throughout the range \, to \; been positive and decreasing. The 
two constituent ovals are thus distinguishable as the outer and the nner 
oval. 


It is to be particularly noted that the values of p,, Pu Ps are 
positive for points on the outer oval; while for points on the inner oval, 
Pp: 78 positive, but Pp, and Pp; are negative. The equations (2) are there- 
fore true in an arithmetical sense for the outer oval; and they wonld be 
true in the same sense for the inner oval upon changing the signs of p, 
and 93. 


We further observe that the foci F, and F, are contained within 
both the ovals, while F, is outside both. Hence F, is termed the eazternal 
focus. Also, the triple focus O will be within, dn, or outside the inner 
oval according as the abscissa of the vertex A is positive, zero, or 
negative ; that is according as 


Vie > =< Vea+Vab. sa o. Ce 
Srcrion III. 


The fourth Parametric Equation, 


9, Let P be a point on the oval of parameter \. The distances 
‘of P from F,, F., F, being known, its distance from any other point on 
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_ the axis can be found by means of the equation of distandes. Let 6 


denote the distancesto the triple focus O. We find 
p’=be+ca+ab+2hr,. 1. cen sue (8) 


10, Eliminating \ between the values of 6° and of (,, P., Ps in 
succession, we get the bipolar equations 


p'=2 Vobc. Py+ab+ac—be 
p?=2 Vea. Patbe+ ba—ca ¢ oes ves (9) 
pr=2 Vab. Pstca+cb—ab j 


11. Let @,, 0,0, be the angles that F,P,|F,P, F,P make with 
the axis, so that ((;, 0), (., 82), (P;, 93) are the polar co-ordinates of 
P with respect to F,, F., F, as origins, the initial line in each case 
being the axis pointing to the left. We havo 

p°?=p,°—2ap,"cos 9, +0? ) 
p?=p,"—2bp, cos!O,+b° ae we (20) 
p?=9,,—2cp, cos.O,+ * 


12. Using these values in (9), we get the following polar equations 
of the oval: 
p2—2p, (v/bo-+a cos €,)-+(a—b) (a—c)=0 | 
p'—2p, (V/ca+b cos @,)+(b—a) (b—c)=0 r AAR ity 
p2—2p, (ab + ¢,cos 9,)+(c—a) (c—b)=0. ) 


The polar equations make it evident,that the curve|is the inverse of 
itself with respect to the circles of !centres F,, F,, F; and squares of 
radii equal to (a—b) (a—c), (b—2) (b—¢), (c—a) (c—b). The first and 
third are real circles, while the second is imaginary. We shall speak 
of them asthe circles F,, F,, F;. Any two of the |foci are inverses 
with respect to the circle whose centre is the third. The circles F, and 
F, invert each constituent oval into the other; while the circle F, 


inverts each into itself. 
“The circle F, cuts each tconstituent oval into two parts one of 
which lies without, and the other within, the circle F,. They may be 


distinguished accordingly as the outer and dnner parts of that oval. 
the terminal points of the parts are the points of contact of the tan- 


gents from F. 


We shall generally take our typical point P of the curve to be on 
the outer part cf the outer oval. Theorems proved for the case will be 
found to hold when P is elsewhere with suitable modifications suggested 


by continuity. 
2 
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13. In our curve let us allow @ to increase and become equal fo b. 
Then the first and second equation in (11) become 
r=2(>/be+b cos 9), b<e soa") Ce 
an elliptic limacon. 


Next, let c decrease and become equal to b, Then the second and 
third equations in (11) become | 
r=2(v/ab+b cos 6,) b>a ove (100 
a hyperbolic limacon. 


Thirdly, let a; b, ¢ all become equal. Then each equation becomes 

7 =2a (1+ cos), > ae 

a cardioid. Thus the limacons and the cardioid are extreme cases of the 
cartesian oval. 


Lastly, let O advance infinitely near to, and become coincident 
with, F;. The outer and inner ovals coalesce and the curve 
becomes the circle F, reckoned twice over. This also is an extreme 
form of the oval. 


14. Before passing to consider the cartesian equations of the 
curve we may take notice of a special case of the equations (9). 
Let a, b, c be such that ab-+-ac—bc=0. Then the first equation in (9) 
becomes 

PP=2V/bc Pi ow mee see (15) 
This equation, then, represents a cartesian oval. It is readily seen 
that it inverts with respect to O into the bipolar form r7’=k*, that is 
a Cassinian Oval. The condition ab+ac—bc=0 is equivalent to 
u*=(a—b)(a—c) ; or the circle of inversion F, passes through the triple 
focus O. Hence we have the theorem: 


If in a Cartesian Oval the circle of inversion Fy passes through the 
triple focus O,.the curve inverts with respect to O into an oval of 


Cassini, = cae oe via a Ca 


15. The equations (9) are equally suitable for deducing the carte- 
sian equations of the curve. 1fa, y be the co-ordinates of P, abscissas 
being counted positive to the left as before, we have 

Pr=e'+y*, pr =(a+a)+y’, ke. 

Hence we get 

(w*-+ y*—ab—ac-+ be)* =4be { (w-+a)*+y? } 
(2*+-4°—be—ba-ca)*=4ca { (w+ b)?+y? } 
(a*+-y°—ca—cb+ab)?=4ab { (w+4c)?+y*}, 


~~ Ge 
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Hach of these reduces to 
(a*+-y’—be—ca—ab)*—4Aabe (2e-+a+b+c) =0,  §=(18) 
which may be considered the standard form of the cartesian equation 
of the oval. 


16. When an equation is of the form a?=y?+2%, the analy tidal 
geometer knows it at once as the envelope of the system of curves 


x=y cos 0+z2sin 8 as rin) GLO) 
where @ is a parameter, 


Accordingly, from equations (17) we see that the curve is the 
envelope of each of the systems of circles 
+y—ab—ac+be=2v/e { (w+ a) cos O+ysin 8}; yan 
a? +y?—be—ba+ca=2y ca { (vx +b) cos O+y sin O }3 Vee (20) 
a-+y°—ca—ch+ab=2Vah {(w+c)cosO+ysinO}')  - 


Written in their standard forms, these circles are 


(#—V pe 0038)* + (y—Vie sinO)’=a(h-+c+2V pe cosB);&e. (21) 


Let G,,G.,G, denote the circles of centre O and radii V/te, Vea, ab 
respectively. They are of importance in connection with the oval. 
We shall call them the ‘ generating circles’ of the oval. From equa 
tions (21), it can be readily seen.that 


The Cartesian Oval is the envelope of a variable circle whose centre 
moves on any of the generating circles Gi, Gy G;,'and which cuts the 
corresponding circle of inversion Fi, F, Fy, orthogonally. 


These will be spoken of as the xon-awial, or secondary, systems of 
bitangential circles of the oval. 


From equations (15) we see that the cartesian oval is the en- 
velope of the system of circles 


a+y?—be—ca—ab=u(20--a+b-+e) + ; sve) (22) 
that is, of the system | 
_(u+a)(u+b)ju+e) 
OS a ea cence ee sa (23) 


which forms the equation of the aaal, or primary, system of bitangen- 
tial circles of the oval. Having thus introduced thejanalytical treatment 
of the curve, we proceed in the next section to develop a different 
line of study, also based on the fourth parametric equation, | using 


Calculus, 
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Section IV, 
The Triple Focal Perpendicular on the Tangent. 


It is desirable to have a clear idea atthe outeet as to how the 
normal at a point P lies with reference to the joins of P to O, F,,F,. F:. 


Let P describe the outer oval from D to C. The distances of P to 
O, F,, F Fs are 
p=Viexeabab+2n, Pi=Vio +/Vbo, ete, 
and they are all positive and decreasing. If PT be the tangent at 
P drawn in the direction of motion it follows that PO; PF,, PF., PFs 
make acute angles with PT. Hence the normal at P being drawn, the lines 
PO, PF, PF, PF, all lie on one side of it, namely the side of PT. 


Next let P describe the inner oval from B to A. Then the distan- 
ces p and /, are positive and !diminishing ; while p, and p,; are, in 
magnitude, increasing. Hence PO and PF, make acute angles with the 
tangent PT drawn in the direction of movement ; while PF, and PF, 
make obtuse angles with the same. Hence the normal at P being 
drawn as before, we see PO and PF, will lie on one side of it, namely 
that of PT ; while PF, and PF, will lie on the other. Therefore, at any 
point P on the inner oval the normal lies within the angle F,PF,. 


* The above will help us to draw the figure correctly for what 
follows. 


19. Let P be a point on the curve, of parameter X. Join it to 
O, F,, F,, F;. Draw OQ perpendicular to the tangent at P, cutting 
PF,, PF., PF, at M, M;, M;, and the tangent at Pin Q. Then we get a 
figure with a few—I would say five—leading properties, from which 
numerous others follow. We shall deal with the first two of them in 
the present section. 


20, The first property ts that 
PM,=bc, PM,= ea, PM,=~Vab. ve (24) 
Dem. Take the fundamental equations 
p’=be+ea+ab+2h, 
Xx 








Pi=vVbe + Vee” ? 
pera l® 
Pi=Vca + Vea 


se X 
Ps=Vab+ “Vad ? 
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Differentiating with respeot to the arc, measured from C towards D 


in the outer oval, and from A towards Bin the inner oval, so that; 
and s increase together, we get 








ap _ a, 
ds ~ ds 
dp, i dy: 
ae Vbe 5 ’ etc. 
The first of these means Pp cos OPQ ==; 
1s 
that is x = t, where ¢t denotes PQ... ee CD) 
Hence the second equation tells us 
t 
cos F,PQ=—=; 
; Vbe 
that 1 é a: 
eet PM, Voc 


Hence PM,=~7/(bc); and similarly PM,=V (ca), and PM,=~/(ab.). 
Cor. 1. As the whole lengths PF,, PF., PF, are VJ (be) +/V (be), 


etc.; and the parts PM,,etc., are equal to V/(bc), etc., therefore the 
remaining parts M,F, M,F, M,F, are equal respectively to 


sei en Hey se ove (26) 
V(be) (ca) V(b) 
Cor. 2. Hence rectangle PM;. M,F,=rectangle PM,. M,F, 
=rectangle PM,, M,F,= . x a (27) 


We are thus afforded a simple geometrical meaning of the parameter r. 


Cor. 3. The sines of the angles that the normal makes with the 
focal vectors PF,, PF., PF; are as Va: vb: Ve. 


For, these angles are equal to the angles PM,Q, PM.Q, PM,Q in 
t t 


t 
fi Soak inea O86 eee 7} BD are therefore 
our figure ; whose sines are Vey’ Vea) Vad) 


as v/a: Vb: vc. 
21. Theorem: Jf the normal at P cut the axis im G, then OG= 
abc]. eee eee ove eee ove eee (28) 
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Dem: The normal ‘is parallel to OM,;. Therefore by similar 
triangles 


GO H OF, =PM, ; MF, > 


ee rn, 

that is, OG: a=Vbc: ie 
_ abe 
OCs ’ 


Cor. 1. The centres of curvature at the vertices D, A, B,C of 
the oval are the points of abscissae %1, &1 S2, &s where 


£ xe OE 

© Va+Vb+vVe 

_ | Wate 

© Va-vyo—ve Pe we (29) 
Vabe 








These follow from the theorem by substituting for \ the values of the 
parameters of the vertices from equations (6) 


Cor. 2. The radii of curvature at the vertices D, A, B, CO are 
04, 0}, T2, 3, where 


_(Vb+Ve) (Ve+va) (Vatvb) 7 
Vat+vVb+ye | 
(Vb+-vVe) (Vve—va) (Vb—va) 
Vb+vVce—vVa 
5 = Wetva) (Vb=va) (Vb—ve) | 
= Ver Va—vyo 
5, = Vatv>) (Ve=Va) (Ve--vb) | 
Vat+vVb—ve J 


o4 





a 


(30) 





These values are obtained by subtracting the abscissae of the centres 
of curvatures at the vertices, as given in the last Corollary, from the 
abscissae of the vertices, given in equations (6). Accordingly, when 


positive, they denote concavity to the right; and when negative, con- 
cavity to the left. 
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Cor. 3. The curve is concave to the right at the vertices D and 
A, and concave to the left at the vertex B. 


Cor, 4. At the vertex C the curve is concave to the right, or to 
the left, according as 


Va+vVb >or< ve, rs ae in RCL) 


When at C the curve is concave to the right, we shall gay the 
curve is an indented oval; if to the left, an wnindented oval. 


Cor. 5. The vertex C is a point of undulation, if 


VatVb=Ve. hee s, v. (32) 


Cor. 6. The radius of curvature at Dis greater than the radius of 
curvature at A, and the latter greater than the radius of curvature at 
B, in absolute magnitude. 


Cor. 7. In the unindented oval, the radius of curvature at C is 
greater that at D in absolute magnitude. 


Oor. 8. On every indented oval there is a pair of real points of 
parameter zero. 


For, the outer oval is traced as \ varies from 


Ni=V (abe) (VatVb+ye) to s=V(abe)(Vo—Va—vb) 


and zero lies between these values. 


Cor. 9. 1n every indented oval, there is an obvious double tan- 
gent. Its points of contact are the points of zero parameter. 


For, the normal at either point cuts the axis at an infinite 
‘distance. Hence 


abe _y, Be x=0. 
Xr 


Cor. 10, The distance of the points of contact of the double 
tangent from F,, F,, F, and O are 


/(be), V/(ca), V/(ab) and V(be+ca+ab). .. (33) 


For, making \=0 in the fundamental parametric: equations, the 


result follows. 
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Geometrical Investigation of the Secondary Systems of 


Bitangential Circles. 


22. Let P, p; be a pair of inverse points on the curve, which 
are inverses in respect of the circle F',. Let the normals at P, p; meet — 


at 91. 


By the properties of inverse curves we have g,P=g,p;. ‘The circle 


of centre g, and radius g,P or 9,p;—which obviously touches the curve 
at P, p,—will cut the circle F, orthogonally, as it passes through a pair 
of inverse points with respect to it, namely P and p,. 


To find the locus of g,as P varies: From O draw perpendi- 
culars on the tangents to the oval at P, p, cutting the radius vector 
F,p,P at M, and m,. By the property in question, we have PM,= 
p,m, each being equal to ~/(bc). Further they are in the same sense as 
will be obvious from the figure drawn with due regard to the observa- 
tions in § 18. Consequently Pp, is equal to M,m,;. Hence the 
triangles Pg,p, and M,Om,, whose corresponding sides are parallel, 
are equal in all respects, Thus g,P is equal and parallel to OM, 
Therefore Og, is equal and parallel to M,P. Hence Og,= (bc) and the 
locus of g, is the ‘generating’ circle G,. Therefore, if a variable circle 
move with centre on G,, always cutting the circle F, orthogonally, its 
envelope is the Cartesian Oval. And a like proof holds for the other 
secondary systems of bitangential circles. 


Cor. 1. Hence, P being any point on the oval, if parallels be 
drawn through O to tne focal vectors PF,, PF,, PF, cutting the nor- 
mal PG at 9, g., qs; then g,g.,g; are the centres of the bitangential 
circles of the systems (G,),(G,), (Gs) which touch the curve at P. 


Cor, 2, Consequently, the radii of the circles of the secondary 
systems of bitangential circles which touch the oval at P are equal 
to OM,, OM, and OMs,. 


Vor, 3. In the indented oval, the radii of the bitangential circles 
touching the curve at a point ef contact of the double tangent are 
equal to OF,, OF,, OF,; that is, are equal to a, 8, c. we (84) 


Cor. 4. If 91, go gs, G be the centres of the bitangential circles 
touching the oval at P, the set (P, 9;, go, Js, G) is anharmonically con- 
stant. 
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For, it subtends at Oa pencil, which, by parallels, is equal to that 
subtended at P, by a fixed set of points on the axis, namely 
(O,F,, F., Fs, 00 ). 


23. The second property of the triple focal perpendicular on the 
tangent consists of the following metrical relations. 


Denoting OM,, OM,, OM, by 1, , 2, we have 


N= LAPP, 4, — a / Phil a; — CP xp prs (35) 
Pi Ps Ps 


Proof —Applying|the equation of distances to connect OF,, OM, 
OP and redueing, we get 


roe OM, = (X+ ab) Ch + ac) = APP, 
Vbe 


Hence = / 2PP etc. 
Pr - 


Oor. 1. From the last article it follows that the values obtained are 


those of the radii of the secondary systems of bitangential circles which 
touch the curve at the point X. 


Cor. 2. From the values of 7, x, ; we get 


Nts =+/ bc - pPi= h+be 


ns, =/ca. Pa=K+c4 pee ie (0) 
Nyy =/ab. P=: \+ab 
Cor. 3. Hence, in our figure, 
OM, . OM, =i PM, PF, ; 
with two similar relations. oe + = ses (87) 
Oor. 4. Also, by subtraction, we obtain 
OM,. M,Ms=n,(%,—m,) =a(c—b) ; 
and two similar relations. sp es (88) 


24. Theorem: If denote the normal PG, then, 
: 
1 = Vale PiPspx vee eee (39) 


For, by parallels, 
PG: M,O=PF,: M.F,; 


Re AP>Ps x 
nm: ae eee 
that is \/ p= Pih 


Pr 
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os 1 oS 
to =% abcP, Ps Ps 
Cor. 1, We have 


1, Ng Ng=NN., dee ase os CO 
Oor. & m= IWR pba Raha) we (Al) 


Cor. 3. If the abscissa of G be w, then, 
nay / CHET NCE e ae (42) 
U ‘ 


Cor. 4. Thus the radius of the circle, with centre at any point G 
on the axis and having double contact with the curve, is 
eR L eh ag ag 
GO 
The circle is real provided G does not lie in the segments OF,, F,F,. 


25. By means of the last formula we can appreciate the effect 
produced on the oval when F,, F. F; remain fixed, but the triple focus 
O moves to a considerable distance to the left. Let G be a typical 
point, firat, in F, F,; and secondly, in F, F, produced. The formula 
shows that when O recedes and GO becomes very large, the radius of 
the double contact circle, centre G, becomes, ineach case, very small. 
Therefore, as regards the inner oval we infer that it tends to become 
very thin and look like a thin ellipse of foci F,, F,. As regards the 
outer oval, we realize the matter thus. AsO moves, starting from a 
position near F, our oval is at first unindented. The indented form 
begins to appear as soon as O has passed a position O’ such that 

VO'F+-0'F,=0'F,. 

As O recedes, the indentation, gentle at first, becomes very sharp, and 
very long, approaching the big cardioidal figare, with cusp at F,, that 
the curve rapidly becomes. That this is the form can be gathered from — 
the fact that when O recedes to a considerable distance the foci F,, Fe 
F, are coincident relatively to the distance of O from them. The don- 
ble contact circles in question, with centres in F, F, produced are the 
circles inscribed in the creek of this cardioidal figure, whose form is 
like a thin parabola of focus F,; and the circles inscribed in ‘it become 
indefinitely small. 

26. To find the differential coefficients of my, mo, % with respect 
to X. 


From the values = / & Pa Po, etc ; > 


1 
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OPice ole ORgi nd, WOR ack 


and ae pane 
De Cui CaN en uB Vo 





we easily get 














dn, ee Ng+n—n, ) 

rr} ee NgNg 

dng 5 Mg tM—N Ad 
—wie ea 2 ee \. eee eee eee ( ) 

dX . NN; 

dn, 5 M+ Ng—Ms 

dX 2° | fis 5 


We thus meet with a set of simultaneous differential equations, easily 
solved, to which the geometry of the cartesian oval affords an 
illustration. 

27. It is interesting to see that when m, , , and ” are given, 
we can find a, b,c and X. : 


For, \ is at once given by 
Nynyn, =n. 
When has been found, the values of be, ca, ab are given by mm,=% 
_+be, etc.; whence a, b,c are known. 
Hence, given the four bitangential circles of a cartesian oval 
touching the curve at a point P, the circle belonging to the axial system 
being distinctly specified, we can determine the oval. 


Section V. 
The Third Property of the Triple focal Perpendicular. 


28, The property to be now considered is one of special impor- 
tance. OQ being, as before, the triple focal perpendicular on the 
tangent at P, cutting the focal vectors PF, PF, PF, in M,, My, Ms 
_ the property in question is OQ=} (OM,+0OM,+0M;} +» (45) 

Denoting OQ by p, our Proposition is p= (m+M.+%s)- os (46) 

Proof: In OQ produced take M, ' the reflexion of M,in the 
tangent at P. 

Then, rect. OM,.OM’;,=0Q’—M,Q’; 

=OP?—M,P?; 
=(ab+-actbc+2r)—be , 
=(ab+)+(act+) 3 
=n,(N+ Ns). 
But OM,=” 
; OM,7=ne+n, 
os OQ=4 (OM,+0M,")=5 (M+ 10+ Me)’ 
That is, pH (m+ Met). 
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29. We shall now introduce three new quantities vguich are im- 
portant in the analysis of the oval. These are the lengths M,Q, M,Q 
and M,Q. We shall denote them by 4, qs, Gs: : 


We evidently have 


P=MNAN=M+AG=M%+]; he ve (47) © 

From these and the result of last article, we get 
P=UTH4+9 ote .. (48)9 
which is another form of the property in question. It shows that, in ; 
our figure, 
} QO =QM,4+QM.4+ QM, See vee (49) © 


From (47) andi (48), we get 
™M=O+ 935 M=Gthni %~=Aatg; 
whence a= (m.+n,—m) 
Qa=s (M+ —7N2) nef vee (50) 
= 3 (7, ++ N,—Ns). 
30. We have already denoted the length PQ by t. 
In terms of t we obviously have 
a=Vbe—? 
g=Vca—?? eee eee ace ece (51) 
=Vab—F. 
Hence, substituting in (48), we get . 
P=Vie—P+ViaaB+Vaboe aa 58) 
which is the p, t equation of the Cartesian Oval. 
The p, ¢ equation is important in any curve as, intet alia, it*gives 


a grip over the curvatures of the curve. And when, as here, we have 
p given explicitly as a function of t, the convenience is the greater. 


31. Let us investigate the general p, t equation p=¢ (t). «oe (i) 


Let be the angle which the perpendicular makes with a fixed lines 
this angle being so reckoned that we have’ 


t—0P 
dw 
From (i), differentiating with respect to W, we get 
dt 
b=) 
+) dW; 


Hence, 
ee 


—_—, 


t 
dw dw ¢(H , cee tee (ii) 
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‘The radius of curvature being denoted by o, we have 

o aac 
That is o=4(t)+— 70) ie ip (1) 
Let o, denote the radius of curvature of the evolute of the curve. 
Then 


ar ry 


Now the operation 
ad@idt d_itd 
dw dwdt ¢'(t) ‘dt’ 
Applying these equivalent Se to o, we get 


n= oma ‘Tt \ {3 ¢(t)+ mae i. ine sey GY) 


And the radius of curvature of the x” evolute is given by 


meu) t 
o,>= Seer? < paar re t Sr . ave 
lea aw} (90+ aq } m2 
32. Let us apply the formula eal above, namely, _ 
—d(t\ 
¢()+— ¥ a0) 


to the case of our oval. 


We have ¢ (t)=Vbc—?++/ca—v ++/ab—t?; and we have the 
letters 1, gx) gx to denote the radicals involved. 
Differentiating, ¢ (t)’= — +o aes GR 
q2 q3 
Ss ¢ ee. 9293 t+ 90M» 
t 1924s 
1929s 


Hence o=¢(t)-+—. $e _ = (1+ 924-9s) ~£(ai9s qs y' 


pA Cle s gz) (Got qs)(Qo+%). Ps iy tbe) 
HP+ Ist WH 
For example, at the vertex D, t=0 and we have 
H=Vbe, 2=Vea, = Vab } 
and we get for the radius of curvature the value 
(Ya+-Vo)Vb+-Ve)(Ve+Va) 
— Va+Vb+ve 


which verifies the result already obtained, 
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33. Working out the general formula in § 31 for the radius of 
curvature of the evolute, we get 
— 8 G90( Git Y2) ata) Gotu) 


a ve (54) 
(Gm 9293+ Qsq)* 


The evolute has cusps(1) at the centres of curvature at the ver- 
tices, for which t=0; and (2) at the centres of curvature at the points 
of contact of the tangents drawn to the oval from the external focus, at 


! 


which points g,=0.. These are the only real cusps. The evolute is — 


thus visibly, an 8 cusped curve. Four of these cusps relate to the 
inner oval, and four to the outer oval. In the unindented oval the 
evolute corresponding to each constituent oval has a look like that of 
the evolute of an ellipse. And the reader interested can readily find 
out the medification of form produced when the curve is an indented 
oval. 


34. There is another method of investigating the radius of cur- 
vature at any point. At the very outset, in § 20, we met with the 
small inconspicnous equation 


t= dy 
ds 
Now, a ap 
dw’ 
dp ar 
dw ds 
Hence, we derive dw _ dp 
ds dns 
hats: als 
o dr 
But p=x (x Ny +Ne+ Ns) 
as aoe eek diy, dng 
c utah vac f. 
And, we found in § 26 that 
dry 1 Ny, — My , 
eee ; ete. 
Hence we get the formula. ~~ 
4. No+-Ny—n 
see Bee S 1 
~ Frit vee = (55) 


This is readily transformed into that of § 32. 
For 1=3 ntti = Qa+ qa» etc, 
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yo ee, ee 
(qit 4s) (qi+ qo) 
=} 2qi(qo+qe) 
(qi+qe) (qo2+4q;) (q+ qu) 
— 42 qq 
IT (qi+ qa) 
- += II (qo+qe ), 
ps (qiqe ) 


35. The formula obtained for the radius. of curvature admits cf 
an important transformation which yields several simple geometrical 
constructions for the centre of curvature. 


Qpe 


Hence 


From the triangle OPQ, we have 
OP?=PQ?+Q0*, 
.. be-+ca+ab+2r =#+(qi+qo+qs)? 
=t?+(be—t?) + (ca—t?) +(ab—#)42 © q qo. 
Hence we obtain the important result / 
K=—P42qi qu we we (56) 
which expresses \ in terms of fp. 
This gives Yqi qo= +27. 
Hence, from the formnla 
o = (Utd) (qo+4s) (qs-+4:) 





Qide+ Gods+ 4sq1 
_ NyNyNz 
we get ah Orie Paes oo wes wee (97) 


36. Now we saw already that 
NNN, =n NK, 


Hence we have 


ec. -* 
AEE a ae we = (58) 


This gives the following construction : 


Let P be a point on the oval. Join PF, and cut off PM,;=~V/be. 
Join OM, and produce it and draw PQ perpendicular to it. 
Then PQ is the tangent at P. Draw PG parallel to OQ 
cutting the axis in G. Then PG is the normal. 


Now along PQ take Q,, so that 
PQ. QQ.=PM.. MF, 
Also along PQ take P, so that PP,=QQ,. Join Q,G; and, 
through P, draw P, § parallel to Q,G, cutting PG in S. Then 
S is the centre of curvature at P. 
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For, by parallels 
PS: PG=PP5:FQ;; 
=QQ. : PQ+QQ., since PP, =QQo 
=PQ—QQ, : PQ’+PQ . QQ.. 
Now PQ. QQ.=PM,. MF, by construction=\, by its geometrival 





meaning. 
ae PS: PG=X : +X 
tC. PS:n =X: P+NX., 
A PS=o,  byi(58). 
37. Since m,=~Vbe . ,, the relation (57) gives 
o  ~vVbe- Pr 
, Soe Ms, we | (Oe 


which leads to the following construction : 


Draw the normal as before and along it, take Pg,=OM, ; from 


Q draw QX perpendicular on PM,; along PM, take XX, 


=M,F, ; join X, to g,; through F, draw FS parallel to X,9, 
cutting the normal at 8. Then S is the centre of curva- 
ture required. 


For, by parallels 
PS2ibg, =e oe a 
=PF,:,PX+XxX,; 
=PF,. PM,: PX. PM,+PM,. XX;. 
But PF, PM,=pr Voie 
PX, PM, =PQ=-2 
PM,, XX,=PM,. M,F,=\. 


oe PS: Pa=pivbc: P+ 
‘ PS _ Pav 
sit eee ee 


Hence by (59) PS=o, which proves the construction, | 
Welhave two other similar constructions. 
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“Some difficulties met with in reading Mathematics without a 
Teacher : A Complaint against Text-books.”* 
By. Masor W. A. Garstrn, Prsawar. 





I was very pleased when the opportunity was offered to me of joining 
this Association at its start and I readily took advantage of the occasion 
because, although I cannot say that1 am a mathematician, I do lay 
claim to being one of those others interested in mathematics to encou- 
rage and help whom is one of the primary objects of this Association. 
While, then, I welcomed the opportunity of becoming a member of the 
Association it never occurred to me that I should ever have the fortitude 
to read a paper before its members. And I do not doubt that I should 
never have done so had not an encouraging word been given to me by a 
friend,—himself a distinguished mathematician. We were discussing the 
methods and aims of mathematical teaching, and I was telling him of 
some of the difficulties which I had met with in reading the recognized 
text-books— difficulties which I was emboldened to maintain were due as 
much to defective methods of presentation as to my own dullness. The 
result of that brief discussion is the paper I am now to read to you, I 
cannot hope to bring to your notice anything very original ; indeed, it 
would seem presumptuous for anyone like myself, with no experience 
whatever as a teacher to address an audience such as this, on a subject 
connected with the vexed and difficult question of mathematical 
teaching. But I feel I shall not have wasted your time if I am able to 
bring home to those of you whose profession it is to teach, some of the 
inherent difficulties met with by one who has come to mathematics with 
the sole desire to learn and understand. 

The title which I have chosen for the subject matter of this paper, 
“Some difficulties met with in reading Mathematics without the aid of 

-a@ Teacher: A complaint against Text-books,” suggests at once he 
comment that the difficulties must have been both various and many. 
That certainly is true; but the difficulties about which I am going to 
address you this afternoonI have narrowed down to a few of a more 
or less general character, such as are inherent in a subject as abstract, 
as mathematics. They have nothing to do with the application of: 
mathematics, and I am not going to trouble you abont the hard points 
of this or that particular theorem. Very naturally I have encountered 
many diffculties of this latter kind where the assistance of a teacher 

would have been invaluable to me; but my object in the present paper 
is altogether a different one. It is nothing more or less than to ask 


* Communicated by the author to the Panjab Mathl. Association, March 1919. 
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you to consider some root matters of prime importance, in the préesenta- 
tion of which, so it seems to me, our English text-books fail lamentably 
to give that instruction which, in my opinion, it is legitimate to expect 
them to provide. They are difficulties relating to the fundamental ideas 
of mathematics as represented (or supposed to be represented) in our 
modern elementary text-books. Now it seems to me to be of the utmost 
importance that the mathematical student should acquire at, as early a 
stage in his mathematical reading as possible, a firm and clear grasp of 
the fundamental ideas of his subject, and should have a thorough 
understanding of its aim and object and the nature of the methods by 
which it works, so that he may gain a due appreciation of what 
mathematics as a science really is. This need one would have thought 
was so obvious that one could hardly imagine any text-book professing 
to teach mathematies not entering upon at least some discussion of 
these matters ; yet it has been my experience that it is just in regard to 
them that the elementary text-books are profoundly silent; either 
because, I suppose, the ideas are considered not to be suitable for the 
beginner or because they are not necessary for the purpose of mathe- 
' matics, as that hard-grained subject is known in the schools. To neither 
of these views doI subscribe; and in my opinion it is because this 
side of the subject is so neglected that not only is mathematics looked 
upon by the ordinary student as a mere mechanical juggling with 
symbols, but students with marked mathematical ability shew them- 
selves to possess but the most confused and hazy ideas of its fundamental 
concepts. Ido not mean, I may hasten to explain, anything of a meta- 
physicaljnature, such as how it is we cannot conceive that two and two 
make five (though some of us have been known, I daresay, to arrive at 
that result in our everyday task)—that part of the theory of mathe- 
matics belongs to the philosophy of the subject, of which Mr. Bertrand 
Russel is so able and well-known an exponent. But there are ideas 
fundamental to mathematics which are, I think, quite inadequately 
treated in our elementary text-books, whereas too much time, and space 
to consider, cannot |be spent in making such notions clear I venture 
and in taking care that by means of numerous examples and exercises 
the student really does understand them. p 


Ah excellent instance of the kind of difficulty Iam dealing with is | 
given by Mr. Hardy in the preface to the first edition of his “ Pure 
Mathematics”. He is writing about the notion of a limit, a notion 
“that”, he writes, ‘has always presented grave difficulties to mathe- / 
matical students even of great ability’. It has been his good fortune 
he explains, to have had a share in the teaching of a good many of the 
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ablest candidates for the Mathematical Tripos and, to quote his own 
words: “itis very rarely indeed that I have encountered a pupil who 
could face the simplest problem involving the ideas of infinity, limit» 
or continuity with a vestige of the confidence with which he would deal 
with questions of a different character and of far greater intrinsic 
difficulty.” “Ihave indeed”, he goes on to say, “in an examination 
asked a dozen candidates, including several future Senior Wranglers to 
sum the series; (l+a2+a*+...... ) and not received a single answer that 
Was not practically worthless and this from men quite capable of 
Solving ditficult problems connected with the curvature and torsion of 
twisted curves”. ‘I cannot believe”, he says, “that this is due solely to 
the nature of the subject,” and, then, after admitting that, no doubt, 
there are difficulties in those ideas but that they are not so great as many 
other difficulties inherent in mathematics which every young wmathe- 
matician completely overcomes, Mr. Hardy arrives at the conclusion 
that “the fault is not that of the subject or of the student, but of the 
text-book and the teacher”. These words by an eminent authority 
exactly represent the kind of difficulty which I have encountered in reading 
by myself—difficulty in geiting at the bed-rock of the matter and 
not at attaining mere technical skill. For, I take my stand on 
“mathematics for mathematics’ sake ”, and not for the sake of passing 
an examination or necessarity applying it. And the illustrations upon 
which I will now enter are therefore those which have chiefly to do 
with pure mathematics, 





The first point to which I’would draw your attention is the lack 
inthe current elementary text-books of any adequate explanation of 
what is the aim and object of (pure) mathematics and how its various 
branches have arisen; no aftempt is made to view the subject as a 
-whole so that the great underlying principles which govern the subject 
may be seen and the student thereby led to realize that all its varioug 
activities, algebra, trigonometry, geometry, analy ticalgeometry and their 
‘multifarious ‘developments, are indeed branches of a parent stem, are, 
what Browning would call, ‘the broken ares of a perfect whole.’ What 
is it then that the Mathematician is striving to obtain? He starts with 
mere numbers anda relation like 2+3=5; but he soon begins to 
generalize and replaces these particular figures by the general letters 
a, b, and 2; that is, he replaces “some” by “any”, and is thus led on 
to a world of general theorems and deductions. But the content of 
his letters begin to extend by the conception of positive and negative 
quantity, and the representation of|these two different concepts gives 
rise to an entirely new+branch of mathematicst: namely, analytical 
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veometry. Then again the treatment of equations of the second degree 
only led to solntions which for many ages were regarded simply as 
‘impossible’, but to interpret which became imperatively neceessary if 
the science was not to be impeded at every fresh advance by ever- 
increasing restrictions and many interesting results were uot to remain 
meaningless. Thus new symbols were invented and old ones made to 
clothe ideas vastly extended beyond that of mere number or quantity, 
but yet so defined as to obey the fundamental laws of algebra. And 
finally came the epoch-makivg recognition of the two different aspects 
of quantity as discrete and as continuous, with the resultant analysis 
reared on the basis of continuity. In all this, what the mathematician 


is really seeking is ‘ Generality,’ a progress from the idea of ‘some » 


things to ‘any ’ things, an advance from the particular to the general, 
And with this idea of Generality go the ideas of the Variable and of 


Form to form, what Dr. Whitehead has aptly cailed,! the Math- — 


ematical Trinity. This trinity forms the parent stem from 
which all branches spring and have their being. Now where in 
any current text-book has any full and clear exposition been given of 
these fundamental notions at all comparable to that given by Dr. 
Whitehead in his “ Introduction to Mathematics”—a book costing one 


shilling and easily understood by any boy ? Certainly not in any text-book 


I have ever met. Indeed, what I believe are commonly used as text- 
books make no attempt at all at any such explanation; and yet the 
ideas are fundamental to mathematics and must be thoroughly grasped 
if any proper understanding is to be gained of the object and aim of 
mathematics. My experience has been that the various divisions of the 
subject are treated as so many water-tight compartments, so many 
isdlated chapters having no connecting thread between them, with 


the result that the subject of, say, imaginary qnantities looks like a 


mere excursion into the fantastic. 


The mention of imaginaries furnishes me with @ good illustration 
to point. The introduction of the student to complex numbers which 
our elementary text-books provide is to my mind extraordinarily 
meagre and unsatisfactory. While one book may give the briefest 
possible explanation of the symbols used, another is content with a bald 
definition of a complex number and its representation graphically a 
third may be a little foller but still utterly fail to convey a nconae 
understanding of the part played by the use of these symbols in 
mathematical analysis in order that the student may grasp the basic 


idea underlying their conception; how their introduction has given 
complete generality and 


symmetry (the notion of form again) to the 
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_ theory of algebraic equations. I wonder whether one of Mr. Hardy’s 
clever students would have had as much difficulty in giving a plain and 
Convincing explanation of what the symbol (a-+b:) means, how it arose, 
and the reason for its choice, as he had in giving an intelligible 
explanation of the meaning of the ‘sum to infinity’ of a geometric 
series ?, The important fundamental ideas are the symbolical nature of 
these so-called imaginary expressions, the manner in which a concrete 
representation is given to this symbolism by employing the usual system 
of rectangular axes in a plane, the complex quantity (a+ bz) being 
represented by the point M in the plane XOY whose co-ordiantes are 
*#=aandy=b, and the fact that to every proposition established for 
complex quantities there is a corresponding theorem of geometry, 
though these are not the greatest advantages arising from their 
representation. Real numbers correspond to the «—axis, which for this 
reason is Called the awis of reals, If the student is to get clear ideas of 
the meaning and use of these symbolical expressions then it seems to me 
that a great deal more explanation and illustration is needed than is 
usually given in the ordinary text-book, After all the ideas are not 
easy, and unless the nature of the symbols used is made clear, the 
integral part they play in mathematical analysis explained, and the 
mode in which they arose traced, the reader of the text-book, although 
he may be able to solve many academic exercises on the application of 
DeMoivre’s theorem, will have but the haziest idea of what is really 
important, namely, the splendid mathematical conceptions which made 
ail these remarkable results possible. In explaining the most elemen- 
tary ideas of all connected with limits, Mr. Hardy devotes a chapter of 
fifty pages without advancing beyond the ordinary geometric series ; 
and yet I am sure that the student who has digested those pages will 
have gained much more lasting (mathematical) profit than one who has 
solved all the examples on geometrisal progression in Hall & Knight’s 
“* Higher Algebra.” Again take the notion of a function. Compare, for 
instance, Mr. Hardy’s treatment of classes of functions in chapter II of 
his book with what is considered suflicient in a text-book, say, of the 
class of C. Smith’s Algebra. As Mr. Hardy himself points out in the 
preface of his book, his treatment is “more systematic and illustrated 
with much greater detail than is usual in English books.” He is at pains 
to bring out, and he succeeds admirably in doing so, the really impor- 
tant point in functional relationship, y=f («#), and that is that any 
absolutely arbitrary law may be assumed for finding the value of y from 
that of z. The word function in its most general sense means nothing 
more or less than this ; to every value of « corresponds a value of y. 
‘This is the important part of the matter; let it be driven home, as Mr, 
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Hardy drives it home, by a wealth of illustrations and exercises. And 
so in Wdouard Goursat’s (Professor of Mathematics in the University of 
Paris) preface to his Mathematical Analysis, I read “ Since mathema- 
tical analysis is essentially jihe science of the continuum, it would seem 
that every course in analysis should begin, logically, with the study of 
irrational numbers. The thoery of incommensurable'numbers is treated 
in so many excellent well-known works that 1 have thought it useless 
to enter upon such a discussion.” Well, as the authors of the American 
translation of the work remark, such “excellent well-known books” are 
not common in English. 


I would again remind you that the difficulties to which I refer in 
this paper are not those connected with the application of mathematics 
but arise out of what I consider to be the inadequate representation of 
its fundamental ideas. My next example, however, is of a more specific 
kind in that it deals with a particular theorem, but it illustrates well 
the common failure of the ordinary text-book to-explain the precise. 
nature of the conception on which the; mathematical ,theory is based. 
To the student, when first introduced to it, the ‘mathematical theory of 
probability appears as some thing singularly ineffectual, either because 
it is So against his common experience, as when for instance he does 
happen to play in a game of chance, the success or failure of his parti- 
cular venture seems to upset entirely the mathematical theory, or 
because he is asked to consider such examples as the throwing of ideally 
perfect dice or the tossing of ideally perfect coins—things to be classed 
with such mathematical fictions as frictionless pulieys and weightless 
elephants! Now, of course, these perfect conditions are Only chosen to 
fix the mathematical ideas; and the conditions are necessarily conceived 
as ideal because the mathematical theory of probability deals with the 
ideal since it aims at results which are to be exact. It must be made 
clear;to the student that ‘probability’ as a mathematical quantity is not, 
as Prof. Chrystal well expresses it, an attribute of any particular 
event happening on any particular*occasion, but can only be predicated 
the log ta Tie tment nee penreat “on the vera o 

: t en is that of ;happening 

& great many times; and I agree with Prof, Chrystal that the word 
Frequency would be a much better word to use than probability to convey 
nh T think uceny ake tS consontins a 
proofs of the elementary 


theorems of the subject. I take as my example the proof, as I usually 
find it given in the text-books, that the proba 
l- 


<nown, it is required to find the probability of its happening exactly r 


bility of an event being | 
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times in » trials. The usual text-book treatment is that if any parti- 
cular 7 sets are selected out of the total number n the chance that the 
event will happen in every one of these x trials and fail in all the rest 
is p’q"—", by the law of independent events; from which it follows 
that the terms in the expansion by the binomial theorem of (p+ q)” 
represent respectively the required probabilities. Now, compare the 
above treatment with the following which I have taken from an elemen- 
tary text-book on the theory of statistics :—“If we deal with one event 
only, we expect in N trials, Ng failures and Np successes. Suppose we 
combine with the results of this first event the results of a second. The 
two events are quite independent, and therefore, according to the rule 
of independence, of the Ng failures of the first event Ng. q will be 
associated, on an average, with failures of the second event, and Nq. p 
with successes of the second event. Similarly of the Np successful first 
events Np. q will be associated, on an average, with failures of the 
second event and Np. p with successes. In trials of two events we 
would therefore expect approximately Nq’ cases of no successes, 2Npq 
cases of one success and one failure, and Np* cases of two successes. 
The results of a third event may be combined with those of the first 
two in precisely the same way, to expect, on the average, Ng’ cases of 
no successes, 3 Npq® cases of one success, 3 Np*g cases of two successes, 
and Np’ cases of three successes. Similarly for a fourth event. Hence 
it is evident that all the results ave included under a Tey simple rule: 
the frequencies of 0, 1, 2, ...successes are given 


for one event by the binomial expansion N (p+q) 


for two events ,, ” ” N (p+q)’ 
for three events ,, ne ” N (p+q)’ 
for four events ,, so ” N (p+q)‘ 


and so on. Quite generally in fact: the frequencies of 0, 1, 2... 
success in N trials are given by the successive terms in the binomial 
expansion of N(p+q),” 


The above method seems to me to supply just the necessarv con- 
nexion between theory and fact to let the student see how the 
mathematical theory is the ideal. 


I should like to give you more examples of the same nature in 
which the main object of the text-books appears to be to get the student 
through a number of theorems as quickly as. possible to the sole end 
that he may gain facility in mere technique. The treatment of series , 
would furnish me with an excellent instance in point—the binomial 
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expansion, the exponential series, the logarithmic series, and the various 
trigonometrical series. ‘hey are treated without any attempt to explain 
—and such explanation I sabmit should,come very early —how they all 
lead up to and form part of the general problem of the development of 
« function as a power series and that to beable so to develop a function 
is a great advantage. For example, the most effective way of defining 
sina and cos 2 is not by the usual geometrical method bnt as limits 


respectively of the series. 


sin =a—a"/3!+4a°/5!—... 
cos a=1—a°/2!+a4/4!—... 


Indeed unless a student proceeds as far as the Calculus, and there 
are many students for whom mathematics forms a part of their 
curriculum, who never get as far as that, he never is told that there are 
such theorems as Taylor’s and Maclaurin’s; he never learns that all © 
those various series are but particular cases of a general theorem which ~ 
for the width and the general character of its results is a marvellous — 
achievement. But I must not detain you longer by multiplying illustra- 
tions as, before closing, I wish to say a few words about a sabject on 
which a great mass of literature has accumulated, and 1 hope that 
the instances I have cited will have sufficed to make my meaning 
clear to you. 4 


I refer to the Differential Calculus; a big subject, but there is 
only one point in it to which I wish here to draw your attention. That 
is, the danger which the student who really tries to think things out 
might be led into of inferring, that the calculus is a method of 
approximation only; a very close approximation but still an approxi- 
mation, a mere asymptotic approach to a value which is never actually 
reached. Thus in Lamb’s excellent text-book, a numerical example of 
the manner in which the ratio by/§a approximates to its limiting value 
is given in the case of y=log,« for the neighbourhood e=1, Dy = 
-43429 ; a table is worked out showing how for different values of 52: 
in the neighbourhood of 1 and the corresponding values of §y, the ratio 
6y : 6% approximates closer and closer to the value of D, y. Well the 
student might reasonably reply : Yes, I quite see that, but how does one 
pass from the state of getting nearer and nearer to the value to the 
state of actually reaching it? What he has read about limits prepara- — 
tory to the calculus and what he reads when he comes to the calculus 
itself is so surrounded with such expressions as “in the neighbourhood 


+ Daler 73 


of”, “as we approximate to”, “as we approach” and so on, that I think 
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it is not surprising if he asks: But when are we going to get there P 
His difficulty, of course, is the old one of the paradox of Aehilles and 
the tortoise.—Achilles who never overtook the toroise althongh ‘he got 
“as close as we please” (as the stock text-book phrase is) to doing so 
because while he was making up on the tortoise the latter travelled a 
certain fraction of the distance which Achilles had to cover to reach the 
spot where the tortoise was originally, and hence the tortoise still 
remained just that finite fraction ahead of hiw. The paradox is due to 
confusing two distinct kinds of motion, one discrete in which the passage 
is from one value to another by definite and separate stops or jumps, 
and the other continuous in which the change of position passes through 
all intermediate values. Zeno’s famous paradox indeed is an excellent 
one to bring home to the student the difference between continuous 
and discontinuous variation. NowTI think that the reason, or at least 
one reason, for the confusion of thought which might lead a student to 
imagine that the calculus is only an approximate method arises from 
making the idea of the limit subordinate to the calculus. It is, of course, 
nothing of the sort. As far as the dectrine of limits is concerned qua 
such, the calculus is a mere ‘incident. I mean that in the notion of the 
limit,it is of capital importance for the student to understand thoroughly 
that the limit of a function is mot its value. The limits may possibly 
be equal to the values of the function; but, as Mr. Hardy points ont, 
' whether it is so or not “has nothing whatever to do with the notion of 
the limit.” Let the student grasp this fact and he will then realize 
what a very incidental affair the calculus really is—applying only to 
those common or garden functions which have a value (or values) equal 
to the limit, that is, those only which are continuous, Let the notion of 
‘a limit be drilled,into the student before he passes to a study of the 
calculus and he will see that, as regards the calculus, the crux of the 
whole matter lies in the fact that the limit of f(#+h), as h approaches 
zero, is f(x), and that unless this is so, the differential coefficient can. 
not exist. At present, the limit is taught as something existing for the 
calculus with the consequence that there is a danger of the student 
never getting really to uuderstand the notion of a limit and incidentally 
of gaining a false perspective of the true place of the calculus in the 
hierarchy of mathematical ideas. 


I have been led to invite your attention to this point regarding 
the differential calculus because I see from the agenda of to-day’s meet- 
ing a proposal that this Association should undertake to write a 
standard book on the,Calculus to meet the requirements of the Punjab 
University students, This, if you will permit me to Say so, savours 
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rather of a book to meet the requirements of the Panjab Universit, 
examinations. May I express the pious hope that the examiners wi 
combine with the anthors and will rise to:the occasion to produce a 
work which will merit the title of ‘standard’ in the best sense? th 
the authors will take a broad ‘humane’ view of their subject and wil 
give us a treatise worthy the student of any University who has a rea 
desire for knowledge, and not a work designed merely to give a facility 
in working mechanical exercises, which, however ingenious they may b 
are of no educative value whatsoever. I deny that to teach a studen 
that the differential coefficient of #” is nw"-* is to teach him the differen- 
tial calculus, I quite see the|other side of the question: thousands of 
persons can use the slide rule or a vernier without being acquainted 
with the theory of their construction. But I think the object of this 
Association is to foster a spirit less utilitarian than that. Approaoh 
the subject from the standpoint of “mathematics for mathematics’ sake” 
and is it too much to hope that mathematics can be made to take its - 
place among the humanities ? Or, should we not at the most expect more — 
than that such a ‘value’ should be the ‘limit’ to which we can approach 
as close as we please but never reach? Let it then be ourideal. It is” 
as I have read mathematics by myself with this ideal before me that I ; 
have encountered those difficulties about which it has been my privilege 
to address you this afternoon. 


Since writing the above my attention has been drawn to a new set 
of text-books on algebra (including trigonometry) by T. Percy Nunn in | 
Longman’s Modern Mathematical Series. I have had time only to give 
them a hasty perusal, but from what I have seen, they seem to me to be 
a thorough break-away from the older type of text-book against which — 
my remarks have been directed. They appear to be a departure on tke — 


very lines T have been advocating, and I would earnestly commend 
them to yonr notice. 


1 
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Astronomical Notes. 


1, The Problem of Cepheid Variation.—Inlthe Notes for J une, men 
tion was made, of the investigations by Prof. Eddington on the 
Dynamics of the Pulsation theory of the cepheid variables. Prof. Jean 
is a great opponent of this theory. His investigations on the subject 
have led him to a different conclusion. His discussion is based on a 
study of the light curves and spectral variations of these stars. He 
suggests that the physical cause of variation of the cepheids and long- 
period variables is tlhe same, being of the nature of explosions or 
‘tidal eruptions on a rotating body, and that the explosions are of the 
nature of ‘forced’ and not ‘free’ oscillations. 


2. The parallax of the Plecales—This group of brilliant stars has 
attracted attention from the earliest times. Several attempts have 
been made to determine the distance of this important star cluster, 
Prof, Kapteyn has developed an indirect method of finding the mean 
parallax of a cluster by counting the number of stars it contains under 
different magnitudes, assuming that the luminosity curve is known, 
Dr. Schonten of Holland has recently applied this method to ascertain 
the distances of some well-known clusters. The results in the case 
of thirteen of them are given in the Observatory No. 537. The 
parallax he obtains for the Pleiades group is 0036 with a probable 
error of + 0’010, which gives the distance of the cluster to be &8 
light years. This is of the same order of magnitude as the parallaxes 
found by Kapteyn and Plummer by other methods. 


3. In Astr. Nach 4994, an investigation has been made of the orbit 
of the Comet 1832 11, applying Hinstein’s Relativity Theory of Gravi- 
tation. The elements of this orbit are slightly different from those 

‘obtained from Newton’s Laws. The period determined is 760.9 years, 
the Einstein effect being to shorten it by 10.9 years. 


NizAMIAH OBSERVATORY, ; 


Hyderabad. T. P. Baasxara Sastre. 
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SOLUTIONS. 
Questions 991 and 992. 


991, (S. Narayanan) :—ABC is a triangle whose incentre is I and 
orthocentre H. If the in-centre of the exmedial triangle of ABC be K 
and KH bisected at L prove that the nine-points centre of ABC is the 
middle point of LI. . 


992. (S. Narayanan) :—The internal bisectors of the angles A, BrG 
of a triangle meet the sides of the medial triangle DEF at P, Q, R. 
Prove that the conic which touches these sides at P, Q, R touches also 
the principal Feuerbach tangent of DEF, 


Solutions by N. Sankara Iyer, L. N. Subramanyam, S. R. Ranganatham | 
and M, K,. Kewalramanz. 


If K is (a, &, y) veferred to A ABC, we get 
BD = 2A _ 9 w24_ yaar, 
a b c 


We have thus to prove that 
2 (0,4 Hy) =21,42b,=21+Ki+ hi, 
where O,, H;, &c., denote the 4—co-ordinates of the points ; 


i.e., we have to prove that 
2.0,+Hi=2 1 4+Kiy 


1.0.5 2 Rcos A+2 R cos B cos O=2r4 2297-20 
a 
4. @s, cos A+cos B cos C=sin B sin C 


which is true: 


For Question 992, weitake D KIF as the triangle of reference. It 
is clear that the internal bisector of A meets E F at the isotomic 
conjugate of the meeting point of EF and the internal bisector 


of D. The equation of this bisector is y= or *=¥4 in areals. The 
o 6 : 
my ; ee toe 
equation of DP is therefore ete in areals, or b}@<c*y, 


The required conic is therefore EV (a?a)=0, 





The Feuerbach tangent is ‘2% _o 
5 


=f 
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This will touch the ellipse, if 
yiee=9=0, 7.¢,,,2@ (b—c)=0, 


- which is true. 


_——————_- 


Question 994. 


(K. B. Mapuava) :—Conduct the following game of Bridge with 
Hearts as trumps, in which A has to lead and A and B together havo 
to make seven tricks. 





Hearts Q. Diamonds A, 3, 2 
Clubs 7, 6, Spades K,8 
Hearts 7, 6. B Hearts 9, 8 
Diamonds. J,9,8 | y 7, \Diamonds 10, 5 
Clubs. Q, J. 9 Clubs none 
Spades. None 1 Spades Q, 7, 6 
Hearts A, K, 5 Diamonds K. 


Clubs A, 10, 8, 4. Spades none 


Solution by R. Lnttlehailes, R. D, Karve, N. Sankara Avyar, 
P. A, Subramani Atyar EB. Appalachari, and T. R. Narayana Acyar, 
(1) A leads Heart A: Y follows Heart6: B, HeartQ: 4 Heart 8 


(2) A, Diamond K: Y, Diamond &: B, Diamond A ; Z, Diamond 5. 
(3) B, Diamond 3: Z, Diamond 10: A, Trump K; Y, Diamond9. 


' (4) A, Heart 5: Y, Heart 7: B, Club 6; Z Heart 9. 
(5) Z, Spade 7 : A, Club 4: _Y, Diamond J; B, Spade 8. 
(6) B, Spade K: Z, Spade 5: A Club 8; Y Club 9. 
(7) B, Diamond 2; 4Z, Spade 6: A,Club10; Y ClubJ. 
(8) B Club 7; Z, Spade Q: A, Club A: Y Club Q. 


N.B.—Trick (4) is won by Zand all the others by A and B. The 
success of the game consists in playing into Z’s hands at a time when 
he can play only spades thus giving B two tricks. 


In tricks 5 and 6 it is open to Y to reserve Diamond J and throw 
down Club 9 and Olub J; ‘in which case B leads Club 7 in trick (7) and 
A secures both the tricks 7 and 8. 


~~ oo 
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QUESTIONS FOR SOLUTION. 
1054. (Marryy M. Tuomas) :—If s, denote the sum of the squares 
of the fractions , $, 4, ....+ 2 and p, denote the sum of their products 

> 
taken two at a time, show that 
nC, s,—nO0,(s, + po) +205(83-+- ps) —2C4(S4 +P) Hire seeceesseseeses 
si¥ ican — Tones eee 


rm 
1055. (Enquirer) :—Show that 
1 1 ye eo eee 911-13: 1 
Va_ ve wre toigs o gr: gee 
1056. (M. K. K EWALRAMANI) :—If ; 
cos a+cor 8+cos y =sina + sin @+sin y=0, show that 
Sy cos *(pa+tgqB+ry) cos 2na+cos 2n8+cos 2ny gus 
i Ve BT Ise ; é 








(2p)! (2g)! @ryt (2x)! 
with a corresponding expression for sines; summation being extended 
to all positive integral values of p, q, r including zero, subject to the 
condition p+q4-r=n. 


1057. (M. K. Kewarramant) :—Show that 
(atb+c)*(b4+c+d)%(c4+d+a)"(d+a+b)* 
ey} (2p) ! (2g)! (2r) ! (2s)! 
Qn—4 


~ Quyt {28 7e 42540)" 42(¢—a—Hy"} 


where 26=a+b-+c+d and the summation extend to all positive inte- 
gral values of p, g,7,s including zero but subject to the condition 
Ptqtr+s=n, 


1058. (N.P. Panpya):— A fixed ellipse is intersected by a 
variable parabola in four points Ay B, ©, D. If the axis of the parabola 
be always perpendicular to the axis major of the ellipse, find the locus 
of the centre of gravity of the quadrilateral ABCD. 


_ 1059. (K. J: Saysana, m. A.)i—Prove that the sums of the pro- 
ducts of the quantities (2?—1)-, (47—1)-4, (6°—1)-,...ad inf., taken 
three at a time and four at a time, are respectively 

10—7? 1680—180 72+ a! 
5 Se 
a 6144 
and show how to find the sums of the products taken five, PIX) re seeeeedt @ 
time. 








. 
? 
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1060. (K. J. Savsana, u. a.) :—Show how to find the sum of the 
products 7 at a time of the quantities 


(B—1)>, (5-1), (7"—1)-1,......ad inf. ; and find the 
values for r=3 and r=4. 


1061. (LaksumisHaykar, N. Bratt) :—The Euler line of the 
triangle AB,C, meets the sides AB,, AC, in B,, C,; the Euler line of 
AB,C, meets these sides in B,, ©,; and this process is continued 
indefinitely. If N, is the nine-point centre of the rth triangle AB,O, 
thus formed, and AN, meets B,C, in D,, prove that the. straight line 
Nx Neyoy and Dy Dy oy are parallel, # and y being any positive integers. 


1062. (C. Krisuyamactarr) :—Prove that 
n—1\1 n—1\1 i 
1+ ( 1 )3t ( 2 )gte tg ey 


— Oni 1 n—1 
hy ft (@n—1) @n—3) 
(n—1) (n—2) 


(2n—1) (2n—3) (an—b) 





+a = 1} 


1063. (C. Kristnamacuart) :—Sbow that 
1 1, 2n—1 , (2n—1) (2n—838) 
(2) grr 5 nGle 1) n(n—1)(n—2) 
4. (2n—I) (2n—3).. Oo 1 
\n 4 


=1— (n41)3+ eet.) Bosses, 
n—i 1 n—5\1 
ee a sae)s 


aie | 1, /n—} 1 Ce) 1 ay 
Rey es : 1 errata 2 /2n+5 if 
1064. (S. Krisayaswamr Ivencar):—If in Question 986 we have 
a rectangular hyperbola instead of a parabola, prove that Q K 


_ (ds)' § yo Up_1d°p_¢ ,dpdtp, 4 (4P)", 3640 
~ 120p4 ast 3° ae ea. met? (Ge P) +364 





eth eetarve 





1065. 1(S. Minin eat p be the radius of curvature of 
the curve 7” =a”™ sin m © at the pcint whose distance measured along 
the curve from a fixed point is s, prove that 


(m—1)(m-+1)%p5P—m(m-4+ 1)? (sf )—m(m—1)'= 
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Show how to solve this equation and hence to find the equation of the ~ 


given curve in terms of p and s, 


Similar formulae are got, by giving particular values to m, fora 
parabola, a rectangular hyperbola, a lemniscate and a cardiode. 


1066. (P. A. Supramanya Iyer) :—Solve completely 
a ey Cy ‘+ (a®—ay?—b) “Lay =e 


1067. (V. TrovenkaTacuar) :—Show that . 


a7 log sin # log cos # de= ao :y 0 f dog 2)°+ 7 log 2— aay 
+/ (sinz cosx) 
oO 
1968. (A.C. L. Witxinson) :—E is any straight line parallel to 
the Euler line of a triangle ABC, B,. E,. E, are the Euler lines of thé 
triangles formed by AB, AC, E; BC, BA, E; CA,CB, E; prove that 
(1) E,. E,. E,, are parallel respectively to BO, CA, AB ; 
(2) H,E,E, form a triangle equal in all respects to ABC ; 
- (3) the loci of the vertices of the triangles formed by H,E,E, as 
E varies are three straight lines parallel to the axis of the parabola 
which touches the sides of the triangle ABC and its Euter line ; 
(4) if E passes through O, then H,, EH, intersect at the point 
where the Euler line of the triangle ABC meets AB; 
(5) the locus of the centre of homology of the triangles ABC, 
E, E, FE, is a straight line parallel. to the axis of the parabola defined 
in (3). 
1069. (A.C. L, Winkryson).--Normals PA, PB, PC, PD are drawn 
to a hyperbola; PA meets the hyperbola again in A’, PB in B’, PC in 
C’, PD in D’, I( A’B'C’'D’ are concyclic, prove that the locus of P is an 


ellipse of which the equi-conjugate diameters coincide with the 
asymptotes of the hyperbola. 


1070. (S. Ramanusam, F.R.S.) :—Show that 
GQ Vit VeHVv14 y24 V8 


4 16 \/ 8 
125tV 125 +4) 53 \/ 335 
ce 8 5/39 5 27 5 & 4 
(1) Neve = aay nh \/ = Via 
“ 25 25 


(iii) n/a v5+1 
3-245 W/5—1° 


Mathematics (in brief) from Current Periodicals. 





The Mathematical Gazette, Vol. IX, No. 139, March 1919. 


The Graphical Treatment of Differential Equations, by S. Brodetsky, 
Ph. D. (to be reported in a later number). Mathematics and the Pivotal 
Industries, by W. P. Milne, (The object of the paper is to discuss the 
the importance of the Mathematical Association lending a helping hand 
in drawing up suitable mathematical syllabuses for the various ‘ pivotal’ 
industries such as, Agricalture, Commerce, Engineering, Mining &c., and 
to see whether the Mathematical Association i(self, and indirectly 
the Secondary Schools, would not benefit by occasionally viewing 
mathematics from the different view-points of industry rather than by 
focussing the whole attention on the academic aspect of the subject). 
The Teaching of Geometry to First Year Pupils by B, A. Howard. (The 
stand point of the paper is that our chief aim should be the development 
of the reasoning faculty ; insisting always that this can only be done by 
Sweeping away the abuses of Nuclidean tradition and giving a more 
hnman and less philosophic orientation to our teaching. A schedule 
of first year work is outlined and discussed in the light of this statement 
of aim) Cubic Graphs of the Form y=ax'+ba*+cx+d, by A. Lodge. 
(The object of the paper is to call attention to some simple means of 
interpolating. points in a cubic graph and of indicating gradients with- 
out actual calculation). 


The Astrophysical Journal, Vol. XLIX, No. 2, March 1919. 


Theory of Imperfect Gratings, by C. M. Sparrow. (The paper at- 
tempts to present the whole subject from the stand point of the vector- 
method and contains in addition a theory of the defective Fabry and 
Parot interferometor with consequences relating to the method of coin- 
cidences as a means of measuring wave-lengths). Studies based on the 
Colowrs and Magnitudes in Stellar Clusters Tenth Paper: A critical Magni- 
tude in the sequence of stellor Luminositics by Harlow Shapley. (In the 
case of cluster-type variables, the absolute photographic magnitude 
—0:2 defines a limit of stellar luminosity at which the liability to 
Cepheid variation suddenly stops. This limit is probably coincident 
with a turning point in the development of the internal structure of a 
star, The question whether analogous dynamical changes occur at the 
same epoch of luminosity is also discussed), Aerial Photometry, by 
M. Luckish. (Certain photometric measurements and allied observations 
relating to Landscapes, Clonds, Haze, Sky and Water are presented, 
introduced by a few paragraphs dealing with the general charac- 
teristics of natural lighting), 


il 
‘he American Mathematical Monthly, Vol. XXVI, No. 3, March 1919. 


On the Envelope of the Wallace Lines of am inscriled Quadrangle, by 
D. F. Barrow. (If we take a quadrangle inscribed ina circle and omit 
each vertex in turn, we obtain four triangles, and the feet of the per- 
pendiculars from any point on the circle upon the four Simpson lines 
with regard to these triangles lie on a line called the Wallace Line of 
the point with regard to the quadrangle. The envelope of the 
Wallace Lines is an involute of a four cusped hypocycloid whose cusps 
lie on a circle of radius three times that of the circumcircle. Other 
theorems are deduced and generalizations indicated), 


Annals of Mathematics—Second Series, Vol. 20, No. 3, March 1919. 


On Quaternions and their Generalization and the History, of the Eight 
Square Theorem, by L. E.tDickson. (The object is to present the history 
of the generalizations to 4 and 8 squares of the formula, (a*4h?) 
(a?+ 47) =7?+5*, where r=aa—bf, and s=a8+ba and an elementary 
exposition of Hurwitz’s proof that such a formula holds only for 2, 4 
or 8 squares. ‘The writer shows that for these three cases, the formula 
admits of a simple interpretation concerning the norm of numbers 
which are ordinary complex numbers, quaternions or numbers of 
Cayley’s algebra with 8 units. No knowledge of quaternions or the 
latter algebra is presupposed.) Non-Symmetiric Kernels of positive Type, 
by Dr. Caroline H. Seely. (The paper considers properties of non- 
symmetric kernels, analogous to those of continuous symmetric 
_ functions of positive type, treated in Goursat, Cours d’Analyse, Vol. 3, 

p.l449). Elementary Properties of the Stieltjes Integral, by H. E. Bray. 
(Stieltjes Integral is defined and its existence proved. This is followed 
by other theorems leading up to a theorem on the change of order of 
integration of an iterated integral and another on integration by parts.) 
A Kinematical Property of Ruled Surfaces, by G. K. Whittemore. (The 
author proves that every; rnled surface S (not developable) may be 
generated by a radius fixed in 'a sphere whose centre moves with unit 
velocity along the line of striction and which turns about the tangent 
to this curve from the binormal towards the principal normal with 
angular velocity equal to the reciprocal of the parameter of distribu- 
tion, deduces two corollaries and the necessary and suflicient condition 
that the parameter of distribution may be equal to the radius of torsion 
of the line of striction at the corresponding points.) Systems of Linear 


Inequalities by Lloyd L. Dines. (The existence and character of the 
Solution of a system of inequalities 


{ 4, ®y + pg Bat revere t+ Fyn t,>0, r=1, 2, 3)... } 
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PROGRESS REPORT. 


- Mr. Balakram, M.A., I.C.S.—one of the enthusiastic well-wishers of 
the Society—has been kind enough to present a cheque for Rs. 1,000 to 
our Society, with a desire that as far as practicable, the money should 
be utilized in completing our seis of the more important periodicals. 
The Committee have accepted this kind offer of Mr. Balakram with 
many thanks, and steps will be taken to utilize the amount in the best 
possible manner. 


(2) The Committee feel great pleasure to announce that Mr. 
T.V.Venkatarama Aiyar, Corner Houze, Mylapore, Madras—has been 
elected a Life Member of the Society. 


(3) The following gentlemen have been elected members of our 
Society — 
- ~~ 1. Mr. Indar Singh Puri, M A.—Deputy Examiner, A.G.’s Office, 
Allahabad ; 
9. Lala Mehr Chand Suri, M.A.—Professor of Mathematics, 
Forman Christian College, Lahore ; 
3. Pandit Parama Nand, M.A.—Professor of Mathematics, 
Prince of Wales College, Jammu (Kashmere State) ; 
4. Lala Ram Duss Navda, M.A.—Professor of Mathematics 
Sanatan Dharam College, Lahore ; 


5, Mr. C. Ranganathan, B.A, L.T.—Mathematics Assistant, 
London Mission High School, Gooty (at concessional rate) ‘ 


2 
Mr. B. 8. Madhava Ruo, B.Sc.—M.Sc. Student, Calcutta Univ., 
6 Badur Bagan Lane, Calcutta (at concessional rate) ; 


Mr. G. V. Krishnasawmi—Asst. Prof. of Mathematics, St. 
Joseph’s College, Trichinopoly ; 
Mr. T. K. Devlalkar, M.A., B.Sc.—Lecturer in Science, Karna- — 


tak College, Dharwar ; 


Mr, Satyendra Nath Sen B.A., M.Sc.—Professor of Physics? 
Canning College, Lucknow. 


(4) The following books have been received — 


Ab 
2. 
3. 


Bombay University Calendar, Part I, 1929-21; 


Madras University Calendar, Vol. I & II for 1920; 


Theory of Determinants, Vol. III (period 1861 to 1880) by 
Sir Thomas Muir, Macmillan & Co., London 1920, 35/-; 


Statics & Dynamics (first part)—by R. 0. Fawdry, G. Bell 
& Sons, London, 1919, 5s/- 


D. D. Kapapta, 


Hon. Joint Secretary. 
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Multiplication of Infinite Integrals 
By K. B. Mapuava, M, A., 

(Continued from page 180, J.I.M.S., Vol. XI). 

V. The Analogues of Cauchy’s and Merten’s Theorems 
By the analogue of Cauchy’s theorem we mean the result that, if 
oO 
| uy (a) dx 
oO 
is convergent, and if 

a) 


j. X% (a) de 


be also convergent, then will 
oo 


J. Ww, (a) dx 


be also convergent. wie oss ie i em i) 


In the case of “ Merten’s theorem ”, if 
a0 re 


| u'(%) dx and } v (wx) da 
) oO 


are convergent, we have to prove that 


Ss 
| w (x) da 
oO 
is convergent ; or, if it happens, 
: oo) 
| wy, (aw) daz 
oO 
is convergent. ase eee oat oes oe CH 


Of these Merten’s theorem * ‘s the more general, for if 
a 
| Ww, (x) da 
oO 


is convergent, it is known that 
ee) 
| w (vw) daz 
o 
is convergent, 


OE 


* Cf Bromwich: Iinfinete Series, pe 429, 





4 


We will therefore prove oniy Merten’s theorem. 


Since, 
00 


| v (w) de 
Oo 
is convergent, it is possible to choose a value a, of #, such that for all 


values of « > 2,, we shall have 


Cr 
O()=| v(@) de (5°3) 
av 
an € function; that is to say 9 (w) 0 with 1/a. 
We have obviously V=V(«)+O0(z). ... ee ee (5°31) 
Now, 
a 
W (z)= | u(y) V(w—y) dy from (5°31) 
o . 
x 
=| u(y)[V-O@—y)]dy from (5°31) 
0 
s 
=VU()—[ u (y)O@—y)ay 
o 
= VU(«#)—H(2), say. is oem oo (oa 


Consequently, 


ft 
| H@) |<} | uy) | x 10@—y) | dy. 
oO 
Now since 9 (z)>9 with 1/a, the numbers, @, (2) [which means 
the modulus of O(%)] can have at best a finite upper limit, H, say ; and 
iu addition, be such that for all values of a greater than some number, 
eay 2%, O,(a)< €. 


XX 

- 2 wad 
Hence 1H(x) 1<| fay utye+[ u(y) Hay 
* oO 


B— 2, 


<é. U+H[U(#)—U(a—a,)] 


*. lim | H@) |< 6.U a = + a. §=(ae 
%—>20 
which tends to zero because U(«) is convergent and when @ is inde- 
initely great U(z)=U(a—a,). 


5 


Consequently, proceeding in (5:4) to the limit as 


e-POD 
lim 
w(x) dz li 
“ns Ne ee) 
= lim V.U(#)—H(x)=U.V. eve aa ae (5°6) 
%7> cp 


That is to say, 
90 
| w (x) dx 
' Oo 


converges, under these circumstances, to the vaiue U-V. 


Hence the analogue of Merten’s theorem is proved. It may 
happen that in some cases W is also absolutely convergent, 


By proceed'ng in a similar manner, but replacing the signs of 
equality in (5-4) etc., by inequalities on either side, we have “ the 


analogue of Hardy-Merten’s theorem” for the infinite integrals 
(Th. 4° of § II), viz. 


00 00 
lf | u, («) dw _.U, and v (w)de oscillates finitely between the 
Oo o 


limiis V, and V, and lim v (vw) >0 


L>D, 
then 

io) A 

| da { «@ee-w dy 
} 18) oO 


also oscillates finitely between the limits U V, and U V,; and may take 
any value between these limits. 


Vi. The Analogue of Hardy’s first Theorem. 


Inthis theorem, as well asin the theorems following, we do not 
assume the absolute convergence of the integrals U and V; they shonld 
of course be convergent. Weshall then write down the integral 

‘ip 
{ w(a) dz, 
° 
and see what additional conditions could be set upon uw {«) and v (x) 
in order that the integral just mentioned may be convergent. 


Consider, 
a . 
W (a) =[ u(y) V (a—y) dy Fou aes we (3°5) 
Oo 
% « , 
=| u (y) V (#—y) dy +{ u(y) V (a—y) dy, where & is 
te) A 
some internal point 
= I, + I,, say. fe ay se we (6°1) 
® ~ 
Now || = J, Ie@)1-1V@-v) lay 


Since V(z—y) has a definite finite limit,as y >®,it has a finite 
upper limit, say H,, ia the interval <y< a Also, let U be the 
greatest of the values of ~ (y) in the same interval. Then 


x 
I| = J, B Hedy 


= H, U (w—%)... a wee (6°2) 


Let us now choose & = \, a, where , is a proper fraction, so that 
x, &, «—& all tend to infinity together. 


Consequently, 
lim |I,| < H,(—,) limav 
a> o KF a> w 
=< K, linnreUleaya ss ove = (6°21) 
Sees 


Now consider J,, where 
= - 
I, = i u(y) V (@—y) dy. 
0 
We can easily see that we have 
3 a—t, : 
=] u(y) dy Xf ©) dy+{ Uy) v (omy) dy 
o o ) 


= T+ 1, say.  ... eee ee oe (63) 


[For, differentiating with respect to £, we have 


7 


pt — 


z & 
u (&) V (a—£)=u (5) | v (y) dy —v (w—&) | u (y) dy 
9 oO 


which is trne,] 
Pp 
Now [I] <f{ |U()j |v (ey) ]ay. 
0 


Since U (y) has a definite limit Uasy_,o, it has a finite 
upper limit, say H,, in the intervalO <y< &. Also, let zy be the 
greatest of the values of 2», (t—y) inthe same interval; we have 
already chosen &, so that it tend- too witha, 


Hence 
lim lim 
z—> 1 Ts | <i: £m HU 
iS aan De (6.41) 


Moreover since, in the limit that t>0, & and #—% tend to the 
same limit, 


, er) ee) 
fe he TJ u(y) dxx J v(v) dx 
sin y, (6.5) 


Now proceeding with (6:1.) we find, 
lim W(2) = lim I+I,+T,. 


x > %>00 
= UV+H, lim py (#4). ) 
2->OO 
+H, lim gf ( (6.6) 
2—>00 
= UV+K, lim ev \ 
L>D 
+K, lim ya 5 (6.61) 
w~>00 
SUSY, 


where K, and K, are some constants. 


The above will be true if lim 2v=Qand lim y2= om, 
F>n ee 


that is to say, if lim # u(w)=0 | | Za 
shar dima eee eee see ( ‘7) 
and lin av(#)=0 \ 
®—> a | 
Hence Hardy’s First theorem may Le stated as follows "— 
oo oO 
If | ula) dx and| v(v) de are convergent and have the values 
oO oO : 


U and V; and inaddition (6:7) are also satisfied, the integral 


wi ber 
{ dz u(y) v(a—y) dy converges to the valne UV, 





oO ) 
Kx. 
ee) @ a—l 
| dax( (ey) — dy 
Oo “6 (1+ 2*) (l+a—~y) 
= cosec am. Realy» Wet 
_ a—l 
Here lim * i etiadr oS 6 
Fs ee 
and ae pa Si BLU): 


T>D 1+ 2 
VII. Analogue of Herdy’s second Theorem. 


Hardy’s second theorem is a generalisation of the first and is 
easily obtained from (6°6), 


In § VI, it was made clear that the internal point &, which is at 
our command has to be so chosen thai a, $, and z—% have all to tend to 
infinity together; and in that article we took the simplest case =z. 
Now there exists* a whole scheme of fanctious, say w (x), viz, 


log 2, 1, (w) [v.e,, lglg 2]; or be (x), 1,8 (x) 1,¥ (2) sag 5 
of which log @ is typical, which are such that they tend to infinity with 
a; and if we set & of the same order of greatness as Say, 





* Of, Hardy’s Traot Orders of Infinity, 





i@ and remember that nee ie ant 
we secure the three conditions that we want. 
Now resuming (6°6), we have, 
lim W(2#)—UV< H lim [v.(a—S)+8.y] ves (6.6) 
>on ®>— 
where H is the greater of the two, H, and H,. 
Now v xp and jy can obviously be chosen such that the limit of the 


expression in squared brackets is zero. 
If now & wo(x)u(a)-50 uel 
and @ v(x)/xb(x)_,0 me x “ ve G1) 


We have 
lim ee | 


uF | 
et ( [ Sh 2 Eb(w) = 
< H. &* lim Vda) a ey 0. 





It is obvious that we can choose an #, say %, So large that corres- 
ponding to an arbitrarly assigned small positive number €, we shall have 


both 
< st for al) values of 2, greater {han a, 





3 
am 
w(x) 
[*Seeing that v has been obtained § VI, as the greatest of the 
moduli of u(y) in the interval (&, 2), it is possible te obtain tbe in- 


equal ty 





g 
v< EUG) 


In that case the argument needs only slight alteration, thus 


~ 


also. 





< H.€ lim {fe -gpt et 
Late) 4 
* Coe, ) 


< 2H. € which tends to zera. 


1 
<H. € lim 1 


~“ 


: 10 
Hence “ the analogue of the second theorem of Hardy,” : 


1f U and V are convergent and in addition (71) are also satisfied 
the integral 
a % 
if die i v (#)u(a—y)dy, 
o o 
converges to the value UV. ibd (7:3) 


The simplest case of course is to take th(«) =log z. 


Vill. The Analogue of Hardy’s third Theorem, 
The theorem is as follows :— 
00 oo 
If { u (x) da and [ v («) dx are convergent respestively to the 
o oO 
values U and V, and in addition | u(x) | <C, and | a(x) | <0, 
Ce) 
where C, and C, are constants, then| w {#) dx converges to the 
fe) 
value U V. 


The proof of this depends; upon a lemma analogous to Tanber— 
Pringsheim’s theorem * (usually called the converse of Abel’s theorem), 


viz. that a Series La,, may be inferred to be convergent if An exists and 
n 


ial Lad doers oar tnt i) 


NFO 1 
x 
Let us set F (#2) = | f (y) dy, 
o 


and integrate by parts 


1 Pi - 1 @ 
= J. yf (y) dy=F (@)— — \F (y) dy 


2 y 
= F(a— 1 | &y [ fede (8.11) 
0 oO 


a 
provided the function behaves allirightjat the lower limit. 


* [Bromwich : p, 251., Hx, 28, where other references are given]. 


ll 
This relation enables us to infer that 
lim 
©->00 


(e.9) 
F@)= | f(y) dy, 


exists and is equal to a number F if 


li i 

Le =}, fuay—so nae we (519) 
and. 

lim 1 7”, /¥ 

oe 8) Lh oP Py C8) 


In fact, the last two are necessary and sufficient conditions for the 
re) 
convergence of the integral | f(x)dz to F. 
oO 


We shall now proceed with our main theorem: we have to show 
ee) 
that the integral { w(x)dz is convergent. Hence we have got to show 
re ; 


that — 


az 
= y w(y)dy > 0 with 4, 
@. oO xv 


It is convenient to write 


x 
W(2)= | yw(yjdy  .. aes wos « (8'2) 
) 


and analogous notation for V and U, 


Also we can easily verify that 
a ‘ x 
W (#)= [ yuy)Vo—y)ay+| yoy) Uo—y)dy 
Oe) fo) 
= I+, say, 


x 
Now | L | <|{ | yey) 1-1 U@~y) 1 dy. 
Oo 
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and since U(#) is convergent, it follows that we can choose a number a, 
of # such that for all values of « greater than x,, we; can have 
U(« -y) =U +6, when lies in the interval considered. 


Also, since V is a convergent integral 


@ 
[ y v (y) is of the (small o) order of x by (8°11). 
“oO 


\ 


Hence 
[J l<f [y v (y)] L[U+é} dy 
oO 


av 
< Vo) +a| ly v(y) i dy 


oO 


so that 


; a 
os L 1, | >o, if & [ | yx(y) | dy can be made to tend to zero. 
= i 


This latter will certainly happen if 


| yu(y) | < a constant C., when y_y ¢. 56 we (8'3) 


Similarly wejcan show that 


lim 'J] 
if | yu(y) | <a constant C, when ys. ... ive w- (8:31) 
Hence under these two conditions 
ims.) 23 
ree!) x W (x) =0 eee eee eee (8-11) 


Similarly it may be shown that (8°12) is satisfied. 
foo | 

Hence the integral | w (x) dw is convergent and has the 
oO 


value U V. 
Finally, we may permit ourselves to make the following observa- 


tion. Hardy has replaced (in the paper cited already) our (8:13) with 
the condition 


13 


. y 
lim 1 dy | f (2) dz>0 
®@ym Gyo “o 
for the convergence of (8:1). This no doubt is sufficient, but as we 
have shown in our proof this is not necessary. It seems to us there- 
fore that we can replace his (small 0) inequality with a (capital O) 
inequality ; and unless his result is a casual slip, it seems to us that the 
latter case is the one of greater interest. We need only take a simple 
illustration with f (w) = e-*, to bear out the force of this remark ; for, 
with this example, 


7 a y 
lim 1 dy e~* dz 
o 


uo g z 
= lim 1,” %. 
go> spite ) dy 
= hi 1 
pe ete} 


which is 1 and not zero. 
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CERTAIN DEFINITE INTEGRALS AND SERIES 
Connected with Bernoulli’s Numbers. 
[By C, Krisunamaowart, M.A., Assistant PRoressor, 


CoLLEGe of ENGINEERING, BANGALORE. ] 








{In solving Q. 913 of Prof. Sanjana, I arrived at certain definite 
integrals which I set as Q. 951. A study of Whittaker, page 126, sugges- 
ted transformations of these integrals.Mr. Bhimasena Rao pointed out 
that the solution of Q. 609 by Mr, Madhava assumes that 





daz 


= pitt he git 
1 gery =. o fMt_y 
and suggested that I may solve Questions 387 and 609 by the theory of 
residues. A successful attempt at this problem led to some further 
results. ‘hese form the subject of the present paper. | 


Part I. 


§ 1. (1) Lemma— lim y’ (log y)*=0 
yo 
where v and s are any positive integers. This can be proved by the 
substitution 
y=e™, 


(2) We easily obtain by integration by parts and using the above 
lemma, or by means of the transformation suggested in the above 
lemma, that 


(2n)! 
(m+1)"1 








1 
i (log yy" y™ dy= 
Oo 


1 
lo y 7\2t—1 yt d ae _ (Qn—1)! 
J. (log y)"" y™ dy eat 





1 . 
§ 2. Expanding ity and integrating term by term, we get 





* (log y)”"_ j 1 1 
{ 1+y y= On)! | pm— gait gm} 


E,, om \ 242 
=7(7) 
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whence by some obvious transformations, we obtain the following 
integrals for E,,: 


Er eye +1 3 "(log tan =)" . da [y=tan 5 
an41 


= G) if care @ Ls i 


foe) 
ES git 
=a") ae, 
NZ, —TZ 
e -+e 


Since we have 
on 


(zn)! 
we obtain by substituting for H,, the above integral, 


sec z<=L H,, 


co e%t4 ¢-? 
sec 2= at, —t 4. 
0 te 


§ 3. We similarly obtain 


1 1 2m—1 
(log y)*"~ (2"—}— 1) e 
[ty =— a Be 


oO 
whence as before 





ra onl 
2n | (log tan a) 





B,= ~ 4y?"(22"-3—1) 9 C08 # (cos #+sin ao [y=tan x, 
2n oo gee 
lel a —— (i, Senne 
mia fa : 
Since 
Lo oe - 
cosec 2=— Bias aT ~ B, 2"-!, (Hobson, page 363), 
we obtain 


1 CO =e 
cosec ®=-—+ ——— dz. 
4 J Oo Selif 1 


16 


$4. We also have 
1 21 on gon l 
(log y) ke Mek )p 


et the at din 
vit 
An 4 (log tan «)"? hs 
Ba — et) ail comma a 


Qn o gn , Ex 
a5 AS ORR Hi { 2" ~ dz, [Whittaker page 126, y=e-*. 
m"(2?"—1)J 4 sinh 2 


~ 


Qn i grt 


haben | 5 sinh mz 


From the aoe 


aes ney Ky n—-1 Qon-1 ont 5) 
E Fane 5 — 1) e ate ) w (Bromwich, page 235), 
we obtain 








1 ae sin 2% 
e~4+] 2 2 sinh 112 


Also since 


9” on} 
tan ¢= 55 oath Ge) B,, 2”, (Hobson, page 363) 


17 (i Pare 





we at once obtain 


ers XS 
tan 7= ae pistes Jie dz 
Pail —mz 








—e 
§5, From - 

1 ‘ 

(log y) on. Q27—1 an 

ce) l—y % Qn B, 

we derive 
™ 
Be soe foe (log tan «)™"-} . 
n met 22-1 h cos & (cos e—sin a) @, 








ame —2t 
= 4n{ pack ok [y=e 
‘oe —l 
Qn (2n—1)/" Z 
gt FR a3 \. i" log Se rors) dt, 
by an easy integration by parts and noting that 
1 1 1 
; —. ie 
ear Qar = oe pen ett , 
From the expansion x * 
eet at ln yu el 
e=—] pat ae —1) : De oe C ni)! 
we obtain the well-known result 
o 
i | ee ee re gin at 
e*—] “orar ae ene 


And since it is known that, (see Bromwich page 233,) 


1 ak Qy 














Pay 2 Lay pana 
we get 

yy ; a= sin at 

1 9+ An’n 0 ee tty 


_§ 6. A simple consideration shows that the formulae can be 
‘ransformed into one another. Thus 


B, ‘e 8) {2-1 
An =( ont. 
oe 


—l 
=3{ pont > a pn 


ra 
Bia 
1 
—2et-1 ; p"-1 ( ___—. — ~——_ ) dit. 
2 re) (sa, erm. D 
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9 B (o @) Qn—} 
= Dea _ opt dt. 
4n 5 ernt sy 
moe, {2"-1 
of Sat =(1- a2) Ni 
ate oid ari gen-1 } An 
Lte—27% 


But cotb mz = 7 a eaat 
—e 


=o oT! og sat) ue 


. 


oO fo 8) 
And i ot ( l = dz = 2 genta Cae Pa \ = 
O oO 








tanh mx ° a 
=a B, 
S222 
00 
By, = 2n [ eae as ee ee 
o Sinh ma (cosh ta-+ sinh Ta) 


7 


[Note—In passing, the following integrals which can be easily 
transformed into integrals having 0 and oo for limits may be noted:— 








il 1 1 ] a | (lo on 
bo BLS MA gy) 
pent get Sie |e 

ee a2n 
Qn)! I. gay 

: 1 ie 1 z - 1 A ge” 
yA arnt gma a iy wai 


1 1 1 1> 
senna t ana eee et ees, nl— z 
Ten” gat tet a ik Cog nat dy. 


i ae | 1 
Sant diate itsecktpeues aa ee Ae ee 
]? gon on ——— log 2 OS eice’ 
k (2n—1)! oa gy) ier 
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Part II. 


§ 8. We can make a very interesting application of the theory of 
residues to establish some well-known results. hus 


z get 1 nN} By gut 
(-— ) (2 n)! 


oaks 
= (“ys is the residue of the function 


1 eas 
ee (©) = 38 G1) at the origin. 
The other poles of f(z) arez=+2m7i (r=1, 2,......). 
The residue at + 2777 is 
1 1 » 
(217) * Bari) (2ar)" 


And z f (z)>0 as 2z>o uniformly. Hence the sum of the residues 
of the function at all its poles is zero. Hence we obtain 


Bn 1 
— 1)"-1-—_ oe bh oe 
( 1) 2m +( 1) oan 
2 (2n)! ol 
$6. By 2a Sr (a well-known result). 
Similarly consider the fanction i 
=5 wi". 
sec ¢= "nyt 
The poles are z= +(2n +1) oy and observing that Ey ig the 
“ (2n)! 
residue of f @)= sr. as at the origin, we obtain as before 


_ 2 (2n)! F (-1)2 
Ae Rss 1 (2r— Qr—1)1 


(a familiar result). 





Note.-§ 8 is suggested in MacRobert’s Theory of Functions, a 
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Similarly, we can find an expression for ¢,, (z), the Bernoullian 
p»lynomial function of degree 1, viz. 


45, (2) =a"—5 Fee B(?) ym B, (4) an—A + Care en 


We have 





ekF—] © a 
z | om $,,(%) ni 


e 


We see at once that ¢,, (#)/(»)! is the residue of the function 


xs 
f @=— we = at the origin. 


e* — 


Suppose # positive and less than unity. Then 2 f (z)>0 uniformly 
as z->oo and hence the sum of the residues of f (=) at all its poles on 
the plane is zero. 

The residue at (2777) is 

puma __y 
(2m7r)” umn 
and the residue at —277r is 


eT 2Mre__4 
(—2ntr)" gem 
If 'n is even, say 2m, the sum of the two residues 
e 


=(—1)™ 2 cos 2nra—Q 
(277)? 





Hence the sum of the residues at all the poles 

=(—1)” 9 y cos Qarae—] 

(2nr)” 
1)” . cos 2arew 1 
=(—1)" 22, (1th 2 
ie (Saree +( ) (Qar)" 
It is odd, say 2m+1, the sum of the residues at +2air 
1 2 
=(-1) 


2 sin 2araz 
ceria 
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Hence we obtain 


(2) =(—1)"H9 (nyt E 008 SAT ayy 
ta (x) ( ) ( n): E i The ae 1) By 


tonti(2) =(—1)"2 n+)! ¥ ees 


[A trigonometric method of proving these results is suggested in 
Ex. 16, page 256, Bromwich. ] 
Similarly we know that 
fait Ea, (0) = (See Bromwich, page 240). 
Proceeding as before, we obtain two analogous formule, vz, 


n 92, sin (2r-+1) mx 
than (2) =(—1)" 22n)! a ai) 


cos (27 Ei) me 
[@r+1) wypr* 
§ 9. We shall next pass on to the problems of Mr. Ramanujan 
(Q. 387) and Mr. Bhimasena Rao (Q. 609) referred to in the Introduction. 
Ant 
(727) fe }) 
Its poles are +r, tri, Consider {i (z) dz taken round the in- 


dented quadrant of a circle with the origin as center and semi-circles 
round the poles. . It is zero since the function has no poles inside the 





Bonar (2) =(—]1)"7 2 @nt1)2 





Consider the function f (z)= 


contour. Along a semicircle round a, write z=a + $e 10. 
) 

f fa=| fcatse”) ige’0. 
7 


Making §-0 and noting that fla+ $e’) 609 sa", uniformly as 
§->0 (Whittaker, p. 117, § 6.23), we see that 


[fs ()dz=—nia’, [@’ being the residue at a]. 
For the integral along the semi circle round ‘27. the upper and 


Ewer limits are + and x and the integral similarly equals —Tia’ 


(a’ being the residue at 77), 
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Along the quadrants, the integrals are zero since 2 f (z)>0 nni- 
formly as zoo and as z->0. Making the radiiof the semi circles tend 
to zero, and the radii of the quadrants zero and infinity, we obtain 


+ + f (2 dz—miéa' + f (2) dz=o. 
O’A AB BO’ 0” 0! 
The residues at ‘7’ and ‘77’ are equal and 


1 pitti 
Sl P= Car > . 
2024 21 
hie | 


Along OA, z is real and=za. 


gi" 


ora 
bee =|, Ce Wey) (,— 27%)" 
ome _ Gays 
Similarly a =| @ a EP aaa Fay (. oan “bia 
CO git+1 
je (.2u2 1) (27a aie 


Hence the above equation, from the theory of residues gives 











CO yatta i. [i <al. = l es 
{ Q7rx L jontt 4 tee tae, |=- Fae : 
o e ~—I —1 an} 
5 yftt+1 ee) gi"+1 
1. €. Qar_y aif pana,” (after simplivation) 
“Binga 2 
~% (2x-+4+1)' 


In the case of Mr. Ramanujan’s Q. 387, which is evidently a 
particular case of this, there is an additional term — ae on the right, 
This is because, for the function f (z) the originis a pole and the 
residue at this pole is zero if n is any positive integer, and a 


if m is zero. 4n* 
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In this particular case, we have at the origin 


A x A 
| f (z) dz=| 7 (get?) ige’970, 
0” 0’ la 


Ty 
=—3ta, 
where a’ is the residue at the oriyin, 


Hence the additional term on the right; and we obtain thus Mi. 
Ramannjan’s problem 
ee 
e2Tr_) 24 87 


To obtain the second of Mr. Bhimasena Rao’s resulis, examine the 
function 


oftti 


(e"* +1) (e 


— 112 


dz 
+1) 
taken round the same contour with semi circles round the poles 
(2r+1), (27+1):, 
Residue at (27+1) = residue at (27+1)2 
uC (2r+-1)*"*? 
mi 4 Aa ee 
Hence we obtain that the sum of the integrals round all the semi. 


circles is equal to 


9, keri) 
, ; hertlywy } 
| (@r-+1ye" | 
el Pe] = 2) arta; 
BO 


| ->0 since 2 f (z) 50 as 275%, 
B 


ger 


= 1 10 ce 
oe J nai nie, + yaa, | 
A 





24, 





ie.) 
git+i 
=| es , de 
oe +1 


Sg tS 
=Ba,41 BQn+1) (see § 3 above). 

Hence the second result. 

§ 9a, A very interesting result, which I think is highly probable 


1s obtained by examining ci (z)dz round the same contour, when 


2” 


f = (ama _3)(,—2 81) 


Residue at ‘7’ + residue at ‘ 7’ 











—1 
1 yt” r n 
ae = tees sp 
2ni o2mr7_y TESS 
Ksactly as before 


oO 2” 


: dx 
(,27% ay) (grates 7) 








=g"7t ; e 2 dz, 
= (.27@__ 4) (,21”_}) 
) 


Hence we obtain 


ie @) 
t 1 


oa i. x 
“= 977), Ont | 6 Oh ee OL eee 
2 ant a : (Pm? ay (.—27%2_ 4) da 


oO 


a” 


$277 7 Daveact ak ee ee 
; (2 Te l ) (,272_y \4 


Patting n=4m-+1, we obtain the above result, 


Putting n=4m, we get 


qm 
a4 1a 


iN) a ee ae 
2 Dar, = (,27™_ 1) (,—2niz_4)" 
ie) 


ie 8) 
gt” 


a (Bmx _1) (201) 


ie.) 
4m a e A 
& bs re 
Dia, vie | gt got maid (ge goot mz) |. 
e _— b. 
Oo 
9 2) 


agi" 


2a] de. (¢—1) 3 (L+cot tre). 
e = 
O 


Whence we obtain 


p°) 
m 
a! 


eae One _, (itcot m2) de. 
e —i e —] 
o 


Di 


~ 


Putting n=4m—l1, since 1+2"-=1+474""=0, we get 


oo) 
Amt —1 


= qm-} 
| 2m < ont i da <i aa a dz 
STO Pan np (,272_}) (,27_)) 
0 0 
gt 1 1 2 
ne, Sarm - da | — +, cot ssl 
E e —l u 
0 
8) 
4m-— 4 
am 35 —— a2 [ 550 "ae 
Poet bps 
o 
Whence we obtain the result 
00 

gt" -1 

———— cot mz=0- 

212 

€ —l 

oO 
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Putting n=4m-+2, we obtain exactly as before 


co 
ght+2 gt +2 
5 - = >a (1+ cot m2)dz. 
»} okt _y gem _y 
fy) 


Putting n=4m—2, we obtain the same result with 4m—2 
substituted for 4m +2. 


oO ,am_i 


It thus appears that i Ym, cot 1x dx=0 


and we are led to the general conclusion that 


or, EPR M2 ce pany ©) } dz, 
1 pom _ 4 . pt Te 4 
where 


f (z)=0 if n=4m-+1, and =cot ma. if n=4m or 4m +2, 


except when n=], which is Mr. Ramanujan’s problem. 


§ 10. The above method will now be utilized for obtaining some 
further results. 


of" +1 


(a) Examine (7 <a) ( ale —"ni2) dz taken round an 
ee e  —e 





infinite circle with the origin as centre. 


Residue at each of the points 7, 77, —7, —rz is 
Att 
Clan ae 
ones 1% 

Residue at the origin is as before zero, ifn is any positive integer 

d + . if i 
an 7a, if n : 
im??? is zero 


Hence we obtain 


s gitt+1 

= OE eats 

l Na ar 93 

00 

Po 9) enn cen S. 
1 OL LE tf Sar 


(2) 


(b) Consider |~4 J eae dz taken over a circle of radius R >a, 


) ae 
The poles are +7, 0, and the poles of f (z). 


Residue at r=(— yo : 


Residue at —r=(— pyri") 
7 


Residue at o=! =), 


mam 2n¢ J gin ma da sin 12 


| so bit —? z 
BP OHO fo 1 10 RIO 


where the last term on the right means that we should take ile 
sum of the residues of the function with respect to the poles of f (2). 


If in particular f (2) is such that z f (z)>0 as z>00, we get 


f (0) LOH _p fo 


sin 12 


mt (ly 


Ew. In particular let f (z) be an even function. We get 


pe f() 
J Oia? * ,.O==* Raat 











Put f (2) = =a We get 
1 ee _ a f (2) _ ™ 
at - 3 biel R sin TZ sin We 
Va. ,_# 
t.e. m™ cosec (ep aes (—Lyet aie 


(Ex. 19, page 190, Bromwich) 


(2) a 


(c) Consider similarly | 2 am 


We obtain if « f (z)30 as Z>D. 


B oy [1 PE) -1( 2) ] = RS 
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If f (z) is an odd function, this gives 








z Saal Me (=F) ad RIO. 
Ex. Letf()=g=,. We get 
5 Ge) eee cibam Nmaper sec ta (Page 190, Bromwich). 
oO (7H) nay 
(7) Consider oe =e lz. We get 
oO 
yr f(r)+a RL© =o. 
Ex, l. net @)= Gra, i) “(aay We get 
2 a—x 


——_______ = 1 (cot m™z—cot 7a). 
x» (@—-) (a—n) 





Ea 2. Let f (z B) = taxa): 


We see here that the origin is a pole for f (z) as well as for cot 72. 











Pan a #@) 
Hence we should examine the residue at the origin of tan al 
and substitute this for f(0). 
f(z) _ & ~~ cos ‘1 
tan Zz 2 (*—z) sin 12 
1 z m2" 1 m2? 
== (lo +0.) ~ (b— 414) sel 4 
= OSE) OT Oe 
= 4+ aieds terms containing other powers. 


Residue at the origin=— 
Ta 


Residue at z=a is—cot tra. 


_¥ Ce +) “+ be cot Te. 
% H 


CO t= 
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Ex, 3 (= Es We get 
1 hana cot 12 
— a @—ny "Ramp 





We have to find the residue of i * atz=a. Now let 
Z 
$ (w)=cot ma. 
Write cot mz=cot [ma—nm (a—z)] 
=¢ (s+y), where y=—a+s. 


=¢ (a)+y ¢ @ +5 4" @) + Ht" (3) deoce 0 


Again ¢ (#)=cot ma 
¢’ (z)=—7 cosec® Ta 
¢” (%)=27? cosec® mz cot Tx 
_ $" (#%)=+2n° [3 cosect mz—2 cosec? tra], 
Hence we obtain 
cot mz _ ¢(#—y) 





(w—z)? y 
Residue at z=2 is —¢'(w). 
ei 


(z—n)— am cosec® 12. 
ie 8) 


cot 7 
For — residue at z=2 is— 2 qd” (a). 


Sa | ™ 

. Ge Bete SEAN 

me _x@ay=t [2 ¢" (#) 
eal cosec? ma cot 2. 

For ( aa , residue at 2=a is a? (x). 

ae 2 

: x Gan)! = 1 (cosec* Ta —Cosec* mt). 

—o 


Here put n=5 We get Q. 1000, first part. The Second part 


is similarly obtained. 
Put a= we get Q. 1001, first part. The other parts are similarly 
? 


obtained. 
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More generally, we obtain 
S 1 rg 
x @ny ny” es ‘(- ib ie da? cot Te. 


[See Bromwich, Ex. 17, Page 190]. 


Ex.4 Let f @)=,— aes - f (2) is an even function. 
We get 
¥ Qu x 
raed poe=—7 R gopeot me. 
ie TES, 
tan 1a 

py 1 
“. mW cot ed a : pont (a well known result). 


§ 11. Next consider the residues of functions of the type 


sin aw ° 
J (x dona Tx 





etc. We require the following well-known theorem in the 


theory of residues ; viz. If Cisa circle of radins Ro, and f (a) 


is a function such that z f (2) >k as z +00, we have 
; az 
[ fr@ a= roy 
{a 
=1|S=2mi k. 
(See: Fortyth, Theory of Functions). 


12. Consider the functi sinh ae 

§ i e function f (%)———— et 
The poles are + +7, 0. Residue at the origin is O since sinh O=0, 
The sum of the residues at)‘ 77’ ando § rz ’Jis 


f (vt) ¢ sin ra_ f (—7r/) ¢ sin re 


hema Sg. h). 5 1)f ar 





=(—1)* = sin ra { f (ri)—f (—rt)}. 


*, E(— 1)" ¢ [f(r7)—f (—r7)] sin ra+R f (2) sinh az =0, 


sinh 11z 
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Ex. 1 mt 
x. 1. Let f (2)= —_., 
w—Z 


2 f(z)_5—1 as zy0. 
Hence we obtain 


sinh aw _5 (—1)"sin ar 2r 
sinh aa Tk gtr 





(Ex. 23, Page 257 Bromwich]. 


Bx, 2. If we similarly examine f (x) ai ~ we obtain 
sinh 112 


Rf©® gear hay +/(0)+X(—1)" BK) abt ar oO: 





cosh 112 
Put f Q)aiaes We vet 


coshar 1 2x cos ar 
=— >? = 24 |) ae te oll 
sinh Te 2 A a 1m (a?-+-7°)" 





[Ex. 23, page 257 Bromwich]. 





: : sin ax ; cos ax 
. “ Be lege d 
§ 13. Similarly by taking f(x) ras and / (2), pe eee get 





¥(-1) {f (@*)—f (-*) } sin ar=— a R22 fe) 


sin 712 
FOE (“DL H+A 0) } 008 ar=—m ROEM 12), 
If f @=—, we get 


sinav 7 sin ax 
EC)pcees as 
vm 








oO 

2 sin Tr’ 

oO cos ar 1 ww cosaz 
i at) eer Fe gin aga’ 
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ASTRONOMICAL NOTES. 


1. Comets. A comet (1919 f) was recorded on two plates taken 
on December 10, 1919 at Hamburg by Dr. Baade. It is probably 
identical with Holmes’s Comet whose return to perhelion should have 


happened about November 30. 


Another comet (1919 g) was discovered by Mr. J. F. Skjellerup at 
the Cape of Good Hope on December 18. It was also observed at the 
Royal Observatory by Mr. Woodgate. The position of the comet 
March 11 ‘will be R.A. 20H. 36M. Decl. &°.7 N. It should be visible 


early in the morning during this month. 


A new object of about the 10th magnitude (provisionally designated 
1920 a) was discovered by Senor Comas Sola at Barcelona. It was 


first reported to be a comet but now appears to be a minor planet. 


2. Perturbation of Neptune. In Harward Circular 215 Prof, W.H. 
Pickering draws the attention of Astronomers to the fact that Neptune 
is now gradually deviating from its computed position in the manner 
that it should do, if disturbed by an unknown outer planet. The 
deviation so far observed amounts to a little over 2” and if this is due to 
the perturbing action of an outer planet it is expected to increase to 
about 15” in the course of a few decades. The unknown planet is 
believed to be small, about terrestrial size and to be travelling in a 
highly elliptical orbit, the present distance from the Sun being about 
68 times that of the earth. Prof. Pickering states that it should be 
located at present in R. A. 6u. 35m, and Dec. 23° N., Mag. abont 15 and 
as it is surrounded by numerous brighter stars in the Milky Way, 
identification will be difficult. 


3. Eclipses. In the year 1920; there will be four eclipses, the first 
two of which will occur during the month of May. 


i. A total Ecliyse of the Moon, May 3, 1920: the beginning of the 
eclipse will be generally visible in India. 


ee 


88 


The circumstances of the eclipse are as under :— 
Moon enters Penumbra May3 4—19 A.M.) 
i 


Moon enters Umbra 5—31 ,, Indj 
Total eclipse begins 6—45_ ,, | S raat d 
Total eclipse ends 7-—97.,, Time, 
Moon leaves Umbra 9—1l1 ,, | : 
Moon leaves Penumbra 10—22 ,, J 


Magnitude of the eclipse will be 1-224 (the moon’s diameter being 
taken as unity). 


ij. A partial Eclipse of the Sun, May 18, 1920, invisible in India: 
the eclipse will be generally visible in Australia and the southern part 
of the Indian Ocean. 


NizaMiaH OBSERVATORY, T. P. Bhaskara Sastri. 


HYDERABAD. 
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SOLUTIONS. 


Question 819, 


(K. Appuxurran Erapy, M.A.) :—If p, ¢’ be the radii of curvature at 
corresponding points of a carve and its a—evolute, where a is a fanc- 
tion of the arc measured from a fixed point on the curve, show that 


71 da q ( cos 2 
p’ ds ta amt} val. 
do} hace 
pt ig : pt ds 
Solution by Martyn M. Thomas, K. B. Madhava ani K. R. Rama Tyer. 





Choose the tangent and normal at the fixed point O, as fixed axes 
of coordinates ; let A be a point on the a—evolute corresponding to P 


on the given curve. 





xX 


Let the coordinates of A be (X, Y) referred to the fixed axes, and 
(u, v) referred to the tangent and normal at P. Let P be (2, y). 


From A drop perpendiculars AR, AQ on OX and the tangent PT, 
Now, X=OR=Projection of OA on X axis 


=algebraical sum of the projections of OP, PQ, QA 
on X—axis. 
=Z—UuU Cos yy—v sin xp. 
Similarly, Y =y—w sin yptv cos xp. x 


dX d / 
” — = cos p—— cos +a sin ub 4-5 sin 2) —v cos eb I 
ds p 


us 
= cos pa-= oe 5) +sin 4’ r =) se eee) 
= oan ¥(-F a 5) —cos my 4) oe eee (2) 


z) =(])+ (s)'= = (1-3 : +(G- 3) we (3) 


a) 


du u de 
Also tan (90 + a-+x)) Base aaa: ( ion ae z 
sachin oh Nata “ds” p pds 


tap. Ge 
SPye ig cite eH nt we (4) 





Fditie 
‘a Substituting in (3) from (4), 


(Gs) = (3-7) (tow 41) 


u adv 
qua fee a (5 —iis) ae as os ©69(9) 


du a 
Since u=v tan a, —-~=tan a, —-+v sec? a, -,-. 
ds 7+ BG Asay 


.. Substituting for uv and = in (4), we have, 


d 
l=vsec’a ato =) 
- _ cos? a _ sin a cos a 
ee os 1 da eri 1 190. 
p* ds p Tas 


Taking the lower sign in (5), 
dS oa” 


aa iat AES .- Pag 
d¢’ ds ds arr mae 


where ¢=90+4+u. 





a ( 2sina 7 sin a 
da+dw CX), eager, Galt per ree eae eo 
Pe ees = O08. O, Paige Bay! ak : ial 
“iy a ee pride MP Ota 
| aa 
da 
o( S45 ~) =co8 a. whe eat GG) spacer iD, 
pr 


F al 
a er a 
p(ao+3) tin a= a2 a 
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Question 821. 


(M. K. Kuwatramant.):—If through A, B, C lines AXY, BYZ, CZX 
are drawn so as to make the same angle 9 with AB, BC, CA respectively 
and form the triangle XYZ, prove that @=20 sin (w—Q) where & is 
the Brocard angle of the triangle ABC,o the radius of the first 
Lemoine Circle of ABC, and p is the radius of the Cosine Circle of XYZ. 

Solution by N. Sankara Atyar, 

ZYXZ=ZXAC+ZXCA=A. Hence the triangles ABC & XYZ 


are similar, r 


A 
8 G 
CX sin (A—6) , b sin (A—O) a sin @ 
Now, Witswere ce t.e. CX= a & OZ= ae 
XZ=2 p{ st B sin (A— =O) sin A sin 9 
sin A sin © 


sin (B+C) sin 9 
sin U 
=2RsinB {cos 9@—sin 9 (cot A +cot B+ cot Op as ee 
2 Rsin B {cos O~sin cot w }, * 
=2 R sin B, ia (W—8) 
sinW * 
The ratio of similitude is therefore sin (—9) 
sin & 


In any triangle p=2o sin wW and hence P=2o sin (w—O) for As 
ABC & XYZ. 





=2 an B cos 9—sin B cot A sin Q— 





Question 827. 
(A. C. L. Witkixson.) :—If a skew surface is defined by 
t= 2, oe be-+£, c=ca+y 
where b, ¢, &, yY are functions of ¢, and if the axis of 2 is the 
generator corresponding to t=O, the origin the central point of this 
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generator, and z=0 the tangent plane at the origin; then the hypors 
boloid of closest contact along the generator f=0 is given by 

2c) B® z=c' y” y+ 2c"? B’ ay—b" B’ 2—(c B"—c" B') yz 
where the values of the differential co-efficients of b, c, 8, y are for t=0. 


Solution by K. R. Rama Atyar. 


The hyperboloid of closest contact has three consecutive generators 
in common with the surface ; and so the axis of wis a generator and the 
origin is the central point. So the equation to the hyperboloid assumes 
the form 

Ay tp P+yetf yzt+h zy=0. =a faa® ih A) 
Evidently when ¢=0, b=8=c=y=0' and the generator adjacent 
to the a axis is given by y=(0’ #42’) Gt, z=§t (c’ a+y-) where UV’, B’. 
ce’, y’ are values corresponding to ¢=0. Since the central point is the 
origin, the # axis, a generator and the 2 axis, the normal at the origin 
the S. D between 2 axis and the adjacent generator is the y axis. Since, 
therefore, «=0, z=0 both intersects and is perpendicular to y=dt 
(b' «+ 8’), z=dt (c’ w+y’) we find 

" b=y =0. 

Since the surface has triple contact with the hyperboloid along 
the a axis we have the following equations satisfying A 

(1) y=0,2z=0 

(2) y=£' &t, z=6t. c' a. 


? : 
(3) y=(B" +0" 2S +8 &t 
» c= (y’4e" a) +c'a St 
Hence re: find omitting higher powers of 6 than necossary 
« (hB' +0) x §§=0 
; : : r b” " RB” a eae 
and a §t (WA +Ve) +50 | at (ig thet + VS +f Be’) 
+rBrr40%5 t =0 
for all values of z. 
aie h 8’ +ve' =0, or ae ee (say) 


My 


p E+ pd%=0, 


au“ Cc’ / , , 
ne +ys +f Bi d=0 
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vi 


N 444 v- 9g = 0. 


y=kG',h=—ke, B=he7 
K {<4 3B c rp 
— ee aaa 


Hence the equation (A) reduces to 
20! 8 z=c' y’ y 24 Qc'2 B’ ay —b” B' 2—(¢’ 8B" —0" B’) y2 
where the values uf the differential co-efficients of b, c, 8, y are for t=( 


B \=—k 


Pt 
24’ 





Question 850. 
(A. C. L. Witkinsoy) :—Prove that 
© sinazsinha dz 
ib cosh 2-+cos # @. 4? 
© coszsinha dz 
and 1 cosh #+cosa2 @ 


=0. 


Solution by K. B. Madhava. 
e= 14% = dy 
Vea ss over the contour consistin 
of (i) the a—axis from O to R (ii) the quadrant of the circle centre the 
origin and radius R, and (iii) the y—axis from R to O; and mak 
R tend to infinity. On this contour there are no infinities of th 
integrand, for its only poles are given by z=(2u+1) ¢m-+7z. ze the lin 
is) 


Consider the integral bec’ 


y+a%=0. Putting now on (i) z=2; on (ii) z=Re 


and on (iii) z=2y 
we have as R becomes infinite 





= A) 
OD peayt) 4 2 Re’ O tx asi 
| ae atl = “dO | an “0, 
oT 8 0 yaaa ae e- 


On the infinite quadrant, the second integral is in modulus=1 
aud therefore, collecting the first and the third integrals together 
we have 

co Cea pia kd lee 
be et (ef 4 e-** 4 e~*) ee ae 
Hence separating the real and imaginary parts we have 
{2 sinh zcosz dz 
O 





—_————- 


cosh a+cosa2 2 





© sinh a _@ sin 1® dz om 
and { 


© cosh . eyoosa w 
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Question 864. 
(M. K. Kewatrawant):—Prove tha the primitive of the differential 
quation . 
ay p (l—p) 
ax* —ay + : 0 y=0 - 
an be put into the form 


1 ie.) —arx 
a cosh ara , { Ci este | 
AR [A oot 8 fap 








where p is always positive. 
Solution by CO. Krishnamachari and 8. V. Venkatachala Iyer. 


Let y= |e a” R de, 


where ¢ is a function of 2 alone, and R a function of ¢ alone. 
Differentiating and substituting in the equation, we easily obtain 


; Pt im et R dv—2m i y= en rtlt R vrdr 
da 


—~J * det 
few m dt \2 
tie’ Rae arte (Z) —a } 
+ { m (m—1)+p (1—p) } jee a” R dr=0. 


Pat m=p and t=ar, 


The first and last terms vanish. The equation now reduces to 
—2pa {? ar. Be rdr-+ [en® a? R dr (°—1) @=0. 
Integrating the second term by parts, we have 
—2pa{ ae e*'* R rdr— [ a? R (7?—1) a | 
+ fer* af a { B(#—1) } dr =0, 


e* 2-1 Rdr E {BR (2—1)} —2p R | 
+[e7’* af R (7®—1) a] =0 dan 3) 


}.e. a ( 


~ 


Now R is found from the equation 
< {R(P-1)} —%p Rk=0 
> 


1 .e, R = (7? — 1S bras 
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The limits of integration should be so closen that the last term in 
(1) vanishes. The valnes of rare + land w. 


+, The primitive is 


—arxe 
€ 


Aa? i Bante dr+ Ba? ley — 2, ar. 
Rt es i ae 


The first can be written 


—are 
é 


rc rO eure S. 1 7 5 
Aa Biliebip: Goapeet | (1—7)-0™" | 


Putting —7 for 7 in the first part, we get the required result, 


QUESTIONS FOR SOLUTION. 


1093. (Martyn M. Tuomas, M. A.) :—A fixed ray of light falls on 
a plane mirror revolving about an axis in its plane. Show that the 
locus, in the plane, of the point of incidence is a conic, and that the 
reflected rays generate a ruled conicoid. — 


1094, (S. R. Rancanarnan) :—If the number of A’s: the number 
of B’s: the number of C’s as a: b: ¢ and if a per cent. and a, per cent. 
of the A’s are also B’s and C’s respectively, discuss the limits between 
which the percentage of the B’s that are also C’s should lie. 


1095. (R. 5S. NatasimHay) :—Seven thieves A, B, OC, ... secure a 
sum of rupees, bnt are obliged to conceal it without counting it. A 
returns alone, divides the sum into 7 parts, finds that there are 6 rina 
over, takes the 6 rupees and one-seventh part and departs. B returns. 
alone and does the same with the diminished sum. He divides it 
into 7 parts, find that there are 5 rapecs over, takes the 5 rupees and 
one-seventh part and departs. Hach does the same the successive 
remainders being 6, 5, 4, 3, 2, 1, 0. Finally, they ail. come together 
and divide the remainder which is a multiple of 7, into 7 equal parts. 
and each takes one part. Find the least number of rupees stolen and i 
the amount that each gets. ' 
q 


fam, %, 4 hy 


.~ 


NOTICE. 


i A Conference of the Indian Mathematical Society will 
3 held at Lahore in March next during the Easter Holidays 
and all those who desire to read papers at the Conference. 
re requested to communicate their intention to the under- 


igned as early as possible. 






D, D. KAPADIA, 
- 2414, East Street, Poona. 


" -5th December 1920, 
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DOUBLE POINTS AND LINES. 


By M. Burmasena Rao. 





HIS note is in continuation of the Author's Notes on the same subject 

published on pp. 19—21, Vol. 1V and pp. 264 —8, Vol, X of the Journal 
of the Indian Mathematical Society, and falls into three parts. The first 
part deals with orthologic triangles in perspective, and contains a simple 
construction for finding the double point of such triangles. Analytical 
formul for the double point and lines are given in the second part and 
applied to obtain the following interesting result : 


Any two triangles ABC and A’'B’O’ and the triangle formed by the 
radical axes of pairs of circles described on BC’, B'C; CA’, C’A; AB, 
A'B, have a common double point. 


- In the case of two orthologic triangles a simple reciprocal relation is 
shown to exist between their double point and the point of concurrence of 
the perpendiculars from the vertices of one on the sides of the other. 
This relation is looked at from the view of correspondence in the last part 
wherein the present theory is made ase of to discuss geometrically several 
properties of tbe invariant triangles occurring in the transformation of a 
given point into the double point of a given triangle and the pedal triangle 


of the point. 
16 
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PART I, 
Orthologic Triangles in Perspective. 

§ 1, Construction for finding the Double Point. 

Let ABO and A’B’C’ be similar triangles in perspective but not 
homothetic, and S the centre of perspective. Lt follows by Elementary 
Geometry ? that 

(1) S lies on the circumcircles of ABC and A’B’C’ intersecting again 
at the double point D of the triangles. 

(2) Any line through S cuts the circles in corresponding points 
Q and Q’, 

(3) If QR and Q'R’ be parallel chords of the respective circles, RR’ 
passes through the double point D, and R4, KB, RC are respectively paral - 
lel to R’A’, R’B’, R’C’. 





It is known * that triangles in parspective are conjagate with respect 
to 4 conic whose centre is the double point of the triangles, 
As an immediate conseqaenze we deduce the following theorem which 
results by projection ;— - 
Tueorem I, 


If two triangles ABC, A’B’O' are conjugate with respect to a conic, the 
diameter of the conic through A passes through a point X such that XB’, 
XO’ are respectively parallel to AB, AC. 


It has also been shown * that the double point of orthologic triangles 
ABC and A’B’C’ is the point of concurrence of the radical axes of pairs of 
circles described on BC’, B’C; CAy, C’A; AB’, A’B, as diameters, 





+ Cf. Lachlan: Modern Geometry, p. 180, 


* Of. Author’s paper “ Double Lines "—Journal of the Indian Math, Soc, 
Vol, X, pp. 264—8, 


* Loe, cit,: Jour, Ind, Math, Soe, 
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If the triangles are also in perspective, the following is a simple 
construction for finding the double point. 


Let H, H’ be the orthocentres of ABC and A’B’C’, and P,P’, the 
points of concurrence of the perpendiculars from A,B,C on the corre- 
sponding sides of A’B'C’, and of the perpendiculars from A’,B’,C’ on the 
corresponding sides of ABC. Then HP’ and H'P intersect at the double 
point, 





Proof.—It has been shown* that P,P’ are corresponding points of 
ABC and A’B’O’, and that PP’ passes through the centre of perspective. 
Since AH is parallel to A’P’, it follows from § 1. (3), that HP’ passes 
through the double point. Similarly H’P passes through the double point. 

§ 2. Some Theorems, | 

We shall now proceed to obtain a condition for two orthologic 
triangles defined in a particular manner to be in perspective. Thus, 

Tueorem II, 

If LMN isi the pedal triang/e of P’ with respect to ABO, and P'L 

P'M, P'N be produced to A'B'C’ such that 


-_— —_ = ——— _ 


PL P/M PN 


¢ Loe, cit, p, 267—T7 (3), 


124, 


tind the join of P’ to its isogonal conjugate meets the Euler's line (OH) in 8, 
then if ABC and A’BO' are in perspective 
; OS 


£9 20 
° Hs 





A 


Proof.—Let P be the isogonal conjugate of P’, Then P,P’ are corre- 
sponding points of ABC and A’B’O’, 1f H’ is the ortho.centre of A’B'C,’ 
then from the construction given in § 1, HP’ and H’P intersect in 
the double point D, Now the mid. point T of HP’® is the centre 
of the orthopolar ellipse of P’, Again since LMN and A’B'C’ are homo- 
thetic having P’ for their double point, the point O' on P’T defined by 

Og faa A oss), 
PY 4 Pus" 
corresponds to TI’ of LMN, and therefore to O of ABC. Now O’ lies on 
HP’; therefore the circumcentre O lies on the corresponding line H’P, 
Since corresponding points on two corresponding lines through the double 
point are on parallel rays, OO’ is parallel to PP’. 
O'P’ pak OS 
But HP’ + i Sag 
2 eOPeanuS 
2TP’ HS’ 
O'P’ “Prat 
OS 
ec Xr = y ae 
“Hs 


ti —_e Se 














* The orthopolar ellipse of P’ with respect to ABO, considered as a figure of 
LMN, corresponds to the circumcircle of ABU. Cf, Jour, Ind, Math, Soe,, Vol, 1V,, 
P, 110, 
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The converse of this theorem is also true, viz. 
TueoreM IIl. 


If the line joining P to its isogonal conjugate with respect to ABO 
intersects the Euler’s line OH in 8, and if L, M, N, the feet of the perpendi- 
culars from P on the sides of ABO be produced to A’, BY, CU’ such 

PA’ _ PB PC’ _ ,OS8 
pat or PM ~ PN ~ AS 
with ABO. 

Some particular cases are interesting. 

(i) Let % = 2, 

then S goes to infinity ; and the theorem becomes 


= 2, the triangle A'B'O’ is in perspective 


Tueorem LY. 


If the triangle formed by the reflexions of a point P in the sides of a 
lriangle ABC is, in perspective with ABO, the line joining P to its isogonal 
conjugate is parallel to the Huler’s Line. 

(ii) Let * = 1. 

In this case HS = 20S and 8 is the orthocentre of the antimedial 
triangle of ABC, The theorem consequently becomes 


THEOREM V. 


If the pedal triangle of a point P with respect to a triangle ABC 
is in perspective with ABO, the line joining P to its isogonal conjugate 
passes through the orthocentre of the antimedial triangle of ABO. 


(iii) Let» = —l. 
S is here the centroid and the theorem ® as follows :— 


TueoreM VI. 


If P is the centre of a conic touching the sides of a triangle ABC 
at points where the normals are concurrent, the triangle formed by the re- 
flemions of the feet of the perpendiculars from P on the sides of ABO, in 


P, is in perspective with ABC. _ 
PART II. 


§ 1, Introductory Analytical Formule. 

Let ABC and A’B‘O’ be two triangles. Referred to the triangle ABC, 
let the normal co-ordinates of A’, B’, O’ be (1,, my, 21), (14, m,, mys 

© When the line joining a point to its isogonal conjugate passes through the 
centroid, that point is the centre of a conic touching the sides of a triangle at points 
where the pormals are concurrent, Of. Jour. of Ind, Math, Soc,, Q. 480, Vol, TV, 
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(7,, ms, n,). If D be the point (a, 8, ¥), the point corresponding to D for 
A’B’'O’ is 
aol, bBl, cyl. ; 
( al,tbm,+on, al,t+bm,tcn, al, + bm; + cn,” 
with similar expressions for the other two co-ordinates), 





tiog ‘alata ota stn ee 
On writing a’ for aS bas ont 


b 


UY for eee 
al, + bing + cn, 


C 
al, + bm, + cns 


c’ for 
the A’B’C’ — correspondent of D is 
(a'l,a + b'l,8 + Cds Yasods oa) 
Now if D is to be the double point, it must correspond to itself, that 
is to say, we should have 
aloe + 01,8 +¢oe'ly x4, 
a’m,a + b'm,8 + cmsy = B, 
anya + UnyBtcny = ¥, 
: These equations of which only two are independent represent three 
lines through the double point, On solving, we find the normal co- 
ordinates of the double point to be 
(al, + bm, + cn) (aly), + bl,m, + cl,ng), 
(al, + bm, + on,) (bm.m, + em,n, + am,l.), 
(al; + bm, + cn) (enyn, + an,l, + bn,m,). 
Similarly to find the equation-of the double lines :— 


Let L = po + 98 + ry =O beadouble line. If (XL 
. d 
length of the perpendicular from X on Li, we have Seer Bae 


(A'L) _ (BL) _ (CL) 
(AL) (BL) (CL)* 

Consequently, 
os) pli + qm +n, 


pl. + Gms + rn 
po oh; bbws 0m, 39" Le om eee 


‘ al, + bm, S Ch, 
* pl. + qms + TN. 


al + bm, + on, ~ * SMe 


=— 
—_ 





8,12 Oio 
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These equations may be written 


a’ (pls + qm, + rn,) = pr tee eee eee (1) 
BU (pl, + qm, + rn,) = 9a Si ~ ue (2) 
c' (ply + gm ,+ yn.) = 7A oo eee ass (a) 


together with the equation of L, 
patg8+ry=0 «. aids és 44) 


The elimination of p, g, 7, 1 from these equations gives the equation 
of the double lines. 


The elimination is most simply effected as follows :— 


Multiplying (1), (2), (3) by «, 8, ¥ respectively and adding, we have 
p (wha + b1,8 + cly) + 9 (amo + b'mg8 + cn,y) 
+ r(a'nya + Uno + c¢n,y) = 0 we (5) 
If (f, 9, 2) is the double point, we have 


pr+ag+rh =9, sarin £0) 
because the double line passes through the double point, 


Hence eliminating p, g, r from (4), (5), (6), the equation of the double 
lines is 


M10 +. almy® $s ana + us 
a B Y = 0. 
i g h 


or on expansion, 


ata’ (nyg — mh) + 2° (1k — nsf) + yie (mf — !59) 
+ By (cle h—V1,g + Um, f—CNg f) + wee = 0- 


§ 2. Co-ordinates of the Double Point (continued.) 


Now, the donble point of two triangles is usually defined as the mean 
centre of the vertices of those triangles fora common system of multi- 
ples, The analytical expression for those multiples is obtained from 
the normal co-ordinates given in § 1. The geometrical intrepretation in 
terms of the powers with respect to circles described on some associated 
lines as diameters is interesting, and a convenient proof of it is obtained 
from the foregoing formulx. 
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THeorEM VII. 

The double potnt D of two triangles ABO, A’B'O", is the mean centre 
f the vertices of either triangle for the multiples D (BO’) — D (B’O), D 
(OA’)—D (C’A), D (AB’)—D (A’B) where X (YZ) denotes the power of 
X with respect to the circle described on YZ as diameter. 

Now if 

S =(BC2 + CA" + AB")—(B’C? + O'S? + A’B?) 

the vanishing of S is the well-known condition for the triangles to be 
orthologie, 


But, 
Sao. 4 RW M1008 B—n, cos C 
ete al; + bm, + cn, ' 
where J is the area of ABC. (1) 


S=4RS (m, cos B—n, cosC) 
= 4RS5 cos A (l,—J,). 
employing absolute co-ordinates. 


Again, it is well-known, that the triangle formed by the perpendicu- 
lars from A’, B’, C’ on the sides of ABC is similar to ABO, the ratio of 


similitude, p, being’ equal to a (2) 
It is enough, for establishing the theorem, to show that 
D (AB’) — D (A’B) = — pch. 


where h is the distance of D from AB. 


Now the equation of the circle (AB’) is 
{5 -(ly + n, cos B) + “(ls +m, cos) (ao + bB + cy) 
1 
= a (al, + bm, + Cn, ) (a By + bya + caG) ; 
and that of (A’B) is 


{tm + 1,cosC) + g (ms mc08 A) (an + 59 + ey) 


1 
= —q (al + bm, +on,) (aby + bra + ca). 
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Consequently ‘ 
D (AB’) — D (A’B) 
= abo 4 (1, +n, cos B pe 
ea te a ) = hash Pag tl 


al, + bm, + cn, 

h ij 

= (mi ths cos C) + - (my +, cos A) 
SS... Ft peek ost 08 


al, + bm, + cn, 
where f, g, 4 are, as before, the normal co-ordinates of D, 


Substitute for f and g in the expression within the brackets their 
values given on p 126 we find that 
(1, + 2, cos B) (bm, m, + cm, % + am ls)— 
(m, + n, cos A) (al, 1, + bla m, + cl, n,) 
(m, cos B—1, cos A) (ony m, + any 1, + bn, m,) 
_ (m, cos B — 1, cos A)h 


al, + bm, + Cts 


if 


On taking ’ outside the bracket, we get 





D (AB’) — D(A’B) _ abe b (1, + m, cos C) 
h af + bg + ch zal, 
a(m, +1, cos 9) c¢ (Is cos A — My cos B) 
= al, . sals \. 


The first two terms within the brackets will be found to have c as & 
factor. Taking this outside, we have 








D (AB’y) — D(A’B) __ abe { m, cos B — n, cosO 
ch af + bg + ch > aly + bm, + cn, 


~ af +tg+ ch SAR 
ee f, g, h denote actual lengths. 


ll 


4 A’ 
= — p, the ratio of similitude referred to in (2), 
Consequently D (AB’) — D (A’B) = — peh 


and the theor?m is established, 


$3, Three triangles having a common double point. 

ase of two orthologic triangles 
f circles described on BC’, 
f the triangles. Now 


It bas already been shown that in the c 
ABC and A'BIC’, the radical axes of the pairs 0 
B’O, etc. as diameters, intersect in the double point 0 








1 Jour, Ind, Math. Soo, loc cit. Vol, X 
17 
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the elementary theorem in co-axal circles that the difference of the powers 
of a point with respect to two circles is twice the rectangle contained by 
its distance from their radical axis and the distance between their centres, 
serves to give a generalisation of this Theorem, 


Tueorem VIII 


Any two triangles ABC, A'B'C’ and the triangle formed by the radical 
axes of the pairs of circles described on BC’, BC ; CA’, O'A ; AB’, A’B, @ 
diameters, have a comnon double point. 







8 ie 

Proof, Let X,X' ¥,Y' Z,Z’ be the middle points of BC’, B’C etc. The 
triangles XYZ and X’Y’Z have the same median point which is the 
mean centre of A,B,C, A’,B’,O’. Therefore if A, u,v are the angles of 
the triangle formed by XX, YY’, ZZ’, we have 
| SY i tadin Xbb ah Oe? 


sin A slu po sin U (1) 








The radical axes being perpendicular to XX’, YY’, ZZ’ form a triangle, 
aby LMN, with angles >, w, v. If P be any point, and 7, m, « be the 
distances of P from the sides of LMN, P is the mean centre of LMN for! 
the multiples 

Lsin A, m sin p, n sin z ; 
te, lL. RAG Le A Oe 

But ; 

21. XX’ = P (BC’) — P (BC) by co-axal theory. 
Therefore P is the mean centre of LMN for multiples P (BC’)— P (B’C), ete 


Therefore D, the double point of ABC and A'B'C' is the mean centre 
of LMN for multiples D (BO’) — D (B’C), etc, and by Theorems VII, Dl 
is also the mean centre of ABC and A’B’C’ for the same multiples 
Hence D is the common double point of ABO, A’ BC! and LMN, 
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§ 4. A Reciprocal Relationship.. 


Jiet ABO and A’B’C’ be two orthologic triangles and the perpendiculars 
from A’, B’, C’ on BC, CA, AB meet them in L, M, N and concur at P. 
If P be the point (1, m, x) the normal co-ordinates of A’, B’, C’ are 


L(1 — a), m + alcosO,n + AlcosB; 

1+ wmcos O,m(l— w),n + wmcosA; 

lL + yn cos B, m + oncos A,n(l — v); 
PA’ PB’ POY: 


wh =e es Ge Se rT A a of 
ao, py ft py 2 


Now the double point (a, 8, y) of ABO and A’BC’ is found by 
substituting the above values of the co-ordinates of A’, B’, C’ in two of 
the equations in § 1 and solving them. Thus, 

al (l1— a)a + B(L + wmcosC) B + c(l + y ncos B) y 
= «(al + bm + cn), (1) 
and a similar equation, 

If the double point (a, £, y) is given as also the quantities 4, p, w 
P is uniyuely determined by the following equations for /, m, n got by 
rearranging the above 

Thus, 

ax (1+a)l4+ém (a — wB cos O) + en (a — vy cos B) 
= (aa + b6 + cy) l (2) 
aud a similar equation. 

If we examine the equations (1) and (2), we find that (2) can be 
derived from (1) by merely substituting 

a. /Bi y bnom on 


Um a for ee. Ws! S 


nN pw vO —A—p—v 
Therefore if we are given the double point D of two orthologic 
Te ope, PC 


triangles ABC and A’B’C’ and the ratios PL’ PM’ PN’ P is deter- 


mined by the following construction :— 
From D drop DL’, DM’, DN’ perpendicular to the sides of ABC and 
find points A”, B’, C” on them such that 
DAY iba’ DBlaig ce PB DOT anise BEY 
Dit why ones? ceMe ON PN 
Then P is the double point of the triangles ABO and A” B’C", 
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: 7 , PAG Paes ere 
Designating the ratios PL’ PM’ PN 

P, a, #, © are given, the triangle A’B’O’ is completely determined and 
may be demoted by (P, A, 4,2). -If the statement that D is the double 


point of ABC and A’B’C’ be denoted by the equation 
(Er. A, Py ,) = D, 


by a, #, 9 as before, when 


the above results show that 
(D,—a,— »,— 2) =P 
that is to say, P and D are interchangeable with a change in the sign of 
hy ply 
§ & Geometrical Proof. 
While examining some special cases, the reciprocal relationship 
between P and D, of two orthologic triangles mentioned above was noticed 


in its analytical aspect. The following is a geometrical proof of the same, 
We shall however, need the following Lamma at first, 


Lemma,—In a triangle ABC, M,M’ are the middle points of the base 
BC and an intercept B'C’ parallel te BO, If the power of a point Z with 
respect to the circle described on XY as diameter be denoted by Z (XY), to 
show that _M (PB') + M’ (PC) = M (PO') + M’(PB) = MM ? where 
P is any point on the altitude from A, 





Through C and B' drop CX, B/X’ perp. to AM'M, 


Since the triangles CMX and B’M’X’ are similar, 


MX _ CM _ BM _ aM 


wx” OM” BM ~ am" 
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x MX.M’A = MX’. AM. 
<3 (M'X — M’M. M’A = (MX’— MM’) AM. 
But M(AC) = M’X.M’Aand M(AB’) = — MX’. AM. 


“. M’ (AC) + M (AB) = M’M (AM — AM’) = MM? _.,,. (1) 
Again since, L’C’ is the radical axis of the circles (PB’) and (AB’), 
M (PB’)) — M (AB’) = 281 
where 8 is the distance between BC and B’'C' and /, the distance between 
the centres of the circles, and AP = 2. 


Hence, M (PB) — M (AB) = 8 AP. 

Similarly M’ (PC) — M’ (AC) =(-- 8) AP. 

“. M(PB) + M’ (PC) = M(AB’) + M’(AC) = MM”. __ by (1) 
Similarly, M (PC’) + M’ (PB) = MM’, 


Hence the lemma is proved. 


To revert to the original theorem, let YB’S and ZC’R be two 
triangles having the common median ZYDP; also ZANB and AYMOC be 
altitudes of ZC’R and YB"S, and TN’DO" be parallcl to O'R and B'MP 
parallel to B’S, 





Now, in the triangle ZO'R, TDC’ is parallel to the base C’Rand B 
ig a point on the altitude from Z. Also, P is the mid point of CR aud D 


that of TC”. 
By the above lemma 
P (BC’) + D (BC) = P D?. 
Similarly by considering the triangle Y B’S and the altitude Y M’O, 


we get 
; P(OB") + D (CB) = PD*. 


P(BO") + D (BC!) = P (CB") + D (CB). ‘gai 
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Now since when D is the double point of ABC and A’B’C’, D lies 
on the radical axes of (BC’) (CB’); (J) shows that P will lie op the 
radical axis of (BC”) and (CB”). 

Remembering that D is the middle point of TC” 


gE FR,» oe 


sinco DT is parallel to PC’, 


Similarl Pe Meg es Bei, 
y PM Dw ~ “ 
It follows therefore that if 
(P, A, », v) = D, 
then (D,—a,—p,— v) & P. 


§ 6 A few Miscellaneous Theorems. 


Before we pass on to the next part, it may be convenient to give 
without proof, a few theorems which incidentally arose during the pro- 
gress of the present paper. 


THEOREM 1X, 


If the pedal triangle of P is in perspective with ABC (the centre of 
perspective being Q) and if OP and GQ (where O and G are the circum- 
centre and the centroid of ABC) interest in T, 


(t) A rectangular hyperbola through P and T can be drawn self- 
conjugate with respect to ABC, 


(tt} Jf points A’, B', O' be taken on the perpendiculars from P on the 
sides of ABO such that PA’, PB’, PC’ are inversely proportional to ¢he per- 


pendiculars trom T on the sides of ABO, the double point of ABC and A'B'C’ 
lise on the rect. hyp. (t). 


(vt) The perpendiculars from A,B,C on the sides of A'BC' concur at T. 


THEOREM X, 


(i) If A’, BY, O' be taken on the altitudes of a triangle such that the 
treangle A'BO' is similar to che ortho-centn ic triangle, the locus of the double 


point of ABC and A’'B'O' is the tsogonal transformation of the Euler’s line 
O#. 


(tt) Jf the altitudes of a triangle ABO meet the circumcirele in A’,B' OQ’, 
the double point of ABC and A'B'O' is the tsogonal conjugate of the nine-point 
centre, 
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THEOREM XI, 


Let DEF be the pedal triangle of P with respect to ABO. If pointe 


A’,B’,C’ are taken on the perpendiculars from P on the sides of ABO, such 
that 


par’ ‘Pam Po RQ 
PD PK PF QP’ 
where KQ is the diameter through P, of the circumcircle of ABC, the 
double point of ABC and A’B’C’ is at infinity (being the isogonal conjugate 


of Q,; in other words, the mid-point lines of the quadrilaterals BCC’B’, 
CAA‘C’, ABB’A’ are parallel to the pedal line of Q. 


(To be concluded). 
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SHORT NOTES 
An extended case of Hermite’s Theorem 


Hermite’s theorem on partial fractions in Trigonometry states that 


f (sin 6, cos 0) f(sina,, cos 4,) 
a P,.sin (9 — ay) 
1 








I sin (9 — a,) 


where f(sin 9, cos 9) is a homogeneous function of the (m — 1)th degree 
in sin 0, cos 9; and P,. denotes sin (a,,—a,)X sin (4,—44),,,8in(a,—a,). 
This theorem is capable of extension as follows when the degres of f is 


still lower, say equal to m where m <n. Substituting « for Mae a, for 


idy 


e » ote 





fn fm (sin 0, cos 9) ¢. (se — 5 
TT sin (0 —a,) = za, 
ay ne 4) 
ey 
a,4,..0nf,,4 a tit 


[| = 99 


/ g,*—] ime 


aoe = =p = ait clas aed ee — an*) 




















_ a> « \ poeieaee — 1)/2ia,., (a,2+1)/2a,] 
om, Ean ( ~—- )@2-a,) 
s=1 
“32 (sin a», cos a,’ (cos n —m —1(@ —a,)4+isin n—m—1N9O—-4, ae 
sin(9 —a,).P, 

















Hence 
Fm (sin 0, cos 9) hn (sin a,, Cos a,) COs n—m — I (6 - —a,) 
Ry, ere ein(9 —a,).P, 

| | sin (O — &,) 1 


as 
which agrees of course, with Hermite’s result when m =n — 1, 


G.S. M. 
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[The theorem is further capable of extension as follows :— 








Fm (sin @, cos @) as She (sin a,, Cos a), 
T[ sin (6 + a,) 1: eh a 
> 


2 Fn (sina ,, cos a,) 
or = > rae Jp cot (0 — a,) 
P. ry 

1 


according as (n —m) is odd or even. To prove the latter case, which 
alone may be taken up in continuation of the above note, we observe that 

(sin29 + cos20) ead fm (sin 8, cos A) 
the left-hand member may be written n 


. * bis 
and can be expanded in a series of n co-tangents, viz., &c; cot(@—~a,, 
1 


because the resulting homogeneous identity is consistent. The value of c, 


is obviously the value of eS ae when 0 = a,; 
| | sin(6 —a,) 


—_— 


or 6,= Fn (iN Oy, COR 0») St sath ry 


r 


Reference may be made to the paper “On the factorization of 
ee and allied theorems” by Prof. A. O, L. Wilkinson (J. I. M.8., 


Vol. I, pp. 72 et seq), and to Questions 82 and 104 by Mr. V. Rama- 
swami Aiyar in Vol. I of the J. J. M. S.—Eopiror. | 





Aberration in Latitude and Longitude. 

[Ref. In Ball’s Spherical Astronomy, page 259, § 87 is considered 
the effect of the elliptic motion of the earth on aberration in R, A. and 
declination, but not on aberration in latitude and longitude. The expres- 
.sions giving the aberration in these co ordinates are very simple unlike the 
lengthy ones for R. A. and declination. Remarks similar to those on 
pages 260, 261 apply to equations (3) and (4) below ; and examples 1 and 2 
on page 261 are obvious corollories of the equations (3) and (4). It has 
therefore been considered useful to give these expressions in this note. ] 


§ 1. It is well known that the velocity of the earth at any instant 
can be resolved into two constant velocities :— 
18 


188 
(i) a perpendicular to the radius vector, 


and (ii) - © perpendicular to the major axis, 


If © = Longitude of the sun, 
and «» == Longitude of perigee, 
it is easily seen from a figure that the above velocitiees can be replacad by 


a (sin © + ¢ sin ») along S™, 
ee r (cos © + € cosw) perpendicular to S ™, 


If %, be the longitude of the carth’s way, the velocity of the earth 
along the tangent to its path can be resolved into velocities 
v7 C08 %, along Sv. 
v sin %o perpendicular to Sx ; 


80 that we have 


v COB No = (sin © + esin ) (1) 


vein% = — (cos © + € COs w) (2) 


“is F{s 


§ 2. Now from (8, on prge 252, Ball, we have if (a, @) be the true 
longitude and latitude 
(i) aberration in latitude = — % sin 4cos \%,—) 
U 


= — - sin 8 { sin(@—>)+esin (w—a) } 


where v is the velocity of the observer, and u that of light ; (3) 
(ii) aberration in longitude 


v ° 
= — - sec @ sin (A—%,) 
u 


‘ 
= — hn sec 8 {cos (©—A) + € cos (w—a) } (4) 
and Mo 274 (Vide Q. 1004.) 


h T vie 
C. KrISHNAMACHARIL 
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Leaves from a Lecturer’s Diary, 
It will easily be verified that 


d sip x 
— lo = + cot x 
dz ew 4 A , 


ad cos @ 
= IO [ = tan x; 
dx 6 sec =] aj 


apd a log ee = + 2 cosec 2z ; 
dx 


cot £@ 
so that ( = log \( z = = 9g ) atn'e | = — 2 cosec 2z, ete. ; 
\de cosec @ j 
d G sin & 
' ~ i -_— =_l ee 2 . 
and (= log ) (5 og ) (<: log ) [ee | 2 cot 2a 


In general, if 9 denote the logarithmic derivate, viz., the operation 
d , 
(3 log") ; and n> 1. 


9°" (sin z) = G2" (cos w) = 0°" (cosec x) = 0?" (sec 2) 
= — 2" cosec (2”2) ; 
6°" (tan w) = O°" (cota) = — 2" cot 2*z; 
6**+1(singz) = 62"+4(cos x) = 02"+1 (cosec 2) =O2"+lisec a) 
= — 2* cot 2"z; 
9°"+1 (tan x) = 6°"+1 (cot x) = — 2"+! cosec (2*+ lz), 
* * * + * 
tt is perhaps well known that 
the locus of the midpoint of the intercept of any tangent toa parabola 
on two fived tangents 1s a tangent to the parabola (at the point whose 
parameter is the mean of the parameters of the points of contact of the 
fixed tangents). 
If ¢,, tg and ¢ are respectively the parameters and X,, Xq, the points 


where (¢,, ¢) (tp, t) meet, the middle point of X,Xq will be 
( a th + ts; at + | 54 + A+ 4) 
2 


whose locus is obvicusly 


= lh + 4) ta 





itty 
which demonstrates the theorem, 
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This theorem can be extended as follows : 


The locus of the mean centre of the n points of intersection of any tangent 
toa parabola with n fited tangents is also a tangent (at the peint whose 
parameter is the mean of those of the n fixed points of contact). 


With obvious notation, X, is (att,, at + ¢,), and the mean centre 


Of Ky ves ey aeqv ls SS at 2 ne at +a =, 
n 


Hence the locus of the mean centre is 
y = ax(t")/n + an/x(ty) 
which is the tangent at the point whose parameter is the artihemetic mean 
of those of the fixed points. 


It will also be recoguised that P is the point dividing io the ratio 
1:n — 1 the line joining the mean centre of the points of contact of the 
n fixed tangents with the mean centre of their n(n — 1)/2 intersections, 
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SOLUTIONS TO QUESTIONS. 


Question 791. 


(K. Arpuxurran Erapy, M.A.) The centres of three circles of radii 
a, b, c form a triangle of sides 7, m, n and area A. If (7, 11’), (a, 739) 
(rs, 73) and (7,, 7,') be the radii of the four pairs of circles tangential to 
the three circles (the circles belonging to any pair being inverses of each 
other with respect to the common orthogonal circle of the three original 
1 1 1 


, ame ’ 
Ter, T3 Ts ry%4 








7 


circles), show that bib + 
T,?, 
16 (A? — = a? /*) 
= 1* (a*—b?) (a*—c*) — = m* n* (O* + 67) t = a" 4 + 1% m* n?- 
Solution by N. Sankara Aiyar and Martyn M, Thomas. 


The numerator should be 16 (4 A? — x a? 1*) as can be seen by 
makinga = b= c= 0. 


Let LMN be the triangle of centres, P the centre of :the circle 
touching the three given circles internally and r, its radius. 


Then PL=r, +4 PM=7,+0,PNH”%, +6. 
lf PLM = @ and NUM = A, we get 
(7, +H 2%=H n+ (rr + a)*—2n(r, + @) cos 0 
und = ® (r, + c)® = 19m? + (7, + 2)? — 2m (ry + 4) C08 A—06 
or, Qn (r, + a) cos9 =2rya—bt n? + a? — OD = h (say) 
and Qm (r, +a) cos (A — O)=2r, a—e + m® + a? — c’=k (say) 


oe Amn (r, + a) sip aft i é ) = nk — mh, 

A \ 
and 4mn (15 +0) cos — GOS G — y = nk + mh 
A 
vA 


Multiplying by cos se sin —, &quaring and adding 


A 7 A 
16 m' n® (v7, +4)? sin? cos! = cos* . (nk—mh)? + sin (nk+ mh)? . 
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“. 4m*n? (vr, +)? sin? A=  backaaeaS (nk— nh) ee (nk + mh)* 


n* k? + m* h2—2mnkh cos A 
=n®* {21r, a—c + m* + a? —c?}? 
+m? {2r,a—b +n? + a® — b* }8 
-— 2mn cos A {2 1, a—c + m® + a? —c?} 
{2r, a-b+n”?+a’?—B}. 


Expanding and writing down the term containing 7,* and the con- 
stant term we get 
r,? { 4m? n? sin* A — 4n? (a — c)? —4m* (a—b)? + 8 mncosA 
| (a— 0) (a—6)} 
+ 4m* n* a* sin? A — n? (m? + a* —c?)*? —m! (n* + a? — b2)8 
+ 2mn Cos A (m* + a2? —¢?) (n? + a? — Bb?) +1, { errr} = 0, 
ry? {16 L* — 4 n* (a—c’) —4 m? (a — b)® 4 4 (mm? + n? — 12) 
(a —c) (a — b)} 
+ 4m? n? a? sin’ A—n* mt — 2 na m? (a* — c2) — (a? — c*)? — m! nA 
— 2 m* n? (a® — b?) — (a? — b?,)? + (m? + n® — 19) (m* + a® — c?) 
(x? + a? — b*) 
OP, A cacscees Fi ee, 
which becomes after some reductions 
ri? {16 A*® — 4y atl? + 4 tc (2 + m2 — n?)} 
— Pm? n? + xm* n? (02 + c8) — xa? lt — 5/3 (a? — 8°) (a* — c2) 


tig ol oc sien dotnet Yun ES OOD ae - oe goes (i) 


The coefficient of r, being an odd function of a,b,c will change sign 
when a,b,c all change sign, i.e., the equation for radius touching all inter- 
nally will be the same as (i) with the sign of the middle term changed, 


Hence the value of aly is seen to be 
111 


ie, 16 4? — 4 sa° 1? 4+ 4sbe (18 + m* —n’) 
=l? (a? — 6°) (a? — c*) — xm? vn? (b? + c®) + sa? lt + 22 me? 





Changing the signs of a,l,c one at a time, we get the values of 


an ey 
mr hh oe 
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Ung) vaaAns xt) se 


%, 7! 93 1’ rT, 7,4! 











adding we get adds a 
2% 
64A32 — 16 sa? 12 +45 (l2 + m* — n2) (be — be — be + he) 
= 1? (a? — b?) (a® — c*) — = m* nn? (b? +c?) + x a? U4 + 1s man?’ 
which gives the required result, 





eee eee 


Question 8389 


(R. VytHyNaTHAswaMy) :—In any system of parametric representa- 
tion of the nodal cubic, the parameters of the points of inflexion are 
given to be the roots of the equation 


Af? +3 Bi+3Ct+D =0. 
Prove that the condition of collinearity of the points #,, t,, ts is 
At,i,t, + Bxt,t, + Oxt, + D = 0, 
and that the parameters of the nodal points are the roots of the equation 
(AC — B*) a? + (AD — BC, a + BD —Ca = 0, 


Solution by Hemraj. 

If a cubic has a double point, the co-ordinates are rational functions 
of one parameter. We may start with the expressions for the co-ordinates 
in terms of a parameter f, viz. 

x = at? + 34° + 3ct + d, 
y = a, 8 + 3b, & + 3c, t + dy, 
s =a, t?+ 3b, # + 3c, t + dy. 


aw + py +02 =0 mnost always have three roots. 


The condition that three points t,, tz, ts of the curve sould be collinear is 





an as 
a” oy” 2% = 0. 
gl" y" 2 





This is easily seen to be resolvable into partial determinants each of 
which is divisible by (t; —¢,) (¢. — ty) (t3 — ty) and the condition is 


At, toé, + B = t,t, ate Cs ty + D = 0, eee eee (1) 


A, B, O, D being the determinants of the system 
ba BRIA BT HT a 
ai by Ci d, 
ao 6, C, d, 
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Given ¢,, tg, it usually determines ¢, uniquely, but if 
A tty + O (t, + te) + C =O, 
and Bt,t, + C(t, +#,)+ D=0, 
it is identical in ¢,. In this case ¢,, t, are the roots of 
(At + B) (Ct + D) — (Bt + C)2 = 0, 
1.6, (AC —B:) # + (AD — BC)t + BD— C2 = 0. (2) 
These values of 7 belong to the same point on the curve which is, 


therefore, a double point, node, cusp, or conjugate point according to 
circumstances, 


If ¢ is an inflexion, ¢,t,¢ are collinear, and from (1), ¢ is given by 
At’ + 3 Bt? + 302+ D=0. (3) 
There are three points of inflexions and any cubic gives collinear 
points, if it is a polar to the cubic giving the inflexions. 
If three points be determined by the cubic 
A’ + 3 Bt? + 30% + D’' =0, 
then the condition that three points should be on a right line is 
(AD’ — A’D) — 3 (BC’ — B’Q) = 0, from (1). 
Hence the three inflexions are collinear, . 
The quadratic (2) giving the double point is the Hessian of the cubic 
giving the flexes, 
Thus if a cubic has a crunode, it has one real point of inflexion. 
If a cubic has an acnode, it has three real points of inflexion. 
If a cubic has a spinode, the roots of the Hessian are equal, and the 
cubic has the same two roots equal corresponding to the cusp, and the third 


real root gives the inflexion. Hence a cuspidal cubic has only one flex 
and that must be real. 


Question 940. 
(R. Srivivasan, M.A., M.R.A.S.) :—Show that 


1 2” log x nl aw nTT 
da =) — sec —= tan ——. 
if 1+ 2 4 e 2 ay 


Remarks by K. J. Sanjana, M.A. 





The result is evidently inaccurate. If n is positive, the function 
z”/(1 + %2) is positive and finite between the limits of integration. Hence 
the integrand is finite and negative throughout, since both at = 1 and 
« = 0, 2" log x vanishes. But the right-hand side ia positive from n = 0 
ton = 1, and at n = 1 it is infinitely large, 
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Let n =f wre ’ = x"{lop a 
f (n) a Le ae? then f'(n) as ae 


1 
Also f (n) = { . o(l — 2 4+ a — ,.,) dx, as the expansion is valid, 


wen orl es 
afl n¢sitWes, [2 


Hence the integral /'(n) = 


sh ye CAA l . 
Lesap— wey t wa TO] 
The result may be obtained directly from the formula 


52 log @ da = ey NE 
0 


No finite form can be given to the sum except for odd integral positive 
values of x; for even integral values the sum has been calculated numer- 
ically by Dr, Glaisher and others. 


Question 955. 


(K. B, Mapwava):—The 5th, 13th, 17th, 29th and 37th roots (if 
rational) of a number end in the same digit as the number itself, the 
numbers when fractional being expressed in decimals, Prove this pro- 
perty and illustrate how it enables one to give out at sight the above 
rational roots of big numbers. 


Solution by Prof. N. B. Mitra, M.A. 


Let all the letters in this solution, except N and n denote positive 
integers ard let N and n denote any positive rational quantities. 


Let d stand for any of the ten digits 0, 1, 2, ..,...,9; and 4 for any 
of the four digits 1, 3, 7, 9. 


Further let all the congruences in this solution be understood to be 
to the modulus 10, 


Also, if a rational fraction converted to decimals be terminating then 
by the last digit of the fraction we shall mean the units figure of the 
number obtained by removing the decimal point from the equivalent 
decimal fraction written in its simplest form. Thus although *456='4560, 
by the last figure of this fraction we shall mean 6. Similarly by the last 
digit of a recurring declmal like ‘4567, we shall mean 7, although 
‘4567 = °45675 = ‘456756, &e. } 

19 


jaa eae 146 a 


Now 0¢ = 0, 12 =,1,-5¢ = 5, 6¢ = 6: 
’. ifd = 0,1, 50r 6, d? =d. a .. con 
Agingt=6;4% = 626, +. 4ehl=gs=a; 
alco 99=1, 2 24=1 and WetH= 9, 
2. if d= 4or9, det =a... He we (b) 
Lastly, 2¢=6, «. 2% =67=6; . otl= 32 =2; 
| $4.1, 2. BM = 1 add 3°34! =.3; 
f= 1, t quit! — 73 
and si= 6, °, St! Ss. 
* f£du23, 70808 sd 4 a 
Hence from (a), (6) and (c), we see that in all cases d+! = @ and 
k4t = 1; in other words, the congruence d? = d is satisfiedif pis of the 
form 497 + 1. A see He sy ™ 3. ee 
Further the congruence kr = } is satisfied if p is of the form 4g, 
Now let »N = n, so that N = a, 
‘Two cases arige : 
First: let n be an integer and let n = d (d < 10). 
* N =n? = a, 
Hence N and 1 will end in the same digit if dr = d, ive, if pis of 
the form 49 + 1 by (A). 


Newt : let n be a fraction in its lowest terms and e& ;, 80 that « and b 


b 


are relative primes. 


Let 6 = 2!5”¢, where c is prime to 10, so that ¢ = k. os 
Let f stand for either 2 or 5; the factors of 10 and let ~ m= g: 
Also let & stand for either J or m. 
@ solafs 
215% «10% 
Let ce = 9 (w < 10) 
and af, = d (d < 10) 


Now n= 
= # ey (2) 


. eee ere (3) 
Then the last figure of n which equala me is the same as that of 


afrz, i.¢., of de, 
afar, = 
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Then the last figure of N is the same as that of a? (9? y,*i.e., of d?y 
by (3). 

Hence n and N will end in the’same figure if dx = dpy, i... if dec? = 
dPyc?, i, if dep-19 =dr9 by (2) & (4) te, if deel = dp, ive, if 
dke—! = dv by (1) ... Act eee oot aia € 2) 


From (A) and’(B), we see that’this is ‘satisfied if p is of the’form 4q+ I, 


Hence, with the understanding set forth in ‘the beginning, ‘any 
number, integral or fractional and’ its (49° 1) th root (when rational) ' 
will end in the same digit, g being any positive integer, 


Partial Solutions by Sddanand and O. Krishnamachari. 


Question 961, | 
(H. Br.) :—Show that 
mi y® + 28, th yt at 


have no solutions in non-zero integers. 


Solution Ly N. Sankara Aiyar. 


We require that y can be expréssed as m' — n" and M* — N2and z 
as MN and 2mn. 


Therefore we may suppose that since y and z have no common factors 
unless they are factors of ¢ and ¢ also, the same is true of m, n, M, N. 


Let m=ab, M=ac or be 
n = cd, N = 2bd or 2ad 


where a, b, c, d are® prime to one another and d is even, 
(lL) If M = ac, we get | 
ath? — c?d* = atc? — 4b2q? 
ieee b3(a* + 4d") = ca? + d?) 


at + 4d? a? + a? _ 
ee i = (say) = 1 je 


Hence if v = 3, d is divisible by t and so also is a since a*+d'=vb*, 


3d? 





tee!) 


Therefore v = 1, we get a? + 4d = c* and a‘ + d* = b?, a simple 
set of solution for the original equation where a, 6, ¢, d are less than 
¥, %, 2, t. ° 


If v = 3, then d* = c* — 6%, aud a® + 2 — 5? = 3)%, 
fe, a* +c = 45% ' 
which cannot be true unless both @and ¢ are even. j 
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(2) IfM = be, we get 
a%h? — c2d? = b2c? — 4a*d® 
t.@, a2(b® + 4d?) = c\b* + d?) 
34442 bt + a a" 
°o @ Ca 
and as before this reduces to b? + 4d’ = c’, b? + d? = a?. 





1.€, =v (say) = 





In either case, we have to solve the equation for smaller values of 
x,y, 2, t. This can be carried on tilly = 1. 


We get a? = z* + 1,1? = 42’ + 1, which is impossible, 


Question 978, 
(A. C, L. W1LKtvson) :—(i) Prove that 


D sn (ur + ts + ug) =) PT? it 


D cn (1 + u, + U3) = Oy 61's Cr” 


3 


k4 dn (u, + # + u;) = — | dy, d,, d, 
dy, d,’, ai§ 


dz, d,', da. | 





F ) 
EPR eM ¢, dy 


», ands, = sn, and». 





1, 897, 89. Cq dg 
1 


, 


s' = ag, (OEt) etc, 


where D= 
| » 83% 53 Cy ds 





(ii) Prove that — 
K (w,) + E (u,) + E (us) + E(u.) — 2 E (2) i 


= - ke d, d,id, dy (2 Cy 














s, ¢ Sac 8, 6 : 
Sap st. 8 “3 o4 % 
dj et eat sete 
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where = 1 (u, + u, + u, + u,) ands,,c,, @, are written as usual 
for snu,, cn uv, dn u, 


Solution by F. H. V. Gulasekharam. 


(i). The results cited here for sn, cn, do of (uy + u, + 3) are 
identically the same as mine published in J. I. M.S, Vol. VIII, p. 201. 
Professor Wilkinson expresses them in an elegant determinant form. 


(ii) Ifu, + vw + uv, + u, = 22, we can easily prove 
(a) Te dna dn (w@ — uy — uy) dn(@ —u, —u,) dn (a — uy — v,) 


2 + k2 k'* 8, 8, 8, 84 +k? c, te cp 0, + did, dz dy 








~ fi —ke Ks, 8, 8; 84 — ke. Cy Cg 0, + a, ds ig hi 
ee oe (K’? — k* K* s,898s8, — k* cicg6yc, + dydgd, dy) 


= errs waAse Ae Gila tie oy ay 
~ %8 4 dn w dn (%@— u, — u,) dn (a — uv, — w,) dn (@ — uy, — us)" 





oy ER BE A etd a lhl IE thd Sedan 1 eT Dope 8 
A (u,). 8 (we). O (us)e O (uy) 
= a a (k* — k2k'? 8, 8, 8, &, — hk? oc. 05 Cg +d, de dy A) 
2 (kh? + d, de d, dy) 
ya ‘a4odn @ dn (a — uy — Ug) dn (@ — uy u 4) dn (@ — iy — 04). 
where @ (u) stands for the Jacobian Theta fraction of wu. 





[ Vide: Whitaker and Watson's Modern Analysis, Revised Edition, 
pp. 460-461). 
(Now differentiating logarithmically with respect to u: both sides of 


the identity (5) and treating uo, vs, us as constants, and remembering that 


E 
SS BE Uu ~— u ——7 we et 
@ (wu) («) js a 


E (#@) + B (a — uy;— ug) + E(#— us —%,) + B (a — us — uy)— 2 (v4) 


Rk? dna dn (2@ — wu, — #4) dn (% — us — u,) dn (% — uz — U5) 
A? + do @du(z — us; — v,) dn (% — Uy — u,) dou(z — uz — 44) 








sn gcd Z sn (% — uy — ug) cn (@ — 4, — ty) 


—_———— 


dog dn (% — wy — U,) ' 
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4p HOCH mar 4) C(t a Wy —Us) 4, 80,(% — Ms Tm My) GO (a tH} 
dn (%@ — ty — uy) dn (4% — uz — U4) | ; 
kh? 8, cy dg d, dy 
H* + dy dgdydy 
Since it is obvious that in the above, 7, — us — ty, © — Uy — Hy 
x —u;,— u, are interchangeable with u,, ~,, uz, uw, respectively, we get 
the required result. » 





Question 986, . 


(M. K. Krwatramann) :—If A’, B’, O’ are points in the sides of the 
triangle ABC. such. that-BA’: A’C = CB’: BA = AU': O'B = Mil, 
find an expression for the radius of the circumcircle of the triangle XYZ 
formed by the intersections-of AA’, BB’, CC’. 

Solution by N, B. Mitra, Sadanand, and G. V. Krishnasawmi. 

Taking ABC for the triangle‘ of reference, the’ equations: of AA’, 
BB’, CO’ are 

M68 —cy = 0 
—A a + Mcy =0 
Ma.a—b8 , = 0 
Hence the,co-ordinates of Z are, given by - 
ax:b8:cy =1:M:M-3! 
and so for X and Y, 
Now the area of the triangle.whose.vertices are (21, Ba, Ys), &e., is 








abo} %, By” yy. 
8A} %2 Bar Vs |, 
a Bs Ys 
( bc SA 1 M M* 
‘area of XYZ m= 40) 8D, 
BIE ORES eA (M* + M +1) abe) M MY | 
M? 1M 
A(M—=1)2 5. , 
= ara yn (witout regard to the sign.) 


Again by the formula for the sine of the angle between.two lines, 
sin X = 2A (14M + M,) - J {(a® + M®¢2 + 2M ac cos B) 
(b* + M@a*+2M a-6.cos GQ) }, 
Similarly for sin. Y¥, & sin Z. 
Hence the circum-radiusiof XYZ is 
r/ area,of XYZ, 





ésin X sin Y sin Z 
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‘{ a0"} M2c* + 2 Mae cos B) 
* 4a (Lt \M +e oM2)a. (Bae Ms'av++ 2b M:cos ©) ‘(08 4M2b3 
+ 2M becos w)'}'t. 
NotE.—It\can-be:shown. that-circum-fadius 6f XYZ 
pons sin (2 A+8-y) cos «+s8in (2 B+ y—a) cos 8+ sin (20 +a -2) cos y 


sin (A + 8 — y) sin (B + y —a)sin (C + « — @) 
where cota = cot B — M'cot Cc 





, tot C —'M cot A 
ed Sas t ee ee ee 
1l+M yori 1+M . 








Question 988. 


(S. MaLuari Rao) :-~Compléte the following ‘twagic square of 16 celle 
by :placing 8 other prime numbers ‘inthe Vacant celle: 











7 





113 





43 ca 
ie ti (ts 
Stic 

73 | 97 | 23 


Solution by K. B Madhava, Jamuna Prasad Nigama, R. D. Karve cnd 
M. K. Kewalramani, 








41 





The following three squares satisfy the problém proposed : 


7 on 





113 


ana 











73 “1 | 97 mia | aia 23 41 Ya | 

| 

where the corresponding values of A, B, Cand D are 

A = 101, 53,47; B = 13,61, 67 
© = 53, 101, 107; D 


67, 19. 13. 


— 
— 
= 
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Question 988. 
(S. Matnart Rao) :—Give three solutions in positive integers of the 
equation (7 + y + 2) =» ay2. 
Solution by N. B. Mitra, N. B, Pendse, and Sadanand. 
Assume @:y:2::li:min. 
Then substituting in the proposed equation, we find 


(b+ m +n)? Pa en sd ot ‘ a (ht mie 


14 mn nl dm 


This is the most general solution in ational numbers, not necessarily 
integral. 

To get integral solutions, we give particular values to two of the 
quantities 1,m,n and determine the values of the third so that 2,y,2 may, 
if possible, be integral. 


Thus if 7=1,m = ], then p=y=n+44 + = 0 that, we may take 


n = 1, 2, or 4; and the corresponding solutions of (1) are 
(i) 9,9,9. (ii) 8,8,16, (iii) 9,9,36. 


lm ims%e=} (a+6 + 2) and *. n= 1, 3 or 9, 
giving the solutions 
(ii) 8,16,8. (iv) 6,12,18 (¥) 8,16,72. 
If] = 1, m = 3, must be 2 or 8 and the solutions are 
(iv) 6,18,12. (vi) 6,18,48, 


It may be observed that, if 7 = 1, then (m + 1)? = 0, (mod. x) and in 
addition n + 1 = 0, (mod. m), when m isa prime or the equare of a prime, 


Some more solutions together with the Corresponding values of 
I,m & n are given below :— : 


(vii) (viii) (ix) (x) (xi) (xii) (xiii) (xiv) (xv) (xvi) (xvii) 
1 dee Le IP ale ee: 4 "Dy aa 2, 
at Naa: g,. 9,1 0. 18. ee Ne 9 9, 
5, 25, 9, 27, 20, 50, 121, © 81, 196, 25, 121, 
yo” OE 6, .5, 8, 18, 905° 95° 9 2; 20 

20, 36, 25 48, 45, 75, 48, 95, 45, 18, 72 

25, 225, 45, 162, 100, 400, 726, 405, 980, 150, 968, 


An indefinite number of solutions may thus be obtained. 


n@eaeetd wo 
iu pant 


ioe 


cx 
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Question 993. 
(Pror. Hruras):—From a point P perpendiculars PL, PM, PN are 
drawn to the sides of a triangle ABC. 1f AL, BM, CN meet at the point 
Q, find the locus of P, and prove that PQ passes through a fixed point, 


Solution by Martyn M. Thomas. 
Taking A BC as the triangle of refersnce, let P be (a,8,y) aud Q (1,m,n) 
so that eqn. to AQL is z = ™ +. Tvis (o,m,n,) and eqn. to PL is 
n 


copa 
3 De 


=0. 2. ¢(8n— ym) — yan + zam =0, 


s<a 








The condition that PL may be perpendicular to BC is therefore 


—m(acoseBt+ y)+nfacsC +8)=0 .. omen 
Similarly, conditions of perpendicularity for (PM, AC) and (PN, AB) are 


1(@ cos A + y) —n(8cosC + a) = 0, vee (a) 
—l(y cos A + 8) + m(ycos B + «) = 0. son (3) 
Eliminating l,m,n from (1), (2) and (3), the locus of P is 
0, — («cos B + y), («cos 0 + 8) 
Bcos A + y, 0, —(8cosC + «)} = 0. 
— ‘iycos A + #), y cos B + a, 0 


i.e. (cos A + x) (cos B + <) (cos 0 + ) — 


(cos + *) (cos B + Y) (cos. © + 4) =o 


ie { (3-4) (cos © — cos A cos B =o. 


This locus has been verified to pass through the in-centre Cit): 
the three ex-centres, ( — 1,1,1), (1, — 1,1), (1,1, — 1) the circum-centre 
(cos A, cos B, cos C) and the ortho-centre (sec A, sec B, sec C). 


Equation to the line PQ is 


aim) thee 2 
ets ae = C 
Pama * | 


which is seen to pass through the fixed point 
(cos A — cos B cos ©): (cos B — cos C cos A) ; coe C — cos A cso B), 


20 
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For, if we multiply (1), (2), (3) by eos A, cos B, cos © and add, we have 


= [cos A — cos B ooa C) (8 — ym,] = 0, whence the result follows. 


Question 995. 
(T. P. Trivepi, M.A,, LL.B ):—Prove that 
1 2 n=O x 
{a de = S (yf 1 apt n+1 n® (n+1)(n+ 2) 
4) U Jarl a 


: on 2 9 ’ 4rt+5 
n=0 . 


a, 
Sclution by Martyn M. Thomas, M.A. 





| ita +4 


Let # = e—y, so that dx = — e~» dy, and limits for y are w to 0. 


P I x” ag —ye F 
oe f © daz [ gle ea dy 
Jo 0 


“3 f na-nye ¥ 
= yo 1)"/ — ian Jersdy 
~ n=0 








_ 28 (n+1)(n+2)(n ud } 


J 
' 


| 
a 


{ 
9 
4 
j 
; 


ow — 29/80 -2 878 e—3y 
= f te yeh a ee aah. ae $15.05 Yeay 
2 0 : A ° . . ' 
n=0 j 


© oe ane 2) 2 . 
n=0 


io al 





~al(—1)" Pint in (MEI) mt (tO! 
co n! 141 Lt) Qnt2 Qt" yrt3 bee 





Mio Qe+2) go Y 1" ga+8 


“Sep [yeavy (n+1) 0? (n+1)n4 SL, 


Question 1034. 


¢ 


(V, Ramaswamr Atyar, M.A.):—Prove that the locus of the double 
foci of a system of confocal bicircular quartics consists of the two circular 
cubics which form the extreme members of the system. 


Solution by M. Bhimasena Rao. 


Let A, B, C, H, be the centres of inversion, DEF the ortho-centric 
triangle of ABCH, and P, Q, R, S the foci-situated on a circle of inver- 
sion. The circular cubics of the system have for their focal conics the two 
parabolas through P,Q,R,S. The axes of the parabolas are at right 
angles, for P,Q, R, S are concyclic. Tf C, and C, be the centres of the 
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parabolas, the circular cubic the centre of whose focal parabola is U, 
passes through C, and vice versa. Both the cubics pass through the seven 
doints A, 6, C, H, D, E, F (Basset: Cubic and Quartic Curves). Since 
A, B, O, H are the in- and the ex-centres of the triangle DEF, the cubics 
ire the loci of isogonal conjugate points, with respect to DEF, on parallel 
‘ays through C, and Oy. 

The double foci of a bicircular quartic being the foci of its focal 
tonic, we have to find the locus of the toci of the pencil of conics PQRS. 
Since P, Q, R, S are concyclic, the axes of the conics are fixed in direc- 
jon and hence pass through C, and U,—the centres of the parabolas of 
he pencil. If H is the centre of the circle PQRS, ABC is the ciagonal 
riangle of PQKS and the focal conics are self-conjugate with respect to 
ABC. The foci of each conic are therefore isogonat conjugate points with 
respect to DEF, the orthocen trictriangle of ABC, (Question 13, Progress 
Report, ludian Mathematical lub), and being situated on lines passing 
through fixed points C, and C, at infinity, lie on the two circular cubics 
ABCHDEFC, and ABCHDEFC,. Hence the theorem, 


Question 1046, 
(S. KrisuNasawai AlYaNGaR):—At every point O of a plane curve, 
2 parabola and a rectangular hyperbola of closest contact with it are drawn, 
[f the common normal meets the conics at P and Q, then 
9.Q0° + 4PO P,?=90, 
where ?, is the radius of curvature at the corresponding point of the 
evolute to the curve. 


Solution by Martyn M. Thomas, Kewalramani, Hemraj and V. Tiru. 
venkatachari. . 
Choosing the tangent and normal at O as axes of «and y, the equ. to 
conics having four point contact with it at O will be 
2y saa? + Bhey + by, 
where'a and h will be the same for all the conics ; for, 


9P = Lt. a" at 71 Net 
y a’ 


and the centres of all the conics lie on the line 


an + hy = 0, 


/ 10) 
which is inclined in front of the normal at U at an angle tan ~! (4 an 


sot Ey (2) 


A Rage a) 
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Now b is different for different conics ; for a parabola h? — ab = 0 


and for a rect, byperbolaa + b = 0. 
Where the common normal meets these two conics 


OP = bs as obtained from the parabola 


= Ff =18.0/ (%) = = 19/ (7) a LE 
dy f,! 


as obtained from the rect, hyperbola 


are 


and 0Q = 
eh lV 
a 


Eliminating 7, we have, 90Q* + 40P A,? = 0. 


Question 1047. 
(S. KrisoyasawMi Aryancar) :—If A be the radius of curvature at 


any point of a cardioide and Ao, Px, P83 at the corresponding points of 


its evolute, « -evolute, and the @ -evolute of the « -evolute, show that 


Pas = Po sin 8 + Ao sin & cos 4 — | P cos « cos 2. 


Solution by Martyn M4. Thomas. 
It bas been shown, in Question 854, that for a curve in general, 


P, =P (7 * cosa + sin «) 
op cos « + sin x) (= cos @ + sin 3) 


,d°p 
+P Fa2 008 % cos B, 


Pag =P 


Pi3 S&P, sin B + PLE sin & cos @ 
+ Pf cos «cos 84 ( a) + art 


ln the case of a cardioide, 
r=a(l—cos 0), P= > ain ©, 

1 1 0 2 

gps PR va cosec* ©, 


=_c¢ ae sass 
aL, ee 9 


“ Pyg =P, sin 8 + a sin acos 8 + A cosacos 8 (-§) 
i) 


=/f sin@ + P. sin « cos 8 ——-P eos a cos &, 





—aa SE 
, 
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Question 1054. 
(Martyn M, Tuomas) :—If s, denote the sum of the squares of the 
= aces = and p, denote the sum of their products taken 
two at a time, show that 
70,8, —nCo(s. +p.) + 20383 + D3) — oe 
(HL)! Celt + pe) = 


fractions 


Solution by M. V. Ramakrishnan. 
[The question is incorrect. The summation should extend to terms. | 


O18, — nu (89 + Ps) Hove H(— Ly nCnltn + pr) 
= 8) + (rn — 1) {s, —(8 ++ Pe) } 


=f ool aa {(s, + Po) — (8s H Pad h Feeeeee to terms, 
But 
] 


(tp) — (itp) =5 tty gtetomap 


Hence if S denote the sum of the series 


SB: l)in — 2) 3 1 
gas,— CSV G+4 yp RE EH BR ee 


=! {ns — n(n — Diag ane ables a“ 4444) — he 


2! 
—iVC ti) —(n— 1) — t+ — = ey at igieans \, 





where th =i + 3+ ete 


l jn d n=l = 1 2 
rue nO1 — nOg + rs ( 1) Cn} n? 





Question 1062. 
(C. K RISHNAMACHARI) :—Prove that 
—1 n—1 j 
1+(" , Ja+( : J Btn +e —4 


: 1 if n—1l a: (et \. 
= oN { Ga tian 3) rr (Qn —1)(2n — 8) 1 
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Solution by M. V, Ramalerishnan. 


The left side of the equality is equal to the coefft, of 22”! in 


this ek puBsion of L (1 + 22"! log ed 
sa 


Hence if 


Ag tAy@ tue FA —1 07-1 +,,,5(1423)"-! log a (1) 


then dooaml+ ("TO at (8G ‘ihe +5— 
: 1 Py on — 1 


Ditferentiating (1) and equating coefft, of a2"-", we get 


n-2 
, 





(2n — 1) Az,-1 = coefft, of a**-? in KD 
l= 2? 


+ coefft, of a2"-? in (n—1) w(1 + 23,"-2 log : = ai 





= 2"-14 coefft, of 2°"-? in (n—1) 1+ x)*-* log mee 
—w 





. (2n — 1) Aon-1 — 2°14 = coefft, of a2"-2 in (n — 1) a(1 + x*)"~? log L+e 
i= 
Hence, if Bo,-1 = (2n — 1)Ao,-1 — 2"-1, we get 


Bot Bye+...+ Bun-12°"-24.,,2(n ~1) a(1 bat)" lee 


=a 


or B04 Byte + Boy a2? 78 hin 1)(1+23,2-2 log +z 
; —x 


Differentiating and equating coefft. of x-?-3, we get 


(2n—B)Biy- 121-4 coe, of 22-9 in 2x) Bef +2869 jog! #2, 
1 


ie 
Repeating this process (n — 1) times, we get the result, 
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QUESTIONS FOR SOLUTION. 

1113, [Surnecrep]:—An ellipse of eccentricity sin 2~, passes 
through the focus of a parabola of latus rectum 4a and has its foci on the 
curve, Show that the major axis envelopes the parabola 
| y? = da (l —tan?a)/e ~- atan® a); 
and that.the minor axis envelopes the semicubical parabola 


27a sect xy = 4 (7 — a —a sec’ as. 


1114, (T. P. Trivent, M.A, LL. B):—I1f p,q ace any two integers 
selected at random; prove that the probability that the fraction (p/q) is in 


its lowest terms is 6/7?. 


1115. (T. P. Triveor, M.A., LL. B):—Prove that 


mint = hy, Ba ahs 95"? —1,, 77? — J , 2 

per rs 20) A eS Se ad i= oy 

(i) 4 toes Lo + 1 + sion 5 
pew Rep k i Stim L.. 64-41, 74 — 1 ‘ 6 
q re ae a ee = Ss “9 —_ eee d ‘ = = 5 
(ii) a1 3¢1 84¢1 741 ad inf , 


where 2, 3, 5, etc. are all the prime numbers. 


1116. (Prof. K. J. Sanszana) :—If 7 bea positive integer (including 


zero) such that (« — 77) always lies between -- "| and + — shew that 


~ a) 
(i) —* dz = - log 2, 
P a “ore l I 1 1 - 
; and (ii) f (—1)’ x - — au = 2 (5 — pry + wry — i + ..ad inf.) 
/.@a - : oe 


1117. (Prof. K. J. Sansana):—If a given function of 2, y, 2 be 
transformed by the substitutions 
(a2 + y*)} 
eh re. =as 


4] 


r= 2 Jog (x2 + y? + 27), P = tan =! y @ = tan ~! 


e aha 63 o? : t 
prove that the operation (2 + y? + 27) . + #7 © =H ) ig trans 
: 53 fhe 2 82 a more 8 ). 
formed into ( =i + 52 + cosec*? 6 Sd + = + co 86 


1118. (N, Dorar Rasay) .—Show that in the cubical parabola #* =a’y, 


all tangent chords are trisected by the y —axis. 
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1119. (N. Dora RasAn):—A triangle having its angular points on 
a limacon has its orthocentre at the node. Show that its circumcircle 
touches a fixed circle. 

1120, (N. Dorat Rasan) :—Show that the curve whose (p, 7) equa- 
tion ist = a + p, is an involute of an involute of a circle, z.e., a 2nd 


involute of a circle. Find its polar equation and trace the curve. 


1121, (N. Dorar Rasan) :—Constant lengths a are measured along © 
the tangents toa curve, If ths locus of the extremities be a circle of 
radius a, show that the curve is the inverse of an involute of a circle of 
radius 2a, the radius of inversion being equal to 2a. 

1129. (V. Ramaswamr Alvar) :—If the joins of four concyclic points 
A,B,C,D taken in opposite pairs intersect in P,Q,R, prove that the nine 
points circle of PQR passes through the centroid of the points A, B, O, D. 


1123. (G. 8S. M.):—Find a forrula for the number of regions into 


which space of three dimensions is divided by » planes. 


1124. (G. S. M.):—Prove that 








1 + (7, 1) = + (r, 2) n'n—l) + ...... to(n+1) terms 
m(m—1) 
(m + 1) (m + 2)...... (m + r) 
~ (m—n+ 1) (m—n + 2) Rss (m—n + ry 
where (7, 1), (7, 2), sore are the figurate numbers of the rth order. 


1125. (Communicated by G. S. M.) :—Prove that 
n! D-@+4) (wu) = a” D-) (u) — c, a*-1 D-1 (eu) + 
everee + ( = 1)” D-1 (xu), 


where pes and u = f (a). 
da 
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AN ALGEBRA OF ARITHMETICAL FUNCTIONS. 
By F, Ha ypere. 
(Continued from page 169). 





Algebraical Analysis. 


§ 8. The binomial theorem. 
Consider the following formal development, 
{1 a ¥ (s) |" =1 +4 F (s) + A Mraata} (8) +o. 


= {1 +f (1)}* +205 {1+/(1) }*"*f (2) 
1 k -1 
teil t+fM}'sf@ 
1 k = k (k—1 =9 fs 
+2. fF cq prea EO 1+ 7}? He} 
etal as {1+ f(1)} Ff (5) 


1 
5s- 

i = 7 {1+ f((L} 3s (6) 
k(k 





PNA, oe EG FEAF OLE} + 


Changing [f (x)] to [f (n)] — 1, we obtain 
Riyal patt. kes +g qh wre 


26 


202 
+b {hear +e er mp @} 
OR Bb 

+t. F part 


+o. {Fy § 6) + ESP pf @s 3) b+ 
Consequently, using the general definition of a function of an A. F., 
we deduce 


fore [FM Fe Os@, GPa) 1), 





Ee fr-1. (1) #4) + * ee. b= 2(1) f2 @)}, af (1) f (5), 








1 fe-1 (1) (6) + sO pe (1) # (2) £(3) Ue ves | 


= [3 CADE XED Ey $9 (a fNednn FE (00) ] BA) 
ee the sum is extended to every decomposition of nin the form 
r= ay a woe Ayy ve eee ove (8.11) 
4, ,@y, «, a, being all different, > Dene given i the formula 
R= Hy HF Hy vee Aye one sae eee .. (8.12) 
Since no assumption was oie about the constant k, the formula (8.1) 
is perfectly general. 


If k is a positive integer, the terms under the sign >: for which 
n 
X% > k, vanish. In particular the case k = 2 gives 


ror= [Sos (5) Jo ~ C2) 
. ain 


in agreement with (2.3). 


In case the condition (5.1) is satisfied, we have, putting 
lalkmal) a is DEW R R41) 
k = = —————— 
[iF = (K &,»)} [> a ] 


a [l, k, k, 4 2 k (k + 1), k, Ki, k, $ k (k + 1) (k + 2). iol eee (8.3) 

as equivalent to (8.1), the formula 
Uf (n)}t = (K (k,n). f (n)], soote, Wee oe coe 

which, for k = 2, gives, by (7.1) 
[7 (n)}* = (# (x). f(x), Te er 
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while, for k = — 1, (5.3) is obtained. The latter fact enables us to give 
a definite expression for the A. F. [(n)]. The result is 


p(n) = ala al . et hy 2s ee decept dere (G5) 


F chig:! one 
(for n > 1). 
It follows from our definitions, that the law of indices 
[7 (n)]}* . [f (w)¥ = CF (n))**! de 3} (8.6) 


is valid. The elemental theorem of order n = 6, for instance, obtained 
from this formula by the aid of (8.1), has the appearance 


? oat: Mpo+ Hi p- a) ¢@ se} 





Ep FQ) AP MFA) + FHM). FPF) 
+{BervsO+ Fay se MFOIO) p-H 
= a (1) f (6) + (k Bs U) (ke tl a I) peti-2 (1) f (2) f (3), 
a relation which is easily seen to be an identity. 


Similarly we have 


{rem fo = { cemit b= 600) oo 2) 


The first member of this equation gives, for instance, for n = 6: 
: 
ii { na) } ie { HFS) + 


+ 1 ae 7) 


Gaze) Li it faa} 


{Epa ra) ft fort @ fat 


I 
choad 


n obvious identity. 
It follows from (8:3) that 
[1] .[ A, n)]= (K(k + 1,2) ]) io 7" ww» (8,8) 
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and hence, from a theorem of Zaguerre (See 1. S. and A. F., p. 255), by 


the aid of (6.1), (6.11), that 
S a” —— V3 K Ee ove eee (8.81) 
> K (k,n) > (k + 1, n) 


n=1 n=l 





Differentiation of this series gives 


. tds re be). VT aoe 
DzG Doreen >" a” K (k + 1, n) ( 
t= n= 


whilst by integration we obtain 





TT ze) Sa 8,83) 
| (l—2”)~» = Exp { =P K (k + 1, ) i. esd Os 
n=] nal 


It would be of the greatest importance for the Theory of Numbers, 


if the order of 
n 
5 K (k, ) 


r=] 

could be obtained, when x —» «©. This would, in particular, give us the 
order of o(m), defined by (6.5), and thus solve the difficulty of Riemann’s 
proposition over the imaginary roots of the %-function. (See Encycl., 
le, p. 351; or ILS. & A. F,, p. 263, where this question is shortly 
discussed.) It should be noticed, that K (<, 2), and thus also the required 
sum, may be regarded as a continuous function of k, a fact which may be 
of use, if the solution of the above problem is attempted. The algebraical 
difficulties, however, are certainly very great. 


As a verification of some of the above methods, consider the case 
k=~—l, 


We have 


—1_ 1 
Lim | ~ 1L—{t—[t(]} 
=1+{l—[f(n)]}+{1—[f(n)]}? 
+{1—[f(n)]}* +... 


If we now develop the brackets of this series by the aid of (8,1) 
and then add the series of A. F, obtained, the result is 
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[7 | — [Pope Q) £2) 5 F20) F QR), 
{= 2 (F(a) + V9) -3 1) PQ) bo] a (8.9) 


in agreement with (8.1), provided f (1) + 0. Hence, if this condition is 
satisfied, division by [f (n)] is always possible. 
§ 9. Macluurin’s theorem. 


We have, y being an analytic function (subject to certain con- 
ditions) 


y (2) = Ie] yl) (Oe ves “a mS we (0.1) 
r=0 


In this formula, put [ f (m) ] for z. 


* y{f@ =e] = >» [fm I v) 0), a ee (9.2) 
r= 0 
If we now develop the powers of [ f (n) ], occurring in the terms of the 


series, by (81), and afterwards reduce, we obtain the value of [ g (*)], 
The result is 


tem = [SOP wo O72 Si ath FD, vere 0), 











1! (+l 
r=0 + 
<ar + 1 fr (1) r+ ff 
FOS Tr Ga nit" (0), {roy ti vet 0) 
rm 0 ? 
+ f (2) RENCE Wed nave 1490) foe |: vex (9.21) 
r= 0 : 


which may be written 


y[rm] = =[yirr, FP y {70}, Oy EF}, 
Ce eee “EF (D} }, A) weg, 
er {fU)} + Aap ue Y IF} 0 | 


“Bate a) err Fite) ry], ne (8.3) 
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We see at once, that formula (8 . 1) is a special case of (9. 3), obtained 
for y(z) = 2". The reason, while the binominal theorem is considered 
before the general case, is that in Maclaurin’s theorem powers of the A. F, 
employed occur, for the development of which the former theorem is 
necessary. It should be noticed, however, that Maclaurin’s theorem could 
also have been obtained directly from the fundamental definition (by the 
aid of Dirichlet’s series, asin § 8, or otherwise). The above method has 
been chosen, because it makes the reciprocal nature of the two theorems 


apparent, 


Assume the condition (5.1) to be satisfied. The formula (9. 3) ie 
then reduced to the following :— 


Y [f(n)] = [F (mn). (n)], ¥ Ooo 
where 
[%(m)] = ¥[1), ae ay ws (9.41) 


and thus 
(A) 


Rs Ar ARO: 
bu ee Oe omens 
nm 
n,n ” 
= > ee y'” (0), x we (9.411) 
r=] 
for n > 1, K(k, n) being the A. F. defined by (8.3). The last expression 
is obtained directly from (9,2) by putting [f (n)]) = [1], which method 
gives 


a 3 K (r r 
y [1] = (0) + S ate Ie (6), 
r=1 


The identity between the two expressions for % (nm) may readily be 
established in each special case. For instance, n = 6 gives 


= K (r, 6 r) + gl r 
SO Wa SSS yo 
r=] r=] 


A ats i 
= JES Oe j (7) 
Som’ O+ >So (0) 
r=] 


f= 


-~l (r+ 1) aT ( 2 
ert ) + SS ye FG 


¢mQ r=Q 
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1 
nv@+ — y” (1) = % (6). 


As an example of (9 . 4), let y (2) = (1 + 2)#, and consider z=[(1]. 
oe (hee ( 11)" es (2, 1, 1d, s.. P 


a aa ah ds ke a gt iti) us 
“re aii at, | 
=[% Bia eg fae 


ral r=l 
> o*. Sect, |, 
r=l 


the nth element (n > 1) being 


= k 
> K(r, n) CO. 
r 
r=l| 
§ 10. Tho exponential and logarithmic functions. 
Pat in (9.3) ¥ (2) = 
We find 


ond . fi) [.. f(2) £13) (8 Ps LAY 


pe ea 1! 2! 


- fl) [Stor (a of (8) us eel (10.2, 


which, in case f (”) satisfies the relation (5 « 1), becomes 


Af (m)) et Lim <€ (n)) ik ie baeua0.2) 

where ; 
[e (#)] = el; ee al oe | (10.21) 
(10.210) 


e(l) = 1; vee vee ses ove 
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1 aa 
E (n) ? » 0,1 Ob u.bak 2 
n 


=13 Ee (per ial Bene 
eh es 
forn > 1 
In a similar manner we treat the logarithmic function 
y (2) = Ieg % 
We obtain 


log (fm) ] = [toe tay, EO 2), 
fo Nhe fee Pk bl {on is 


1! f (ly ! ) 
1 (6) tl £(2)_ £(3) ott 
nee a Ante] a 


the nth element for x > 1 of the A, F. being 


3 f"? a,) f°" (ay) eee ae (a,) (— LATS (A Sel) U — (10.31) 
re ae sit fr (1) 
In case (5'1) is satisfied, this reduces to 
log [f (n)] = [f (n) . 2 (”)], tt wee (10.4) 

where 

[t (m)] = log [1]; Ap an we (10.41) 

1(1) = 0; ie a we (10.410) 

2 Ae hs os 
L(n) = > PIED & we (10.411) 


n 
for » > |, the second expression for J (n) being in this case unvalid. 


The A. F. defined by (J0.1), (10.3) now obey all the laws of the 
ordinary exponential and logarithmic functions. We have, for instance, 


elf ()], y()), = lf (m)tal(ml; .., eee (10.5) 
log [f(" ] + log [g (n‘] = log { [f (n)] . [9 be | s; wa (10,8) 
log of f(")] = lost fin] = [fF (n)] ss i we (107) 


As an example, it will be sufficient to consider the first part of (10.7). 
We get 


log elf lm] = log ef) + log [Sean f(a (a,) "ihe (a,) .f Bae EC) 


E! a. t 


§ 11. Bxtended definition of a power. 
As yet we have only dealt with powers of the form 
f (m]*, el fin)], 


We are now ina position to extend our definitions to the most general 
case. We define 


Lar? (»J = els (*)] logit (™)] = pe . (11.1) 
Now, by (1.03) 


[9 (n)]. log [7 (™)} = [9 (1) log f(1), { (2) log f (1) + 


re ait |g (3) log f (1) + a eet {g (4) log f (1). + 


( 
BEB e005 -HGBY HT, 


Hence, by (10.1) 


tren} Ged = faye [Ly {a @ oes + OP ray}, 


g (1) f (3) 1 1 + 9 (2) £2) 
ry{ 9 Orlow sd) + aT pt, 1a Ag (4) log f (1) + Tl f(y 


+9 (1) ins (HO) V4.5 f { 9 (2) logs (1) + 


4 are ay? \,. .| - wi iy FP Obey, 


§ 12. The trigonometrical functions. 





If in (9.3) we assume 
y (2) = sin z, 


we obtain 
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sin(f (n)} = | sia f (1), EC) cos f (1), a) cos f (1), 
jon cos f a) — 5) sin faa) L°) cos 7 (I), 
{ £9) conf (1) =i @) FO) sin f (1) }, | 


= | Seeeecnias betbila wae ela rt {7 Naz} ]. a (12.1) 


Simileely for 
Y (2) = cos 2 


008 [f (n)] = [eos F.C), {_ ae sin f (1) i, {— OP sia #0) he 
{— 20 sin #1) 2.9) cos f (1) \ ; {—7) sin f (1) \, 
Ears cos f (1) } , | 9 


fms (ay fs pee eae suc (4) 69 f fdytaz aE (12.2) 


a,! oy! 


These expressions evidently become much simplified, if f (1) is a 
multiple of 


Tf (5.1) is satisfied, (12.1) becomes 


sin [ft *n)] = [ f (nm). 8 (n)]. ara we (12.3) 
where 
[s(n] = sin [1]; saa we = (12.31). 
eT!) == sn Ie es we (12.310) 
‘ sin ( l+a 5 ) 
(n) = be ie i 8 Bie dE 
a,! Xe! eee a, ! 
"% 
= K (2r —1,n) 
= 3-7 (2 — Dn ; 
) re ae Pa aa ty" : ve = (12.311) 
T=] 
for”z> 1. 


Similarly, (5.1) being satisfied, we have 
cos [f (m)] = [f (n) .°¢ (m)], Sd vee (12.4) 
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where 
[ce (nm) ] = cos [1]; vee i ar 241) 
Cc (1) = Cos 1 peee eee eee eee (12,410) 
cos (1 +r a) 
ie: 2 
c(n)= 
as) Qe ! eee ay! 
n 
Ae ee wh Ll ae em (9411) 


forn > 1. 


We may now define and obtain expressions for other trigonometrical 
functions as in ordinary trigonometry, and thus carry over the entire 
trigonometry to our extended algebraical domain. 


We note in particular 


cos [f (n)] + ¢ sin [f (n)] 
a hr 
= {cos f (1) + isin f(1)} [3° To Fe (09) Fee ‘] 


é Ciel, ¢ ve (128) 


Bom which we deduce the squivalent of De ‘Motvee’ 8 theorem 
{ cos [f (n)] + é sin [f (n)] } Co (m)] = 
= cos [f (n)] . [g (n)] + sin [f (n)] «[g (n)], ate) LO} 


leaving out the discussion of multiple values. Interesting, but com plicat- 
ed, identities may be obtained by developing the left side of this formula 


by the aid of (11.2). 
* Ag an example of (12.6), let [g (n)| = k,n =6 


. ba {cos (1) + isin f (1)}*° {_ £0 sin f (1) 


— £02) -F18) , cos f(0) + eer sin f (1) \ 


ihe Foes 1) . {cos f (1) +'isin f(1) } 


(2) cone (S) = errs ate 
oo sin f (1) t# wl coe f (1) i i sin f 
(19 cos f (1) } 
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+ 1 


which relation is easily seen to be an identity, 





§ 13, The inverse circular functions, 


Let in (9 . 3) 
Y (2) = tan-!z, 


which assumption gives 


tan-? [ f(n)] = [ tan-1f (1), f (2) —+__, #(3) 


Weel) Py 
F(1) 


erent {6 F U) Ye room ae 


FA cos {k f(l)} — eC ras (HU) 


oo) eee 
I+ Aly 


hy te 1 
lorem rt aaph © remy 


1 ot, 2f (1) 
{16) repay 7 OF? em T+ AES ‘| 


a [ga aas ie (a i ee Den fla) z(O) (-- —1)"" (91) sin 20 sin, 


where 
0 = A tan~1 (1), 


the first clement being tan-! f (1). 


When the relation (5 . 1) is satisfied, (13 . 1) gives 
tan-*[f(n)] = [7n). (n)] 
-[* f@) #3) #4 #6) 
[ 4 ? 9 4, ’ 2 ¢ 0, ~| 


’ 


‘ 2 





where 


[7 (n)] = tan—! [1]; 
t(1) = tan“!1 = as 


‘pe 


La eo bem ae 
~ 2 





! 
Os: a, eee Diet 


(~ 1)" =e), e. 


* . ae 
QA = 1)) ain* a 


(18 o) 


. (18,11) 


« - (one 


w+ (13 , 21) 
+ (13, 210) 


we (13, 211) 
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Here it should be noticed, however, that the series in the last ex- 
pression for t(n) converges only for n = 1. For higher n-values we must 
use Borel’s method of summing an oscillatory series, Thus we have, for 
instance, forn = 4 


zs ne ies) SL = : 4) _ Se yr7} (2 = 1). 
i 


2(2r — 1 
at) seid (2r ) 
5 1 

t 
=S(-1 r= i, 
T=] 
and for n = 6 
= Ke (2 1, 6) zi (2 1)? 
— Tash, pe on T— Y— 
mf 4 pe NI = pa y Gee. h 
ral r=1 


SSS Ee (Spe) =. 0, 
r=1 


which is evidently correct, 


Other inverse circular functions may be treated in the same manner 
and the theory of these functions may be built up exactly as in ordinary 


analysis. 


§ 14. The f-funciton. 

It is to be noticed, that the formula (9° 3) is not a consequence of 
Maclaurin’s theorem, but much more general, To realize this, it 18 
necessary to consider some other devolopment of an avalytic function. 
We choose the %-function as an example. 


4 fA) Lf) log 1] 
fea > Oo => 
r=l1 


r=1 
Sa) fa HO oo 1) 
=[>° Sony Dh beh np) og 7, 
r=l r=Z r=2 


ra] wo 
4 —7(1) f(2) A FU) 1 
fray ; > Tr log r 7 “OT “ a: logts } 97 r,°PP 


r=2 r= 
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re L’{f(Y} + eae B" {f(t 3 » | 


[| 3 eater {70} |, we (14,1) 


in Fine ote with formula (9 . 3), 

In a similar manner we may treat a Dirichlet’s series in general, 

We may now extend our fundamental definition as follows: 

If an arithmetical function [f (n)] and a function y (2) are given, then 
the arithmetical function y([f (n)] is defined by formula (9 . 3), provided 
¥ (z) is analytic for 2 = f (1). 


The Infinitesimal Calculus. 
§ 15. The Differential Calculus. 
The process of differentiation of an A, F. may be arrived at in various 
ways. 
Put in the formula (9.3) y’ instead of y. 
We obtain 
Y' Uf ()) = a f*8(ag) oo fF (ae) (041) (s0}] 


Oot eye Ost 


ttf (NF) ~ Ahm’ ra * 
by definition. 
As examples, consider the particular functions, examined in detail 
above. We get 


from (8.1) : aan = k [f (n)]*1; 
d [f (n)] 
e 


aro =df(m];  ,,, vee vee (15919) 
from ao d log [f(n) | = [f (n)]-!; 





ase ve = (15°11) 


from (101): 








and (8-9) ; d [f (n)] we (15°13) 
from (12:1), d n = 
ie ; en = cos [f (n)], ... we (15914) 
cos |} (n 
and (12:2) ; dif) 7 a CF (md, (15°15) 


eto, 


215 
It is not diffucult to see, that we may build up the whole theory, 
following the course generally adopted in the differential calculus, 
We may also arrive at these results in the following manner. 
Assume that the elements of the A. F. considered are continuous 


functions of the variable a. 


We define 
AEE Lt EACH ST Fa n)| 
da Ae=o 


—_— 
=— 


f(w@ + Qz,n) ¥ (a,, ”)= ee] 
Chesussenany <a anaae Beil? SLi +oe(15.2) 


re 





Let further 
y{f(@.n)) = [g(@,”], eve } sa (10.3) 
and define 
d [9 (@. es = 
= [teem g (2, bs 8) ne ey PF aa (15.4) 


In order to establish the identity between the two definitions, coasi- 
der (Y.3), where instead of f (n), we putf(*, x). If our proposition is 
correct, we must have identically (by (15.1) , (15.4) ). 


ry tf, 1}, LED yr {Fa}, 





Y if @% m) = se 
tf ey, {LED yr fea ty + POP tse} foe] 


m [y {f ,1)}.f (2, 1), {f@.” y” {f (ew. 1)} f’ @ 1) + 


f' (#, 2) ee 3) wm f(a, 
fey fant {Pr sani sa vt 
Bae Dg BACs AA vet S (1) F Marty 


f oy fig AAS he ee a”) vy" f(a Wh f' (1) + 

3 fn, ey tf 1) ote ~]-[ir@ny 

shuren (2% LFDTS G3) 
Seth (2, oY amare (2, 4) + 


9 {f' (@, 1} Se apr, . ~ | (15.5) 
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This is evidently the case, as may be seen by actually carrying out 
the multiplication to the right of the sign of equality, 
It is clear, that an A. F, may also be regarded asa constant during 


the process of differentiation. As an example, consider 


oUt = Cf (n)}*. log Ef (n)] 


a [ #°c) toe £ (1, Pec G, {1 +klogf(l)}, 
LO PM ay 1th log (0 9, {EO fh 1) {1 + blog F()} 


aa fP* ly {2k—-1 + k (kD) log fap}, | pose (15°6) 
by (8'1) (10°3) 


§ 16. Zhe integral calculus. 


As in § 15, we may introduce the process of integration in the follow- 
ing manner : 


Y (flo, n)] + [0] = Je y’ Lf, n)}. a [f (a, 0) 
= frien). Es be a da = {(G (a, n\] de, (a7), 


[ feu n) aw]. ‘I x a: ve (16.1) 


[CO (m)] being an arbitrary constant A. F., or we may use the iaverse 
process to that employed in (15.1). For the purpose of identifying the 
two results, use (15.5). 


The theory of defi.ite integration with arithmetical functions as 
limits is probably of int. rest, and has eventually a direct application to 
geometrical problems of creat complexity. 


(To be continued.) 
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SINGULARITIES OF PEDAL CURVES. 
A. NarastnGa Rao, M.A., Presidency College. Madras. 


The pedal of a curve with respect to a point (or origin) is usually 
defined as the locus of the foot of the perpendicular from the point, on a. 
Mariable tangent to the curve, The inverse of the pedal with respect toa 
circle having its centre at the origin is the reciprocal polar of the curve 
with respect to the circle, The pedal is thus the inverse of the reciprocal 
polar. Rrciprocation changes point singularities into line singularities and 
vice versa. Since a point inverts into a point and a line into a circle, point 
singularities, in general, remain the same by inversior, while line singula- 
rities are altered. 

§ 2. The effect of inversion on singularities is best studied by 
replacing the circle by a conic, called the base, and the origin by any 
point, not neceszarily the centre of the conic. Points collinear with the 
origin and conjugate with respect to the base may be said to be inverse, 
This process is merely a generalised circular inversion known as quadric in- 
version and establishes a correspondence of point to point and straight line 
to conic. 

Let O be the origin and OI, OJ, tangents to the base. The 
inverse of any point is determinate except when the point is O,IorJ in 
which esse the inverse is any point on the line I J,OTorOJ. These 
points are therefore called the special points of the transformation, and 
the lines, the special lines. The degree of the inverse of a curve of 
class 7 is 2 n, except when the curve passes through a special point, in 
which case the inverse degenerates. For every poiat of intersection of 
the curve with a special line the corresponding special point is repeated 
in the inverse, that is to say, the inverse has uodes of tke nth order at the 
special points.* 1t will be seen that contact with a special line gives rise 


to a cusp at the corresponding special point, and a node on the special 
If the tangent to the curve at a point of inter- 
due to the special 


. 3 2n (2n + 8) 
nature of the transformation. For a curve of degree 2n contains ———>-—— 


line becomes a tacnode. 
SE  —  ———e—EBD-.-C'~W2d#zcO. OE eae 
* The multiple points at O, I, J are the only singularities 





con- 
stants and can therefore satisfy as many conditions, Buta mode of order n at a 


n(n l ee : 
given point is equivalent to 14243+ .»= ate t) conditions, With 


_ Qn (2n + 8) Bn (n 1 
three such nodes, the number of disposable constants is sinha anda nalg ort) 


= ats + 8) which is just the number of conditions that a curve of degree ™ can 


satisfy, 
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section Z, with ths special line 1 J passes through O, the inverse has 4 
point of inflexion at O with O Z for the inflexional tangent, An account 
of the singularities of inyerse curves is given in detail in Miss Scott's 
Modern Analytical Geometry to which the reader is referred. 

§ 8. By reciprocation, we obtain at once the following results :— 

(1) The pedal transformation* is a case of correspondence of 
point to conic and of straight line to point. 

(2) The pedal of a curve of class m is of order 2m with nodes 
of order m at the special points. 

(3) Toa multiple tangent corresponds in the pedal a multiple 
point of the same order, 

(4) For every passage of a curve through a special point, the 
pedal developes a cusp at that point. 

(5) Nodes on a special live transform intu multiple tangents 
of the same order passing through the corresponding special 
point, ; 

§ 4. Other results may be obtained in the same way, Thust, where 
the curve has inflexional contact with the line 1 J, the inverse curve does 
not differ in appearance from an ordinary branch, though there is really 
a triple point at O. Hence when the curve has a cusp at O, the pedal 
has two vanishing loops at O, looking like an ordinary point, 
perhaps with a certain sharpness of bend as shown in figure 1, 
Again}, the inverse of a cusp with the line I J as tangent, has 
at O a triple point with two evanescent loops but looking like an 
ordinary point of inflextion, Hence the pedal of a curve having an inflexion 
at O has really a triple point at O, though this appears just like an ordinary 
point of inflexion. Figure 2 exhibits the loop just before disappearance 
and also the final form on the pedal. 





fe) 
Fig, 1, Fa, 2. 





* The most general quadratic relation connecting pointBand line co-ordinates 
in two planes and birational in both sets of variables may be shown to be a general. 
ised pedal transformation on the lines given in § 230, pages 217—19, Scott’s 
Analytical Geometry, ‘ 

tT § 240, Scott's Analytical Geometry, 

t Do, do, 
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§ 5. Plucker’s constants for the Pedal. 


Let us denote by 0, i, j, the number of times a curve passes through 
O, 1, J respectively and by o’, #’, j’ their reciprocal singularities, viz 
the number of times that it touches 1J, OJ, OJ. Hence with the ee 
notation, (the capitals referring to the pedal) we have 


N = 2m—o'—?’—}' 


Aer Sn — > es 8 
> ; 


> st wm 
0,%,) 


K=ito+i +f, 


and the others (M, I & T) could be found in terms of these. 


$6. A table is appended giving a list of simpler cases occurring in the 
usual! Pedal transformation. The pedals of an ellipse, hyperbola and 
parabola are given in figures 3, 4 and 5, 


Deanne nn rmrrnnnnnnnenmescemermnnen meee cas casas 


Singularity on 


No. The Curve O. 





i 


1 | One pt. Patinfinity ... 
2 | Node 
3 | Cusp at P, 


4, | Multiple point of order r... 


5 | Parallel tangents to O 


(Multiple point at infinity) 


Singularity on 
The Pedal C’ 





The asymptote to 
C at P is normal to 
the Pedal at the 
corresponding pt. P’ 


Circle through O| 
touching the Pedal 
at two distinct 
points. 





Circle of curvature | 
at the correspon- | 
ding pt. P’ passes | 
thro’ O, | 


Circle through O | 
touching the Pedal | 
at 7 points 


Multiple tangent | 
thro’ O 


REMARKS. 








The circle cor- 
responding to (4) 
degenerates into a 
straight line. 
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Fc ES a 


No. The Curve C. The Pedal C. REMARKS. 
Si UR Le 

Double tangent Node. 

Stationary tangent Cusp. 

Class m. 


Order 2 m. 
Multiple points of 
order m at O and 
the circular points 
egnivalent to 
§m(m — 1) nodes. 


No. of Double tangents T.| nodes 7. 
No. of stationary tangents 
te : cusps i. 
Deficiency. 3} (m—1)(m—2 
yy sommes D =}(2m—1)| Thedeficiency of 

(2m — 2) — the Pedal is the 
3”(m —1)—T7'—17 | same as that of C, 


—_— — 1, 


9 | OC passing through the cir- 


cular points | Cusps at the cir-| The pedal of a 
cular points, circle has cusps at 
the circular pts, 
10; Done. Cusp at O, 


11 | O on an asymptote of C. | O is a point of | Prove by forming © 

inflexion (Flecnode)| the eqn. of the 

on C’, the asymptote| pedal of a conic 

being the normal at| , 7, ¢a point on 

O. an asymptote, ¢.g., 
the pedal of a 
central conic with 
respect to its 
Centre is (7? y?)3 
= aa + by? 
has a biflecnode at 
the centre. (Page 
171. Basset : Oubdic 
and Quartic 
Curves.) 


oO J 
SS RSENS eh peo eeisinaasoierersnntiemmmnsnscouastantpeioinnnni nD 
. © ° 
e . . e 
* . - + . 
a ST 


a 
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No. The Curve C. | The Pedal C. Remarks, 





12 | Oa focus. Tbe pedal curve} The pedal of a 
degenerates intothe| conic w, r, t a 
| circular lines thro’ | focus is the auxil- 
|O and a residual | iary circle and the 
curve of degree two line pair Ol. 
less. OJ, which toge- 

ther constitute a 
| bicircular quartic 








with a node at O. 





er 


§ 7. Pedals of Conics. 


1t follows from the precedinz that the pedal of a central conic, is a 
rational bi-circular quartic, with a node at O. If O be the centre, this is a 


Fic. 3, 


biflecnode, real for the byperbola and imaginary for (the ellipse. The 
pedal touches the conic at the feet of the 4 normals from O and has in 
0 


FIG. 4, 
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conseqiience no other point in common with it, When the conic isa 
circle, the nodes at I and J are replaced by cusps, and there is also a cusp 
at O if O be on the conic (cf. cardioid). The pedal degenerates 


Fic. 5. 


either when O is a focus or when C touches the line at infinity. In'the 
latter case the pedal is a circular cubic, See Fig. 5. 
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SHORT NOTES. 


Further Note on ‘Question 653. 


Q. 653. (Selected) :—To find a cube the sum of whose divisors is a 
perfect equare. 


Let o (n) denote the sum of the divisors of , inclading 1 and ” we 
have to solve o (w8) = y%. 


[ have succeeded in getting the following values of w and y. 


x y 
(1) 7: 20. 
(2) 2.3.5.13.41.47. 27.32.58.7.13.17.29. 
(3) 2.3.5.13.17.31.41.191. 232.3°,52,7,13,17,992.37, 
(4) 28.3.5,11,19.31.43.743. 219 ,32,59,11,13,31.37.61.181. 
(5) 25,5.23.47,211.241.577. 29,38.52,11,13%,178,53,113,197.257. 
(6) 24,5.17.23.31.19).211.241.577, 2**,38.59.11,139.172,29,37.53,113.197. 
257, 
(7) 3.13.17.23,31.83,191.239, 23° 3°.58,7,,138,17.29.37.53. 
(8) 13.17.23.31.41.43,47.83.307,  22%,38,5°.72,11.189,17.29".37.53. 
(9) 3,13.28.47.83.239. 231 3a,58.7.138,17.53. 
(10) 3.17.31.41.43.239,307. 217, 32.5+,7,11,138,292,37. (257, 


(11) 3.31.43,47.211 241.659.787. 2¢*,3.58.112.13.17.87.53.113.197.241, 


Of these, solutions () and (2) were given by Lucas (Theorie de 
Nombres, p. 380). He gives, however, no indication as to how he got 
them. ‘The remaining nine are believed to be new. [For a method of 
obtaining solution (1!) see J. 1. M.S., Vol. XI, (Dec. 1919), page 228). 
If in (2), (9), C10), (L1) we multiply # by 2.3?.llandy by 2.3. 11, 6!, 
we get four other solutions. ; 


N, B. Mitra. 
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Note on Question 1122. 


Q. 1122, (V. Ramaswamr Atyar):—If the joins of four concyclic 
points A, B, OC, D taken in opposite pairs intersect in P, Q, R, prove that 
the nine-point circle of PQR passes through the centroid of the points 
A, B, O, D. 

Let P, Q, R be the points of intersection of (AC, BD), (AD, BC), 
(AB, CD) respectively ; O the centre of the circle ABCD; E, F, G, H, X 
the mid. points of AD. BO, PR, OQ, EF respectively. Then, obviously, 
X is the centroid of the quadrilateral ABCD, 





Since the triangle PQR is self-polar with respect to the circle ABCD, 
O is the orthocentre of the triangle PQR and hence its nine-point circle 
is the circle on GH as diameter. 


Now, the mid. points G, F, E of the diagonals of the complete 
quadrilateral BROP are collinear, so that G, F, X are collinear. 


Again, because OQ is the diameter of the circle QEF and X the mid, 
point of the chord EF, HX is perpendicular to XF, i.e,, HXG is right. 


Hence X lies on the circle with HG for diameter, i.e. on the nine- 
point circle of the triangle PQR. 


Cor. 1. In the cyclic quadrilateral ABCD, the perpendiculars from 
the mid. point of each side on the opposite side are concurrent, the point 
of concurrence being on the circum-circle of the triangle PQR, 

Join OX and produce it to O’ such that O’K = XO. 

Then O’ is a point on the circum-circle of the triangle PQR. 
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Again, as EF and OO’ bisect each other, O’E is parallel to OF and 
therefore perpendicular to BO, and O’F is parallel to OE and therefore 
perpendicular to AD. 

Thus the perpendiculars from the mid-points of AD, BO on the 
opposite sides BC, AD meet at O’ on the circum-circle of triangle PQR. 

Similarly by joining the mid-points E’, F’ of AB, CD to O' it can 
be shown that these joins are perpendicular to CD, AB respectively. 


Hence the proposition. 


2. Incidentally, we may note that the point of corcurrence O’ of 
the four perpendiculars is the commoa ortho-centre of the two triangles 
QEF and RE’?’. 


3, Wher the diagonals AC, BD cut at right-angles, it is obvious 
that the four perpendiculars pass through the point P which is the inter- 
section of the diagonals. Thus in this case O’ coincides with P. 


A. A. KRISHNASWAMI AIYANGAR. 
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Astronomical Notes. 


' 
1. Nova Cygni IIT:—One of the most important astronomical — 
events of the year 1920 was the appsarance of a new star in the Constella- 
tion Cygnus. The star was first discovered by Mr. Denning at Bristol on | 
the night of 20th August. The magnitude at that time was 3°5, and since 
then, the brigh{ness increased rapidly (like all other Novee); the maximum 
(magnitude 2:2) was reached on August 24. The decrease in brightness 
was rather more rapid than that of some of the Nove which appeared 
recently, Dr. Lockyer has estimated the decline to be on the average five 
times more rapid than that of Nova Aquile (1918) or Nova Persei (1901). 
The position of the Nova is 


R. A. 19" 56™ and Decl, 53° 24’ North. 


Forty-one new stars have been discovered to have made their appear- 
ance till now, since Tycho Brahe’s star of 1572, excluding the faint nove 
which have appeared in the midst of Nebula and Clusters; the number 
recorded during the last thirty years alone is about thirty-one per annum 
on the average, 


2. Pons-Winnecke’s Comet:—This is one of the short period comets 
which are due to perihelion during }921. The last observed return was 
on Sep. 1, 1915 and, its period being a little over 55 years the next return 
will happen about the end of June. As the comet will be very near the 
earth at that time, the return is likely to be interesting and we may 
probably be treated to a brilliant meteoric shower. 


3, Saturn:—This planet has been under continuous observation 
recently, the interest attached to the occasion being due to the fact that 
the earth passed through the plane of his rings in Nov, 1920. This 
happens once every fifteen years and at the time of passage, the minor 
axis of the ring ellipse c»ntinues diminishing slowly and the rings them- 
selves remain invisible for some short tims. The actual passage occurred 
on Nov. 7, 1920, and the phenomenon was well observed by several 
astronomers, Prof. Barnard estimates that the rings are probably not 
more than fifty miles thick. For an interesting discussion of the condition 
of the earth passing through the plane of Saturn’s rings, reference may be 
made to Prof, Turner’s paper in the Monthly Notices of the R.A.S. 1908 
April. The problem is also briefly dealt with in Ball’s Spherical 
Astronomy, Ex. 23 page 428. 


NizaM1AH OBssbBRVATORY, T. P. Buaskara SastRI. 
HYDERABAD. 
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t SOLUTIONS. 
Question 10689, 

(K. J. Sansana, M.A.) :—Prove that the sums of the products of the 
quantities (2°—=1)—}, (42—1)—}, (62—})—1! wes; ad inf., taken three at a 
1074) 2 1680—1807 24 a * — 

32 6144 : 
and show how to find the sums of the products taken five, six ......... at a 





time and four at a time, are respectively 


time. 
Solutions by Hemraj, N. G. Leather and G. 8. Mahajani. 





sin wy /2 = y if (27)? oe a Yy I ( 
ain w2z/2 2 4 (27)2—2?* 3 (L+ COE, where 
y? = 2 —o. Put z = 1] and we get ; 


(1—a)-# sin (1 —2)'= II (14 oy —\ = uy ree any tl) 


where A denotes the sum of the products of (2* =i , (asl) ne 


taken ¢ at a time. 








4 1U 3 Beis, 
Now (1—2#) 4% a rEee-t pebaee sbi od 
- ie* S25 15 w 
sip T 1-2)" = sid . (1-98 me ey) 21 = 23 7} in ge 41 ») | 
= sip (a+ be 4- om dt + em ane arses ) 


p Bay ees + 
+ 31 4} eereetece 


Qa) 


=A+Be+0% 


By Arbogast’s Metbod of Derivations (Art 88, Diff. : Cal. : Williamson). 
A=sina, B=6.sin a=b cosa, O= .b cosa=c cos a — b* sin a ete. 





r f sl os | 9s Cera 
Cie ep = 1, B= 0 ia > D=—- 37° 
Sem 5 ed or * 
ghohny “64 + 556 ot 
Hence (1 — x) 3 sin [3 (i= | 
1:3°5, 1:35 
a{lttere + x96 558 “tose 


5 3 = 153’. at ws eoserese 
{1= ay” oF? as 256 ; 4)” J 
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sl+A, +A, 29+ Aso + wr. + A, ar + «... from (1) 


Oomparivg co-eflicients of zon both sides, we get A 


: 12 — 78 10 — tr 
In particular A, =3;A, = Sag ers A}).= eT gk 
A _ 1680 — 1807? 4 ar*# 

A 6144 


oN te 





Question 1040. 
(K, J. Sansana, M.A.) :—Show how to find the sum of the products. 
rat a time of the quantities (3°—1)—* , (6°—1)7!, (Ca) sia: 


ad inf.; and find the values for y = 3 and ry = 4, 


Solutions by Hemraj, N. G. Leather and G, 8. Mahajani. 





cos my/2 _ & 1 
cos 12/2 i [ ve (2n — nese al- AGEN arts 
Putz = 1 and we get 


4 hehe © ri 
— cos = (1 ary = (1+ 594) (1+ gy) 


bit poner 


[ee] a 
=l+s B, « where B, stands for the sum of 





1 
the products of (3% — 1}73 , (5? — 1)—! ete, taken » at a time 
i tes he 7 1 1 a 3 28 
Cos 2 (l w) metal (1-32-35 - 98 31 see serece )] 
= Cos i aang oF tony 
respAit Ba+.G a tDe tee +P to 
By Art. 88, Diff. Oal.: Williamson, we haye 
A =0; tie bean Oe 
8 b 
Des ted a. bite eS = 2 5a _ 3n8 
1s ag) Bt et Oty oe 


Fem mf + 5(2b%d + 3hc2) — ps = 105m _ 135 7 
f + 0c") Ga 7 356" = oa eto, 
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R— 7, 10 — 72 ; 


96 128 
1680 — 540m 4. 14 
30720 
= it + Bz aa Bg x? ye eee 4+ By a + eee 


of 2 cos | Bho)" oe L4—ia + 





ie m* +. 0. 


Equating co-efficients of 2" on both sides, we get B. 
r 





: 12 — nr? 10 — a? 
In particular B, = 1; B, = . pA Fe Mews 
Pp 1cu 1 4) 2 96 ? B, 128 ; 
B, = 1680 — 54009 + nm 
Sito Aone. he 
. 30720 


Question 1062. 


(C. KrisHNAMACHAR!) :—Prove that 


: 1 1 1 
1+ ( n—1°1) 3 + (n—1°2) 5 + WGaw i 


= ae ee Ge ar Dah pent mots} 


2Qn—1 (2n—1) (2n—3) (2n—1)(2n—8) ... 1 
Solutions by N. G. Leather, Vasavada and Kewalramani, 
1 ] 1 1 n—l 
14, 1st agste tea fit ey dg 


= ae seo” 6daQ@ 





= [ seo" * 6 tan 06 |° piri hs 2) Su ec” 6 tant 6d 0 
= oon — (2n — 2 (e" (seo"” 6 — seo 6) dé 
7m fer + 2(n— Oe eoonr 6a6 } 
2n — 1 0 
ae q"~(m—1)m—2) 4 
-(2—+ on —1.2n—3 (2n — 1) (2" — 8) (2n — 5) ase 
oma 
a a 1) Oe 
(Qn — 1) (2n — 3) .. ey fe ner B a0 | 
eet n—1_ x (n — 1) (n — 2) + 
= Ee To mim 1.tn —3 wn—L.2n—3.Qn—5 
(n — 1)! 


(2n — 1) (Qn — 3) ae aa) 


230 
Question 1098, 


(C. KrishNamacuaki) :—Show that 








1 41, (Q2—1) _ (n — 1) (2n — 3) bat _ 
(9) 2nt11n n(n — 1) aK ~ n(n — 1) ay | "4 
Soa Bios, gS 
=1—(m+h,+ i +s 


2 (The (nS 
1S (OPE ly Tee hee 
oti fl 1 =) 1 
un+ 1 al 1 mitet «|: 


Solutions by NV. G. Leather, Vasavada, and Kewalramani, 
=e 2 
(ay eRe =(,d Ho tide. ss [A cos " 9 40 


[ eos" sin e] ah + (2n — 1) le ubatean @ sin? 0 ZO 


cae Pata: Ss m/4 2n-2, eh 
=F + (2n ft (cos 8—cos 6) d0 


1 [= + (2n— 1) f Ti4 agMiEn Q a0 | 
zn L2” 0 
1 


1 2n — 1 2n —1,.2n— 3 
wee ee va 
otiln a.n—l n.n—l1l,n—2 


eae Baa) 





+ ! 
nv . 


1 1 on — 1 Qn — 1 Qn —8 
Ss ~ Aecei B eee eee ba Ss 
Qnt1 ln nien—l n.in—l.n—2 


2n —1 .2n ~3.2n — 5. 2ST] 








+A ae 


+ 





(b) L. HS. {3 ae ee 


role 
| 


The series on the right-hand side. 


Qn+1 t 1 Sane 1 \2n28 . ] 
[emi (= n~-% - aa) grat | 


] 


anehl ¢/2 an 2n+2 
2 — © 
ip [ . Co | ue + ww | de 
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i 
= eae pale ae" (2 — 2? Jee dst 


2n+1 ; 
=. 2 na ie sin2" 9 cos?" @d0 = re sin2" 9 cos?” 6 dO 


= 22-1 { Tyn+2)}2 _ 42-1 Dnt 2) (‘mn — 4) mn —$) ... 31 TG) 
[\2n+1) = 09: jae 
a, Lin + 3) LG) cdl a. a) toe) a 
*n(n—1) (n—2) ... 1 3 a AE 9 ake BA 





Question 1065. 


(S. Krisunaswamt Aryancar):—If 9 be the radius of curvature of 
the curve 7™ = a™ sin m@ at the point whose distance measured along 
the curve from a fixed point is s, prove that 


1g GP _ LAC ee 
(m—1) (m+ 12 po mm + 1? (F ) m (m — 1) = 0. 


Solution by P. R. Venkatakrishna Iyer and Kewalramani. 


Using the notion given in Edward’s Dif’. Oalculus, for the curve 
r” = a” sin mA, 
DM = me and » = (m + 1) 6. and 


(ss) -"+(a5) 


= 


r2 cosec? m@ = a3 (sin m@)” 


2 
a? (sin —™ robes 
( m+ 1 
1 
™ “)" 
m+ 1 : 


ds _ ds /avy_ 1 ds 


— 


dp d9/ d0 m+1 dO 


1 
as Bo ik wise s)* 
= +. ( m+ 1 4 


Taking the logarithmic differential of P with respect to s, we have 








ara ba a ( sin 


. (Ps 








He acta ea aR el 
teat Lye el” a 
Differentiating (1) we get 

BP a WI nga ays ne, (2) 


ds? (m + 1)? m+1 
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Eliminating between (1) and (2), we 2 the result 


Now to solve the differential equation, we can write it in the form 


us dP\? _ 0: 
ap —— —3 (%) c 


dP _ (ds \-1 ae dey\=-1 dy (ds \rh a's (70 
ae (aa) ata (4) ap (ap ) =~ ip / dp ) « 


Sabstituting these in the ppt te equation, 


f 


aS eae 
we get aP sae, t, Oa +e (55) = 0. 
; eat dts _ dp 
In this, put p= ap’ then ips = dp 
Thus we have af. 3 + dp + cp? =0, 
be. . a + e- 
We itp pre ke 


Integrating, we get 





Olona A: 
o log Topi + log p a constant = & 
e _2b 
. ——— = f° a, 
cp? + 6 o—2 
_ 2b 
° bk?P 
ah ies ee 
1— ck’P a 
b 
te. ds = Bi a 


dp a a. as 
J l—ckp a 
yrs 
Integrating s =k’ +f— kp a 
PA) 
V1 —ckh2P a 











dp, 
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ai Question 1067. 
~ (V. Trrvvenkatacuari): Show that 


~r}2 log sin x. log cos # {T()}2 m2 
dx = 2 —_—_—_——~* —_— lo Wy) 24 lo a = e 
0 J/sin @ cos & Jt { ¢ my ae a} 


Solution by Hemraj and Kewalramani. 
[praia pcos he de ow 4 I) T'(8) 
0 T\o + &) 
Differentiate 1st with respect to a and then with respect to @ 





- 2a—1 28-1 : 
a [5 sin *~" @ 008 a log sin w. log cos a dz 


= 4 M2) TA) py (a) ca $ ~¥(a 
= tee (POG + A LHF (0 + 2) 


ap Coe ol :) 
¥ (4) —¥(a + 6) 





where ¥ (w) = + {log I’ (x)}. 
Puta = 8 = j and we get 


n/2 log sin wlogcosa , _ {I'(})}? ly ey y2—y' (1 
4 f pc lites coe dr = 2 Ja {iv )—-f Git ay} 








= (EO) { (log 2) + mlog 2— z \ trom 


Bromwich ; Theory of Infinite Series, p. 475 Exs, 42 and 43. 





Question 1069. 


(A. ©. L. Witxtyson):—Normals PA, PB, PO, PD are drawn to 4 
hyperbola; PA meets the hyperbola again in A’, PB in B’, PC in O’, PD 
in D’. If A’B’C’D’ are concyclic, prove that the locus of P is an ellipse 
of which the equi-conjugate diameters coincids with the asymptotes of the 
hyperbola, 

Solution by Hemraj. 


The equation of the hyperbola referred to its asymptotss as axes is 
: c 
wy=c? and the normal at (/) is y(t—t? coa »)—9(?—Ccos w) = 7 —t*) 
where is the angle between the asymptotes. 
It passes through the point P(x, y) if 


ct# —(y cos + zt? + (y + #cosw)t—e = 0, 
30 
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] £ Cos w 
a 3 i= yous s-= ee, tytotgt, =—] a. (1) 


ty 


py ] 
Etite FO on. Ft%g? — 23t,2 ram 2; (st,)? = 3t,2; 
( 4 


Hence ae (1) 
1 
aiy? = i { (1 + cos* ) [ s4* + 7 | —4 cos o sty sp «(3) 
where A, B, O, D are £,, ty, fa. t,. 
The normal meets the byperbola again in a point ( T) where 
_ — tt? — cos w) 
\ ty 1 — t? cos w 
x2 4 y? + 2xy cosw + 2gr + 2fy +k = 0 if 
ert + 2fe T® + (2c? cos wm + k) T° + We T+ c2?=—0. 


and (T) lies on a circle 





Hence if A’, B’, CO’, D’ be Ty, Ta ih sls then T,TeT3ts =1. 


ve t,(t,2 — Cos w). te/to? — 008 w). t,{t,9 — cos o). t,(¢,2 — cos w) 


z= (1 — ¢,2 cos ») (1 — ty’ cos w) (Ll — ni cos w) (1 — t,? cos ), 


ty 
= 2(1 + cos* w), from (1) and (2). 


‘ 
4 


$é, cos o(1-+cos? w) [ s42 + > a] — 4cos® w [sh Nae ] 
‘ 1 


Substituting in (3) we get 
| 2c? 


8eC w 





ee+ yt = 


which is an ellipse referred to its equi-conjagate diameters as axes. 
Question 1071. 


p=r+l 
(T. P. Triven):—It S, = »y prti—p 


p=1 


n+1—pOrpi—p 


prove that Bee pert gee gears ae (n + 1). 
r=0 
Solution by Hemraj and K, B, Madhava. 
Obviously 
r—1 r—2 


Bm) seo 
r net 2 re hee ty ‘2299 5 
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b= n t—1 s n—-%, . 
ae beg we ais pS i n=» ara a ae 0 es Bore 
Stanly eta Tee 
Senes 7 +4 4 Nn + 14 (ne + 2)° 


va) bal 
har 9 fo (n + 1) 
for the sake of symmetry. 


Question 1072. 
(T. P. Trivepi, M.A., LL.B.) :—Prove that 


2 
2/2 


alae) A ae 
(ee [tan log tan x dz = _ (=-1) rs 


Solutions by Hemraj and M. K. Kewairamani. 
¥L 


L ‘ad 
We know that $y dy = ncosec kn,where 1 >k> 0. 
yolty 


«/2 ae. 
rs /tan@ log tan 2 da= 





Put y = tan* w and differentiate with respect to k: 


af Te gle x log tan 2 dz = -- 7* cosec kn . cot kr, 
Patting & = } and respectively, we got the results; the first result 
2 
correctly printed is therefore nA 


Question 1080. on 

(K. J. Sawsans, M.A.) :—An elliptic cylinder of eccentricity e rests 

on a horizontal plane and against a plane inclined at an angle 2a to the 

horizon, touching them along lines parallel to and equidistant from their 

Jine of intersection. If the coefficient of friction (~) be the same for each 

plane and the cylinder be just on the point of slipping, prove that » ie the 
positive root of the equation 


w2(tan & — 6% sin & cos a) + w = 6 sin % cos 4, 
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Solution by Hemray. 


Take a section by a vertical plane. 
Since the tangents OA and OB are equal, O lies on either axis, But 





Pay 2 
(0, y,), then the equation of ABis yy; = 0° iz + y" 


the ellipse, 
AD _ a 


“. coba = OD = Tea y iy Y, = a/ (sec? a — 2). 


. OA = OD coseca = eet | 2% may be acute or obtuse]. 


Now the system of forces acting on the body is in limiting equilibrium, 


Resolving horizontally and vertically and taking moments abcut O, 
we get, 


wR = R (sin 2a — pw cos 2a) Ka oe 

W = RK + R (sin 2a + cos 2a) ose 

W .OC.sino = (R— R’).0A az os (3) 
Substituting for R and R’ in (3) from (1) and (2) we get 


sec a (sin a — ww cosa) tana 
-sina (1 + 4*) /secta — ea’ 
i.e, Cos a sin « (sec? a — e”) (1 + w*) = (tana — p), 
te, * (tan a — e* sina cosa) + = ec? sina cosa 
which gives mw. 


sin a, */sec? a —¢2 = 








Question 103}, 
(Enquirer) :—I! a, b, c be the radii of three circles which touch one 
another externally, andr, and 7, be the radii of the two circles that can 
be drawn to touch these three, prove that 
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Solution and Remarks by K. J. Sanjana. 


Let A, B, C be the centres of the respective circles, O the centre and 


A 


B G 


w the radius of the circle with which they have external contact. 
ZBAC = A, we have 


cosAe Ct abta—be gy _ 2vabola + b+ a) 
(@ + 6) (@ + ¢) (a + b) (a + ¢) 
If ZOAB = 2, ZOAC = #, we have similarly 
a* + ab + az — be ble ac + aw — cx 
(a+ 6)(a+2) ’ (a +c)(a+ 2) 
But since A = ’ + &, cos A = cos A cos # — sin A sin FP; 
transposing, squaring and simplifying, we get 
sin*A = cos’, + cos?# — 2 cos A cos A cos F. 





cosA = 





Substituting and multiplying throughout by (a + 6)* (a + ¢)® (a + a)’, 
this gives 
(a +c)? (a* + ab + ax — bx) + (a + b)? (a? + ac + av — cx)® 
— 2a? + ab + ac — be) (a + ab + ax — da) (a + ac + am — cx) 
= 4abe(a + b +c) (a + 2)’. 

This is a quadratic in #, which shows that the radius of the circle 
(with sign changed if necessary with which the given circles have internal 
contact is also obtained. 

Simplifying, we get 

a? 4 b%c? + c2a® 4 a*b® — 2abe(a + b + c)} 
— 2abeibec + ca + ab) + a7b*c? = 0. 
If r,, 1g are the two roots, — Ha ys aia 


1 rs ri’ 


_ Qabe(be + ca + ab) (| 1 *) 
a nie ga 2 + ; + ; 
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The proposer has taken the numerical value of the second root. The 
result obtained is that of Ex, 62, Chap. X11, Hobson’s Plane Trigonometry, 
which has I think already been asked in our columns. 

When the equation is solved, we get 
_ abe {bc + ca + ab + 2fabe(a + b+ c)}. 
~ 662 + c2a® + a*b* — Zabe(a +b +) 

abe 
be + ca + ab = 2 Jabe(a + 6 +c) 
which is the result of Ex, 29, Chap. XII. loc. cit. 











on rationalizing, this becomes 





For internal contact this process gives the equation 
(a + c)3 (a? + ab — ax + ba) + (a + 6)? (a? + ac — ax + cz)? 
— 2(a? + ab + ac — be) (a* + ab — ax + bx) (a? + ac — ax + cz) 


= 4abc(a + 6 + c) (w — a)?, 
which is the first equation with the sign of x changed, 


The six distances of the four points A, B, OC, O area, b, ¢, a + 2, 
b + a,c + @; and the formula connecting such distances may be employed. 
It is found to give lengthy expressions involving z* and @°, the co- 
efficients of which, however, vanish. 


By the help of Frobenius’s Theorem, Casey has deduced the following 
equation for the radius of a circle cutting three circles at angles $1, do, ¢ 
(Eqn, 276, Analytical Geometry) :— mest 


0 a. B x A.) = 0, 
a — 1 cos 12 COs 16 cos @, 
B cos 21 —1 COs 238 COS do 
y cos $} cos 82 —1 cos >, 
p cos $4 cos }o cos >, —1 


_ where I have put «, 8, y, A for the reciprocals of a, b, ¢, z as taken above 
As cos 12, &c. are each — 1, and cos ¢,, &c. are each either — 1 or + } 
the determinant equation is found to reduce to ‘ 


pP*— Plat B+ y) + a + B+ y? — Wy — Bra — 208 =O 
1 1 ] 1 
H = is ; 
ence P, + P, BE Sanaa 2(ot 5+.) sand 
PP or ‘why be b3c? + ca? a a?b? — 2abc(a + b ~~ Cc) 
fe rufa 1 fa to Rn Ng ai aa 
giving the same results as before, 
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QUESTIONS FOR SOLUTION. 


1141. (V. Ramaswamz Aryan):—If A, B, 0, D be four concyclic 
points prove that the in- and ex-centres of the triangles ABO, BCD, ODA, 
DAB lie in a quartic which passes through A, B, ©, D and touches the 
circle ABCD at the circular points at infinity. 


If the equations of the circle and the rectangular hyperbola through 
A, B, C, D be wa + ys — R® = Oand ay + Ax + py + y = 0, show 
that the equation of the quartic is 


e+ y2—R2_  sut+rartpyty 
2R2 We 2 eye 

1142. (K. Ananps Rao) :—Let «(n) and p(n) be defined as follows :* 
w(n) = 0 if » bas any prime factor repeated more than twice; w(n) 
= (— 1)" 2" otherwise, x being the number of non-repeated prime factors 
of n; y(n) = 0 if m has any repeated prime factors ; «(n) = (— 1)" ather- 
wise, r having the same meaning as above, 
Show that for |x| < | 


3 2-3 we 
l 


1143, (K, Ananpa Rao):—If (i) ¥(n) = (—1)*, where s is the 
number of prime factors of n (each prino factor being counted according 
to its degree of multiplicity), (ii) the function ¢(a) satisfies certain condi- 

@ 
tions, and (iii) }(2) = > (n) pnw), then show that ¢(n) = z Y(q2, 
i 
the latter summation being taken over all the integers of ¢ AS have no 
repeated prime factors. 


1144. (K. J, Sansana, M.A.) :—Show that 











1 f_ 20 47 84 AB, sts \ 
(9) 2038.42 68.59 Ge 108.63. +158, 78 . ad inf. 
= 32 — 9°86. 
(The value of the right- hand side is less than ‘002938). 
1 a a 118 
(*) 95 \ 33. 4: 2 + G53 69. 5? 2 + 103. 6: has 152,78 + ... ad inf. 
== 9878 — 1r?. 


(The value of the right-hand side is less than ‘009285), 


* 1 is not regarded as a prime number. The functions po(n) and A(n) are well- 
known in the Analytic Theory of Numbers, See, for example, Landau, Handuch der 
Lehre von der Verteilung des Primeahlen, 
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1145. (N. Doramzan):—n rods OA,,OA,,... OA, are hinged 
together at O, which is a plane joint. Show that the area of tbe plane 
polygon A, A, ... A, isa maximum when the circles on A,A,, A,gAg, + 
A,A, a8 Hinfvebars have a common orthogonal circle eet that the peri- 
bees he is a maximum when all the sides teach a circle. When there are 
only 3 rods, can the triangle be constructed with a ruler and compasses P 


1146. (A, Narastnaa Rao) :—If three integers be chosen at random, 
the probability that no two of them have a common factor is 


8) fie, eral os 








Le 
or 
where & ‘s) is the sum of the series Sam 
1 


1147. (A. Narastnas Rao):—(a,) is a monotonic sequence of 
positive terms and a ret S ia constructed every member of which is the 
sum of any number of distinct «’s. Show that if S is to be dense every- 
where in some interval, f 


(1) zero must be the limit pt. of {a») 
and (2) dn > Qny1 + Gni2 + ... to © for sufficiently large values of n. 


Conversely if (1) and (2) are satisfied by all the terms of the sequence, 
the ret S is everywhere dense in the interval (0 tos ax), if Sd, be 
1 
convergent, and in (0 to «) if = a, diverges. 


1148. (A. A. Krisonaswaui A1yancar) :—Given two vertices of a 
cyclic quadrilateral and the loci of the other two vertices, discuss the loci 
of the points of intersection of the three diagonals taken two by two, 
Give a purely geometrical investigation in the particular case when the 
given loci are concentric circles. - 


1149. (S. Anayrarsma Aryar):—P is a variable point in the plane | 
of a A ABC which moves so that, if PD, PE, PF are drawn perpendi- 
cular to the sides, DEF remains constant in area. Prove geometrically — 
that P moves on a circle, Ls 

1150. (Martyn M. Toomas, M.A.):—Tf A and P,, be the correspond- _ 
ing radii of curvature of the curve p = f{r) and its nth negative pedal 
show that “i 

nv? = (ari— 1) Pag hyd lo dnt Lp pe eee 

see — — . k 


(n + Dr? —np PZ 2 2— Q— 22 ipa ae Ps) 
to n + 1 fractions, 
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AN ALGEBRA OF ARITHMETIC FUNCTIONS. 
By F. HAtiBera. ‘ 


jj (Continued from Vol. XII, page 216.) 
« i ie 4 
The Units of the Algebra. 

§ 17, Definitions. 

From the development so far, it is evident that our algebra may be 
considered as a quasi-linear algebra, differing from ordinary linear algebras 
in haying an infinite number of units, Seach an algebra may conveniently 
be called an infinitary algebra, 

There is eons a principal unit or modalus : 

s = [1,1.0, 0:0, sa deze 2, ous ste UTA) 
the etre, units being defined by 
eo = (0, iP 0, 0, see ] 
e, = f0, 0, 1,0, ... ] 1 
2 ie a 7,11 
= f0, 0, 0; 1, .. J ( ) 


Hence every A. F., [rx], can be expressed in the form 


X = [¢,] = > ett Di i ve (17,2) 


n=l 
the elements of the A, F. being regarded as co-ordinates of an infinitary 
complex number X, and belonging to a given number field, with respect to 
which the units ¢, are linearly independent. 


I 


Lat 






2 


Krom the definition of the process of multiplication in formula (2.3 
it follows that the units are subject to the multiplication table 
% * eee tee (17 


Cm Cn = Cmny vee T ie ® ’ 
so that the product of two infinitary complex numbers, X and X’, may be 
written XX’ ={X’'X = > Pa 2 a eS oe (T3N 

m, neal 


Thus the product is itself an infinitary complex number. 


§ 18. Some characteristic features of the infinitary algebra considered, 
Assume that for two infinitary numbers, X and X’, with real co- 


ordinates, x, and 2’, ; 
GK. yc: * ee ei (18.1) 


Excluding the trivial case in which both the given infinitary numbers 
vanish, we assume further that . 
e,=H¢,=7,=..02,-1:=0, «.. .. (18-101 
em 3 me at «» (18,111) 
rv being a positive integer. 
By (18.11), the co-ordinate with index * in the product is reduced to 


#, 2, =0, ee: we (18.12) 
from which follows, by (18.111) 
we = 0. 4s ... (18.190 


Next, let p be a prime, and consider the co-ordinate with index pr in 
the product, By the aid of (18,11), (18.121) we obtain 
L, v', = 0, 4 ons a (181g 
and henee, by (18,111) 
ty = 0. sad «» (18.131) 
If now g is another prime, different or not from p, the co-ordinate with 
index pgr in the product becomes, by (18.11), (18.121), (18.131) 
en we: < we (18,14) 
and again, by (18.111) 
Ino = 0. sk ve (18.141) 


Continuing in this way, we see that erch ec-ordi: ate z, of X is identically 
z ro. This resnlt may be expressed as follows :— 


The necessary and sufficient conilition that a product of numbers with 


real co-ordinates in the infinitary algebra considered shall be zero, ts that at 
least one factor is zero, 


2 
o 


Consequently the theorem of Frobenius, that the only linear assvciative 
algebras over the field of reals in which a product is zero only when one 
factor is zero, are the algebra of reals, the algebra of ordinary complex 
numbers, and the algebra of real quaternions, cannot be extended ’to 
infinitary algebras. (For the above theorem, with references, see L, E. 
Dickson, Linear Algebra (Cambr. Math. Tracts, No. 16), p. 1O—12.) 


It is clear that the above proof is valid also if the co-ordinates of our 
algebra are ordinary complex numbers. 


It follows, that our algebra is not nilpotent, since no number X 
exists, such that 
aw ‘ X == 0, re is. 418.9) 
X* = 0, hee haan gs Big 

k being a positive integer, 


' One of the most interesting questions in counection with our algebra 


is that of the process of division. We noted already in § 2, that if the 
co-ordinate for the modulus in the divisor vanishes, while the corresponding 
co-ordinate in the dividend does not vanish, the operation is not possible. 
This followed at once from formula (8.9), from which we also deduced, 
that if the first mentioned co-ordinate did not vanish, the quotient always 
existed. But there are other possibilities, Thus 

Cm ox ¢, “ri ore tio) 


en ri 


provided m is a multiple of 2%; otherwise the quotient does not exist 
Similarly, from an identity such as 

(alm + ben) (Aer + Bes) = atemr + ABlms + buen + DBE we (18.4) 
it is easily seen under what conditions an expression like that on the right 
may be factorised. A discussion of the general case would carry us too far, 
It may be observed, however, that if ¢,, and e, are the units with non-zero 
co-eflicients of lowest order in the dividend and divisor respectively then the 
condition for the validity of (18.3) is a necessary (but not sufficient) 
condition for the existence of the quotient, 


[It is perhaps worth mentioning that some of the above anomalies 
with respect to the operation of division may be avoided by the admission 
of units with fractional indices, subiect to the multiplication table (17,3): 
Since other complications are introduced simultaneously however, the 
algebra obtained will not be further considered here. ] 

In § 3, we utilised a connection between our algebra and the theory 


i irichlet’s seri i ity and clearness in our repre- 
ordinary Dirichlet’s series to attain brevity an ur t 
on : It will now be readily understood that the process indicated 


4 | 


furnishes the results obtained because of the fact, that we may, provi- 
sionally, put Cn ~ 27, bs wd (18.5) 
where s is anarbitrary complex number, the function on the right be- 
having in a manner similar to that of the unit on the left with respect to. 
the fundamental operations of ordinary algebra. In the place mentioned, 
we remarked that the convergence or non-convergence of the D. S. was 
of no account. This we now propose to prove. 


For this purpose, assume the more general equivalence 


en ~ {f(n)} 8, ose seg (18.6) 
f (n) satiefying the functional relation (5.1). This implies 
fQ) =1, st ww.  (18.61}9 


Let now an infinitary number X be given, It is clear, that a sequence of 
primes g, may be chosen, corresponding to the natural sequeace of all 
primes py, such that 


f (Pr) = dry sh we (18,62) 

and that the D.S., 
> nf (m)}~2 >. ane wee (18.63) 
n=1 c 


possesses a half-plane of absolute convergence, the primes q, being taken 
all different, and arranged in order of magnitude. It is further evident, 
that if some of the primes g, are chosen larger, the new D.S. will still 
possess a half-plane of absolute convergence, with a limiting abscissa not 
larger than that of the former. If now a set of infinitary numbers be 
given, while others are derived from this set by means of functional opera 
tions, the sequence g. may be so chosen, that every infinitary number: 
corresponds to a D, S. of the form (18,63), with a half-plane of absolute 
convergence since any function of one or more such D.S, may be written 
in the torm of a D, S. of the same type, f (n) satisfying the relation (5.1), 
In the region common to all those halt-planes the arbitrary s’ is supposed 
to be situated. Then the terms may be rearranged so that the D.S, become 
of the ordinary type, with this peculiarity, that there is a set of zero co- 
efficients of constant order common to all the D. 8. ; 


Let now two equivalent functional processes be applied to series of 
our set. The results must be identical, z.¢e., the difference between the 
results must vanish identically, But then all the coefficients in this’ 
difference must be identically zero, otherwise we could find a value for s 
in the common half-plane of absolute convergence for which the D. 8, in 
question has a sum different from zero. [Vide E, Landau Handbuch det 
Lehre von der Verteilung der Primzahlen, p, 747], Passing over to our 
algebra, we have the important theorem ; | 


a) 
Equivalent functional, processes, applied to the same infinitary numbers 
of our algebra, furnish identical results, 


This theorem justifies the definition of inverse functions, such as that 
of the logarithm by means of the identity 


Exp.(log X)=Y, a. 4 8? 8818.7) 
§ 19. Conditions for functionality. 


: In the present paragraph we propose to deduce the conditions that 
‘the infinitary variable 


@ 
Y= > Yn Cn sat ie 24640c)) 
n=1 
be an analytic function of the independent infinitary variable 
@ 
X = » an en 4 ve (19,11) 
n=l 


We obtain by differentiation 


Y Pee 
ae SY Mae. 2, Or > en OY. ve (19.2) 





Ory ie dX i Orr a dX O%y 
n=l 
Assume y = kl, iy AH. ©  sPA9IS1) 
when (19.2) gives 
Xe? Bee a 
Oyn 2Ym 5 
“> on Ue «> em se, wwe (19,22) 
n=1 mami 
or by (17-3) 
 ipnate CRE Daprcbs 
Yn = OY m ba a 1 
> én ee > tem SU. ve (19°21) 
n=l m= 


It follows that the indices of the units in the sum on the left must be 
multiples of k. 


Putting 
n = kmil,,.. eee wee (19,222) 
we obtain the necessary (but not sufficient) condition for functionality 
Dyim Om a 19°3 
KI dat” su) 


Iu addition, if n is not a multiple of &, (19-221) gives 


O9n ree 0, ae sts we (19°31) 
IKI 


6 
from which follows, that the derivatives in (193) vanish, unless m is 4 
multiple of 2, or, by (19°21), (19°222) 
RH 18 oe rhe ink coo  (19°4) 


As the necessary and sufficient conditions for functionality, we thus 
finally obtain, by the aid of (19°3) 


= OY | 

by" “| da, ; ze we (195) 

Oty 
= 0 

according as (19-4) ts, or is not, satisfied. 


If these conditions are satisfied, we have 


dy _ oy 
da de, 


by putting » = 1 in (19 2). 


te we (19°6) 


The relation (19'5), (19°6) may be at once vertified by the aid of (9°3), 
which may be written 


oO 
f| Saab feat Wreath fe) a 


n=l 


+} % 1 f (%) + ey (x) es + if (,) é; 





@, ” 
si i Peds Ar @ \ 65 + vase (19°7) 
§ 20. Transformation of units, 


Lex X be any given number of our infinitary algebra, which from 
its connection with Virichlet’s series may be said to be of Dirichlet’s type. 


We may now construct a new infinitary algebra with the units 
E, = X-1, He we (201) 
subject to the multiplication table 


Po BE, 51 B ig ; ve (20°2) 
We may, for example, let 


={lj, oe we (208). 


when 
E,=e,=1, 
@ 
E, = és = [2]. 
n=l 


see see (2031) 


E, =>! (n). en= [ ] : 


4 
If now the e’s are supposed solved with respect to the E’s, we may 
express any number . 


A =Si ey — a ae r (20.4) 


n=) 
of our initial algebra in the form 


oo 
A =SA, glo ae eee 
n=1 
This process would, however involve a discussion of infinite determi- 


nants, which we may avoid by observing that the units E, may provision- 
ally be defined by means of the equivalence 


E; ~x" |), eee eee eee (20,11) 


where X is an arbitrary complex number. Just as we, in § 3, established 
the connection between our initial algebra and the theory of D.S., we 
may now similarly connect our new algebra with Mac-Laurin’s series, and 
speak of it as an infinitary algebra of Mac-Laurin's type. 


The operations of addition, subtraction and multiplication of this 
algebra are defined by 


AxtB= > eto ay Ko eres (20.5) 


n=1 


a n 
A.B= > (Ss Ai By-+1) SR Pee SY) 


n=tiol 


The process of division is defined by the formula 


- 1 _ Ag 4s\'_ 4 E 
ate 7 [2 am, +{ (2 a} 3 


_f f4r\* 29 fet fe 44h | 20. 
{ (7) gfe est s+» | 207) 


provided the condition . 
A, = 0 see eee toe eee (20,71) 


is satisfied. 


[As in the case of the algebra of Dirichlet’s type, certain anomalies 
with regard to the operation of division appears in the present algebra, 
which may be partially eliminated by the admission of units with negative 
and zero indices, subject to the multiplication table (20,2), an artifice which 
will, however, introduce complications in other directions. ] 


The infinitary algebra of Mac-Laurin’s type may now be developed on 
lines similar to those followed in the case of the infinitary algebra of 
Dirichlet’s type. Although the two algebras are equivalent under linear 
transformation of unitsin the field considered, the former appears to 
be of less interest than the latter, and to furnish less elegant results. It 
will therefore not be considered further here, 
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THE GROUP-THEORY ELEMENT OF THE 
HISTORY OF MATHEMATICS* 


By Professor G. A. MILLER, 


University OF [LLINOIS. 


EW mathematical terms suggest such fundamental human cravings 

as the term group, and few have been more appropriately chosen. 

Just as human society has led to perplexities which increased with the 

advance of civilizition, so the mathematical group-theory has given rise to 

problems which became more and more difficult with the advances in the 

development of mathematics. In both cases the primitive stages are com-~ 

paratively simple and their history throws important light on the later 
developments. 


The history of the mathematical proup-theory can be conveniently 
divided into three periods. The first of these extends from the beginning 
of mathematical history to about 1770 a p, and may be called the implicit 
period since the group concept was then em ployed without being explicitly 
stated. The second, or specialization period, extends from about 1770 to 
about 1870. During this period the theory of substitution groups was 
founded as an autonomous science and the usefulness of this theory in the 
study of algebraic equations was emphasized. The third, or generalization 
period, extends from about 1870 to the present day, and is characterized 
by increased generalizations by abstraction and the explicit use of groups 
in each of the large domains of mathematics. 


The most fundamental property of the elements of a group in the 
common restricted serse of this term is that they satisfy the condition 
that each group contains one and only one element which satisfies the 
equation 

xy = 4 

whenever any two of these symbols are replaced by two equal or unequal 
elements of the group. This condition is evidently satisfied by the 
members of the number systems of the ancients, including the Babyloni- 
ans, the Egyptians and the Greeks. On the other hand, the zero of our 
common modern number system destroys this group property of the entire 
system. If the zero is « xcluded the rest of these numbers (real or complex) 
constitute a group as regards multiplication. 


One of the oldest groups of operations in the history of mathematics 
is the multiplication group whose elements are all the ordinary rational 
>? SA Pee Se ; AL 








* From The Scientific Monthly, January 1921. 
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numbers with the exception of zero. This group is used implicitly in the 
Ahmes papyrua, written about 1700 8. c., since the linear eqnatiog and 
fractions are found frequently in this work. It is an interesting historical 
fact that for many centuries after this date the ancients seemed to have 
considered only numbers which are elements of this group, and one is led 
to inquire to what extent the guiding influence of the group concept was 
responsible for the late introduction of zero as & number. 


It might at first appear that the introduction of zero as & number 
tended to show that the group concept was not a fundamental guiding 
principle in the development of arithmetic since it failed to dominate when 
opposing forces presented themselves. Tbe impression that the group 
concept did not dominate when zero was introduced is, however, not quite 
correct, since this number which was rejected by the multiplication group 
was destined to become the principal element, or the identity, of the addi- 
tion group. “The atone which the builders rejected, the same is become 
the head of the corner.” . 


It is an interesting fact that the addition group was made possible 
by the introduction of zero and by granting full pumber citizenship to the 
negative numbers, and the latter was done about the time when the malti- 
plication group was somewhat impaired by the introduction of zero, 
These important extensions of our number system were completed during 
the seventeenth century but some steps in this direction had been taken a 
thousand years earlier especially by the Hindus. In particular, Brahma- 
gupta had already illustrated negative and positive numbers by debts and 
credits and he observed that a debt subtracted from zero becomes a credit 
and a credit subtracted from zero becomes a debt, and if one subtracts a 
debt from a credit or a credit from a debt one obtains the sum. 


The long delay in the general introduction of zero as a number seems 
to show that the ancient peoples held tenaciously to the view that all of 
the numbers without exception should constitute a group as regards multi- 
plication, It is doubtless true that the group concept was not clearly 
observed by them and that they could not have given a satisfactory account 
of the motives which guided them in their efforts for more knowledge 
y bovt numbers, but the fact that they were guided by this concept seems 
to be well established. 


H. Poincaré pointed out that the same concept guided the ancients 
in their effor's to secure a knowledge of geumetry and he noted that 
the ubsence of any direct reference to groupsin Euclid’s Blements was 
due to the fact that the group notions were amorg the oldest mathemati- 
cal notions to be assimilated and hence they did not seem to require ex- 
plicit mention even at the time of Euclid, notwithstanding the fact that 
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the principal foundation of Euclid’s demonstrations is really the group 
and its properties.' In view of the fact that the group notions are so 
fundamental and elementary that they did not seem to require explicit 
mention at the time of Euclid, it may at first appear strange that during 
the latter half of the nineteenth century these notions assumed a promi- 
nent place in the mathematical literature and that the subject of group- 
theory began to be regarded as one of the most difficult in the whole range 
of pure mathematics, 

The reason for this change of attitude on the part of the mathema- 
‘ticians is not difficult to discover. As long as only the most general 
notions of groups were needed the subject was naturally regarded as too 
elementary to require any special attention, The idea that a set of distinet 
elements should have the property that any two of them can be combined 
into one and that this one is also found in the set was illustrated not only 
by the natural numbers but slso by the movements of figures in space, and 
hence this idea became firmly fixed in the human mind at an early age. 

It is in accord with the human yearnings for completeness and it isa 
natural extension of the notionof cyclic changes which were illustrated 
by the daily and the seasonal apparent movements of the sun. 


There is only a short step from this idea of completeness to the idea 
that a set of distinct elements has the property that: when any two of the 
symbols in the equation zy=< are replaced by distinct or equal elements of 
the set, the resulting linear equation has always one and only one root iu 
the set. If we add to these conditions the condition that the associative 
law shall be satisfied when the elements o! the set are combined, we have 
a complete modern definition of the term group, and it is at once apparent 
that this definition involves only very funda.nental and elementary notions 
1) regard to laws in the world of ideas, 

While the general laws of the group are very mild, they required excep- 
tions at an early stage in the growth of mathematics. As was noted above, 
the entrance of zero into our number system required some modification of 
these laws as regards the operation of multiplication, The one law of 
combination imposed by the group notion was too narrow for the full 
development of our operations with numbers, where two modes of combi- 
nation, now known as addition and multiplication, were developed even in 
pre-historic times. Historically the group concept may therefore be said to 
embody fundamental laws of combination with which human beings 
' ‘became acquainted in pre-historic times but which had to be violated in 
certain respects in order to secure the most fruitful mathematical develop- 


‘ments. 


es ee ra Eero es ae Pete Ps 
1 H. Poincaré, “On the Foundations of Geometry,’ The Monist, Vol, 9, (1898) 
P 84, 
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As these laws were not formulated in the abstract until about 1870, 
their early violators were naturally unconscious of the significance of their 
steps as regards the group concept. In fact, these laws might never have 
been formulated if it had not been discovered that without violating any 
of them it was possible to develop a very useful and extensive body of 
knowledge, The mathematical world discovered this fact by accident and 
at a comparatively late date. The discovery seems to have been due to,the 
development of a large body of knowledge relating to a special class of 
groups now known as substitution groups. 


The fundamental ideas involved in this body of knowledge are also 
very elémentary. About 1770 J. L. Lagrange and others were much 
interested in the solution of the general equation in one unknown, More 
than twocenturies had then elapsed since several Italian mathematicians 
had discovered algebraic solutions of the general cubic and of the general 
biquadratic equation, All efforts to obtain a solution of the general quintic 
had failed and the mathematical world was becoming more and more 
deeply interested in either making further advances along this line, or 
proving that such advances are impossible, 


In the study of the methods which had led to success for the lower 
degrees it appeared that the number of different formal values which 
certain unsymmetric rational functions of a number of variables assume 
when these variables are permuted in every possible manner was of funda- 
mental importance. For instance, the expression 7,2, +,”, assumes the 
following three values 
| LyiXet UL, © LU, B, Ls, VX, + LL, 
when the four variables 7, %,,%,,%, are permuted in every possible 
manner. As there are 24 possible .permutations of these four variables 
eight of them transform sach a function into itself, These eight per- 
mutations constitute an important substitution group known as the octic 
group, 
In gencral, all the permutations on m variables which transform 
into itself a certain rational function of these variables constitute a substi- 
tution group. Hence the study of such groups seemed important for the 
purpose of proving the existence or the non-existence of rational functions 
of a given number of variables which assume a given number of values 
when these variables are permuted in every possible manner, The concept 
of a substitution group on n variables is thus seen to be a very elementary — 
oue but the study of such groups led to a large body of theorems, Some 
of these appeared elegant even if they were supposed to apply only toa 
rather special field, 


[To be continued. } 
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Leaves from a Lecturer’s Diary. 


The following demonstration for obtaining the recurrence formu's of 

the convergents of a continued fraction is short, 
qc la, (5 Maak (43 
5b, + 5, + 0b, 


4 be the continued fraction it is obvious that 
3 eee 
the nth convergent 


pn _ Adn + Bb, 
Gwen naa dr Dds 
in lowest terms where A, B, C and D are functions of all the elements 
up to the (n — 1)th. 





(a) 


Jf in 7 = ra & 5 x i 4 ae + i , a» = O, this reduces 
n 1 2 eee ru u— n 


to P"=1, while if b, = 0, dn-1 + ©" becomes infinity aud therefore every- 
qu-1 n 


thing after 6,-2 becomes ~z ro, thus reducing the convergent to a 


Now on inserting successively a, = 0 and 4, = 0 in (a), we get 
n—-2 


pL ee paler. 


=, 


qru-1 D qu—2 C 


Hence Pu _ Gu pr- 2 + bn Pn-1 
qn An Qn-i ¥ On qn-1 





from which the proof may be completed for equating the numerator and 
denominator separately as in the usual manner. 
KKK KKK KK 


It is fairly well-known that the cissoid y?(2a — x)= «° can be 
employed to solve the Delian problem of inserting two mean proportionals 
between two given numbers. The following analysis of the proof given in 
Edwards’ Differential Calculus, § 438, serves to suggest a curve which can 
be similarly employed to interpolate » mean proportionals. If two means, 
say a and ®, are to be introduced between a and b (say a > 0), we are 
required to have = = : = g, 1.6 0-0 = O55. ee Lal 
Now describe a circle of radius a with A as centre and let OC be a 
diameter. Upon AD, which is perpendicular to it, choosing AB = 6 and 
Aa =, we find for the eqnations of OB and Oa, respectively 


ay + ba = 2ab ... we, (2) and ay = Ow, seit (0) 


Eliminating « and 6, we find for the locus of P, the intersection of (2) 
and (3), the cissoid a a y%42a — @) 


id 
Conversely when the cissoid is drawn, we have the construction given by 
Edwards quoted above. Similarly if » mean proportionals are to be in- 
serted, say a, @ ... such that = = le... ; which gives «"*t! = a"b, 
Eliminating as above a and } between this and (2) and (3) given above 
we are led to the curve etl = y"(2a —2@), 
The converse process of determining a is precisely similar to the above 
construction when this generalised cissoid is drawn, After « is deter- 
mined, £, y, ... are each dstermined by the ordinary methods from 


GB Rie siayic Boe 
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SOLUTIONS 
Question 661. 
| (S. RaManusan):—Solve in integers 2° + y* + 2° = u* and deduce 
t he following :— | | 
(i) 68 — 5? — 3° = 2° (ii) 8° + 6° + 1% = 34 
(iii) 12° — 10° + 1" = 3% (iv) 46® — 87° — 3% = 6¢, 
(v) 174° + 1338 — 45® = 14°, (vi) 11888 — 5098 — 3° = 34°, 
Solution by Prof. N B. Mitra, M.A. 


To solve apy +2 =u’ «+ (4) 


= v8, where y = u', 
(i) A particular solution may be obtained thus :—~ 
We have a2 + 78 = v3 — 28. 
Let ea ptoyep—q 2=r—s verts, 
Then substituting we get, p(p* + 392) = s(s? + 3r9), 
Put p = a(ll + 3m), g =a(l—m), * = bl, ¢ = 34m, 
we get, 4a%(1 + 3m) (12 + 3m?) = 9b8m(/9 + 3m), 
so that 4a8] = 3m(3b* — 4a"), 
so that we may put? = 3(3b8 — 4a8), m = 4a’. 
Substituting and writing a for 2a, we get, 
2 = a(9b° — a8), y = at, 2 = 3b(3b° — a‘), u = 3a2, 
Putting a = b, we get go [8 4 Ge's 38°.. (ii), 
(ii) Another special solution may be obtained from Q. 441 pro- 
~ posed by the late Mr. Ramanujan (J. I. M.S., Vol. V, page 39). 
We have (3a%+ 5a) — 5b*)8 + (4a* — Aab+6b3)2 + (5a’—5ab — 3b")* 
= (6a? — 4ab + 4b*)s, 
A solution of the present problem will be obtained if we can make 
6a% — 4ab + 4b2 a perfect square, 
Assume therefore 6a? — 4ab + 4b2 = (ka — 2b)8, 
whence a(ka — 6) = 4b(k — 1). 
Hence we can take a = 4(k — 1.6 = 22 — 6 and we get the follow- 
ing values © = — 5+ + 20k8 + 88k* — 216k — 12 
y = 6kt — 16k8 + 8k? — 382k + 184 
2 = — 3k* — 20k8 + 136k* — 40k — 148 
4 = 2k* — 4k + 6, 


it 


il 
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Patting 
keal, we pot —125* + 1508 — 7589 =10! or —5*+68—38=2° ... (i) 
k=2, — 128 +1203 + 1088=12° or 18—108 +12°=3°... (iii) 
k=0, —198 + 1848 —1488=14° or —38+ 468—373 =6°... (iv) 
k=4, 5328 + 6968—1808=28° or 1338+1748¢—458=14°. (y) 


(iii) We may proceed also thus:—Mr. S, Narayanan in his 
solution of Q, 441 shows (J, I. M. S., Vol. VI, page 226) that if 


(pa® + mab — mb*)8 + (na? — nab + 10%)" + (ma? — m1b — pb) 
= (Ia? — nab + nb*)s (1) 
then 7 =ta(a8 + 1°, m = 28 —1, n =r>(08 —2), p= rast... (2) 

Multiply both sides of (1) by /8; 
then ther .h.s. = (a2 — Inab + Inb2)s. 

Assume /8a3 — Inah + /nb? “= (la + kas, whence a:b=(In — k*): 
(12k — n), so that we may take a = In — k?,b = 1(2k —n) wey (3) 

Then a solution of the present problem is 

© = pat + mab — mb?) 9°, 

y = U(na* — nab + 1b) o8, 

z = I(ma® — mab — pbs)q%, 

u = U(ln+ka—kn) q where q is any quantity. 

To get numerical values, we give any value to a, then (2) gives us the 
values of /, m. a, p. These together with any value we may give to k 
determine a and b by (3). Then we choose g so as to make x, y, 2 integral. 
If 2 is a square, say r*, then we may omit the factor 7 from the values 


of «, y, 2 and substitute » for 7 in the value of wu. Otherwise the values 
of x, y, 2, u will have a common divisor. 


This solution is however still not general. 
(iv) We may obtain a more general solution in the following way :— 


Euler gives the most ¢-neral solution of A8’ + Bs + C3 = Deas 
follows :—- 

A = (3a4¢ + 3be — ad + 3bd) (d? + 3c2) — (as + 3b2%, 

B = (3ac — 3be + ad + 3bd) (d2 + 3c*) + (a2 + 3b%)s, 

C = (d? + 3c?) — (Bac 4+ 3be — ad + 3bd) (a? + 3b), 

D = (d3 + 3c?)3 + (3ac — 3be + ad + 3bd) (a2 + 3b?) 
so thatz = AD, y = BD, z = CD, u = Dis a solution of (a). 


The defect of this method is that the values of 2, y, 2, x so obtained 
haye & common divisor, 
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We may attack the problem in another way yet. Give any values wo 
like to a, 6, 0, d and thus obtain the values of A, B,C, D. Tf in any case 
D is a equare, we obtain a solution of (a). 
The problem of finding the general solution of 


(a2 + 362) (Bac — 3he + ad + 3bd) + (d2 + Sct)? = w2 
giving all the sets of values of a, b, c, d, w seems to be intractable, 


Question 681. 
(S. RamManvyan):—Solve in integers 23 + y3 4+ 28 = 1 and deduce 
the following :— 
(i) 68 +89 =93—1}. (ii) 98 + 10,— 1283 41, 
(ili) 1358 +4 1388 = 1728— 1. (iv) 7918 + 8128 = 1010® — 1. 
(v) 111618 +114688=14258°+1. (vi) 656018 + 67402? =83802¢ + L. 
Solution by N. B. Mitra. 
A particular solution may be obtained in the following way :— 
Pult=p+qyop—q,2=2r—1. 
Then p(p? + 39%) = (1 — 1) (4r2 — Qr + 1). 
Let p = 3a, q = a (4r — 1). (This introduces a restriction). 
Then we get after reduction and cancellation of the factor 47s—2r +1, 
r = 1 — 36a8, q = 3a(1 — 48a8) 


whence x = 6a(1 — 2408), y = 14404, 
z = 1— 72a8 
or writing a for 2a, 
2 = 3a(1 — 3a’), 
uv = 9a‘, 
2 = 1 — 9a’. 
Putting a+ 1, weget — 684+ 99— 88=1 4... ve Ui} 
a=—l, —12e49+4+10%=1..,, we (ii) 





Question 1074. 
(V. THirvvenKATaonart) :—If a,, dy, de, -.. A, ben unequal positive 
numbers, show that 
(i) L, = (G,G,G, .. VW(G2Gy +. )s 
(ii) Gy = (L,0L,L, ... )/(LgL, ... ), 
where G,. denotes the product of the G.C.M.’s of the numbers 7 at a time 


and L, denotes the similar product of the L.C.M.’s. 
3 
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Solution by P. R. Venkatakrishna Iyer, 
Let a, a PPO as PPG a = PPG oa 
9) 92 Ir 
where G is the G.C.M. of a,, ay, ... an, and P = 9199 «+» Jn, (one or more 
of the numbers g,, go g» ... may be equal to unity), Also P,, A, P. ... 
A, and 9, 92; gs ««» gn are all prime to each other. 
Denoting the product P,P, ... P, by the letter p, 
we have G, = p. P*-1G", 
"Cy "Cy "10, Oy 


PB. UG, 
Pra-1 ara G ° 


m=10, *Q, 
similarly G, =P G 


Gy = 





"0, 70, 

_ P 2g fee *C, 
a tot dbbei ad j 
BP 
p” 10, qs 


ie Pe = 


Qi, = POG" 
Gh = G, 


When x is even, G, Gs. G, se Gant 


Gt bc Agee ‘nrie Gn 
p” 1c, + Orly Rae AIO? reMmee' + 05. + ce ick 70, 


~ POO + 10, a AIO SE ge ag ee 
P 2 4 + PO un C, q'Cs + 7C, + eee + OF 
n-2 Am 
fe, Fipo G? He 
= P.—.-3— * —7— = 7. PG 5,,” 1, being the 1.0.4. a 


p2 -—1 Qi i 


Again, L; =), Px-1@Q* 
“Fe =a (pay "Ce 
Le C1 (pa@y"e 


AD at 


L, = p. . ' cpqy"©: 
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Lignan =p. ©* (PG) C2 

 TatT L,-1 = p*} (Pq) 

i _ Lg sp.P.G. 

Lip .Ligodig.« Dns 

ih ee ees | 
pot * Oy tent, BA lthMehh9O,+ ... + °C, 


ee =e F 
oaett ®~10 5 + eh? 70, + a—10), poet Mat woe $70, $+, 


When n is even, 


. qr + 70. +. + 0, 
qrls + Ort... + 0, + "Co 
772 eee at ae! 
ee Pee po Ee 6 Ox A G.. 


n—2 n=] n—l 


p* pa > G2 -1 


The results are true when n is odd, 








Question 1081. 

(K, J. Sansana, M.A.) :—If a, }, ¢ be real unequal quantities whose 
sum is zero, prove that the equation 

4 (a2 + b* + c2) w® + 18 abe w® — abe (a? + 0° + c*) a 0 
has two imaginary or complex roots. 

Solution by Hemra). 
The Hessian of the cubic is 
18 abc @? + 2 (a2 +b? + 0°) o +d abo(a? tb? +0) =3 
The roots of the Hessian are real if 
(a? + 6b? + c?)® > 54 a%b’c? 


since v+F+ce>d0 
ie. if 27a%b%0? + 4 (be — a7)* <0 
i.e. if 15a2b%c’ + 4 (b%c® + 3atbe —a°) <0 


ie if 30%" (a? +2) — 12ab (a* + b*) 
—4(a* + b*) + 26a? <0 
jeif 8a°b? — 12ab (a + b)?— 4(a® + ab + 6)? <0 


since (a — b)* <0 
i.e. if 4 (a + b)* —4ab(a + 0)? + ah? > 0 
i.e, if (2c? — ab)* > 0 which is so. 


Hence the cubic has two imaginary or complex roots, 
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| Question 1087. 

(A. A. Krisuyaswami Aryancar):—ABC is any triangle. DEF isa 
triangle inscribed within it, D, E, F lying on the sides BO, CA, AB res- 
pectively, and O,, O,, O, are the orthocentres of the triangles AEF, BDF, 
CED. Prove that (i) the area of the triangle O,0,0, is equal to that of 
the triangle DEF and (ii) the two triangles 0,0,0, and DEF can be 
inscribed in the same conic, 

Solution by Hemraj and Tiruvenkatachart. 





‘@ 
Let O,, 0,, Os, be the orthocentres, 
Let O, D, O, HE, O, F form a triangle LMN. 
Since O,F || O,D, FO,, | EO;, 0, || DO,, 
(i) -. OO,FO; = O4O,FD 
ww AO, LOp=]Aa'\FLD 
and 4O,MO, = AEMD } Adding we get 
A0,NO,;=QOENEF | 4219,0, = DEF 
ALMN =A LMN 
(ii) O, FO, DOE is a hexagon whose opposite sides are parallel, 
.. the points of intersections of the opposite sides are collinear. 
Hence O,, F, O,, D, O3, E lie on a conic. 
TT 
Question 1089, 
(‘S. Maabevan) :—Prove that if | #®| <1 
x 2? x 
(Tage (+08)? + (Lease toe 


on oe 227 + 822 ne) 
l—z l—,? foo "see pee “> Ni? (2) Fd 
1 


wa 


9 
where | (n) denotes the excess of the odd over the even divisors of x, 


1 and x being reckoned as divisors. 


Solution by Hemraj. 


Expand the terms of the Ist series and place them upon a summation 
diagram. 











x 
al —2a* 32° —4az* dz 
(1+ a)* | 
v2 ‘ | oe | 
(ha)? ' w? —2e* 3a. —4e% dpi ' 
Ge | 


a a? Sahs Behe — AO. 1 





Now consider x 2X3 3X8 4x4 
. ="  Sxks 3X6 4X° 


xoe ox? 3X*® 4X12 





where X = | g | 


The second summation-diagram, consisting of positive numbers only 
is convergent, since if we sum by rows, we get 
x x? x 
(i—xX) + (1—X?)3 + (1—xX5}* + eeeere 
the limit of whose convergency-ratio is 
Lb X*t1 a— x") 


ee . — ae. i 
tec (I—xX"*1 xX < 





Hence the original summation diagram is absolutely convergent and 
may therefore be summed by any convenient system of curves, 
2 


: x x x? 
If we sum by rows, we obtain to? + (1+x2)? 7 (1+a5)4 a 
£ 22% 32° 
If we sum by columns, we get Ce epre e + igo (2) 


Hence (1) and (2) are equal. 


lf the above double series be arranged according to powers of #, we 
sum it by columns. Since the double series still converges after every 
term is made positive 
the sums by rows and columns are certainly equal ; 


(1) =e — a Hp 4a — Fat +H seer => ea 
1 


——" } 
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Question 1090. 


(S. Mawapevan):—The focus S is joined to any point Py on the 
ellipse, P,S cuts the ellipse again ia Q,, Q,S’ cuts the ellipse again in Po 
and so on. Show that SP, ultimately tends to coincide with the major 


axis. 
Solution hy Hemraj and Kewalramani. 


Lot the eccentric angles of Py, Qy, Pos Qaevees Q, 4, P be 61,41, 
Cos Dar scrice at]! Ons Then it is easy to show that 
es De 


tan a ' tan # = cot *! cot os = tan* Es tan eee 


jade "6. 
2 cot 9 


cot = a (say) 


e 6, , 2(n—]) 
.-. tan 3 bat ay 


Py 
Now tan, 33 tan yom A (Se 1). 


e 4 > 
vo Oe O or m according as > a, i, 


.. SP» tends to coincide with the major axis, 





Question 1081. 


(Enquirer) :—IE a, 6, c be the radii of three circles which touch one 
another externally, and +, and 4 be the radii of the two circles, that cau 
be drawn to touch these cares prove that 

1 I 24) 2 2 
trkts Cueto 
Solution (1) by Hemraj and Martyn M. Thomas. 
(2) by N. Sundaram Aiyar, 

(1) Let A, B, C be the centres of the circles a, 6,c. Take A as the 

origin and, AB as the w — axis; Then the equations of the circles are 
a? + y2?—g? = 0) 
o + yr —2(a +b) + a* + Zab OQ 
w+ y? + 276 + Wy +o =0 

where c! = a? + 2ac, 


7.8 = Riser te 


98 
and f? ex 4060 (a + b+ 0) 4) 


yd ds... tee eee eee see 
If they are touched by a fourth circle excluding them all, then let ite 
equation be 
e2 + y2 + 2Ga + 2Fy + C = 0 
where © = a® + 2ra 
G=.— (a+ oo r). 
a+b 
F? f b (rte) — chai I Bd ef Ma Se 
Soe tre tore an Sako fa +0 oF 0) 
[These follow from the condition ¢, +¢, —~ 247%, — 29,99 — ify = 9). 


4abr (r + a + b) 


Also from (1) F* = 
(a + b)? 


Hence equating the values of F? we get 
1 1 1 20°52 2 
2 . a a —- - — _— 
{ (ata) (gt+at a) } 
, — (i +547) +1=0 
&® bd e¢ 


But if the first three circles are touched by a eircle enclosing them all, 
its radius is obtained by changing 7 into — r. 


1 ok 1 l CaS i L 
. —=2 + + S~ and— = 2 2 ,esipls 

rs = te et hay Ts >. > be = a 
s bay ee 


(2) Tet A, B, C be respectively the centres of circles whose radii are 
a,bandc. Let O be the centre of either of the circles which touch the 


given circles. 
| Call the angles BOO, COA, AOB in order 91, % and @, respectively, 
Then 0, +90, +9, =27 «. “ eta 
Let OA, OB, and OC be equal to a, 9 and y respectively 
If r, be the radius of the circle which touches the given ©° internally, 


and , that of the other circle, we have 
r,eata=bteB=erty ade ran Ca) 
and r,ea—-a=sB—b=y—e rah cas Oh) 
In both cases (a — 6)? = (x— 28 and two similar relations hold 


good. 
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Now AB? = (a +b)? = a* + 82 — 208 cos 0, 
=(a—)2 + 408 sin’ 4 


“. ab=aP sin Os, 
2 
From this and two similar relations we easily get 


sin a sin 8 





c=y 
6; 
sin z 
sin 6; + 0 9 
or from (1), 2a ne Pe = cot —' + cot *% ... soe (4) 
F sin s sin if 2 ¢ 


From (4) and two similar results, we have 


(+5 4%) = 4(2 cot S*) 
ie ee 2 


= 4 S cote 71 + 8 5 cot 9 cot 


2 
‘ 2 
= 25 ( cot 3 + cot “) + 4 E cot $2 cot 


= a2 Bp 
= 2 (=; + 3 + t) + 4 from (4) and (1), 


From this relation, as well as (2) and (3), if « stands for r, or r,, we 
a Piss 


bave — = — + 1] and two similar relations. 
a a 


.. We have, since > ai — 25) Y+4=0, 


tate mp: bot a saree £25! okies 
a? a 
or m(eZle se) eer at +1 20 


Hence 1, takes the negative and 7, the positive sign 


ao AaPele-(eh-22h)e tats 1 


be r,? a 
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( . Question 1092, 
(Enquirer) :—Find the relation existing between a, 9, y, &, if 
f- + Br + Ya? + a 
J x(k — x) 
does not depend on circular functions, 


Solution by Hemraj and S. R, Ranganathan, 














d: 
; aP =. == cos (1 — 2x) = vera—! 2a 
. [eee 2S ial sie + Ef — (1 — 22) 9, 
Jx—x* Jz — x2 Jx— x3 
— z(1 — 2) x — 2(l — #) — 2%(1 — 2) 
+ Se = dz + 5 | ——-—______ —_——* d 
Jxil— x) i eaianger Jx(lk — *) . 


=a vers! 2¢ + vers! 27 — @ Je —x* +g vera! 2a—y /x—«9 


f. y{ Cee dens + dsin—! (1 — 22) +5 vers! 2a—5 Jx—a® 
+ he aie ESE + } sin! (1 — aa) h+ 5 -(¢— @2)? 


since sin—! 9 + cos“! 6 = 


20! 3 


.. if this integral is independent of circular functions, then 


8 ¥ y $ 3 
et nA PR of a 
ite Ee aE 7g 


1e. 16x + 88 + 6y + 55=0. 


Question 1098. 

(Martyn M. Tuomas, M.A.) :—A fixed ray of light falls on a plane 
mirror revolving about an axis in its plane. Show that the locus, in the 
plane, of the point of incidence is a conic, and that the reflected rays 
generate a ruled conicoid. 


Solution by N. Sundaram, N. B. Mitra and N. B. Pendse. 


Let AO be the axis, OP the shortest line between the axis and the 
fixed ray, and PQ the fixed ray, inclined to the plane AOP at an angle 2, 
p Bey : 
In the fist place, let OA be taken as the y- -axis, and the straight line 
through O, in the revolving plane perpendicular to OA as the w-axie, Let 
the revolving plane cut the ray at Q in acertain position, Let QR be 

4 . 
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perpendicular to plane AOP, and RS to OA. Then the co-ordinates of Q, 
the point of incidence are (SQ, OS). 


Now SQ* = SR? + RQ# and = = tan i. 


*, the locus of Q in the mirror is 
22 = «2 4 4* tan? a, where a is SR or OP, 
4.6. a2 — y2 tan® A = a? which is a conic, 
To find the locus of the reflected rays, let OP be the z-axis, OA the 
y-axis, and the line through O perpendicular to plane AOP, the z-axis 


Q being the point of incidence, if Q83R = 9, the equation to the revolving 
plane is 2 = @ tan @. 


The equations to PQ are = a, z.= y tan A. 


°. the co-ordinates of Q are (a, a tan @ cot a, « tan @). 


The co-ordinates of the image of P are obviously, 
¥(a cos 20, 0, « sin 20), 


¢ 
A 


\ 
Sot 






x! 


a\ 


The equations to the reflected’ ray which is the join of these two points 
are therefore 











c—a y—atanOcotra _ 2—a tand 
2 sin? 0 tan 4 cot ort 
ot A ( tang — Stan @ ) 
1 + tan? 6 
“£—-&  ytana —azt Z2o— at 
or a ae in) where ? =& tan 0 
1+ ¢ 241 


Y—a _ytana—at z—af 


og OE ROR er aa eay 
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Hach is equal'to 482% 7 )_, ¥ tam ait 2 _ 2a. 
ie 22 2t 

. <= = y tan? +2 

and (c+ a)t=ytan > + 2. 


-. Locus of the reflected rays is the ruled conicoid 
2* —a* = y* tan? A — 2? 





Question 1095. 


(R. S. Namasimuam) :—Seven thieves A, B, C, ...... secure a sum of 
rupees, but are obliged to conceal it without counting it. A returns alone, 
divides the sum into 7 parts, finds that there are 6 rupeees over, takes the 
6 rupees and one-seventh part and departs. B returns alone and does the 
same with the diminished sum, He divides it into 7 parts, finds that 
there are 5 rupees over, takes the 5 rupees and one-seventh part and 
departs, Hach does the same, the successive remainders being 6, 5, 4, 3» 
2, 1,0. Finally, they all come together and divide the remainder which 
is a multiple of 7, into 7 equal parts and each takes one part. Find the 
least number of rupees stolen and the amount that each gets, 


Solution (by the author). 


Let a be the no. of rupees stolen,. Then since it is divided) into 
7 parts and Rs. 6 are left over « = 7¢ + 6 where ¢ is a +ve integer. 
Now A takes Ks. ¢ + 6 and departs. .*, The remainder is 6¢ which 
is divided into 7 parts and Rs, 5 are left over. 
o. Gt = 7p + 5. 
Similarly 6p = 77 + 4 
6g =7r+3 
6r = 7s + 2 
6s = 7u +1 
6u = 7v 
6v = 7y, where ft, p, J.0....y ate +ve integers, 
By eliminating ¢, p;...v, we get 279936” — 576480ly = 7812540, 
5764801 
g79036" “° ind 
279936a — 5764801y = 7812540( 123078 x 576 4801 — 2534477 x 279936), 
so that , 
279936 (@ + 7812540 x 2634477) = 5764801 (y + 7312540 x 123073), 


By writing down the successive convergents of 
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x + 7812540 x 2534477 _ y + 7812540 x 123073 
576480] ~ 279936 
*. 2 = 5764801 k — () () 


Solving these two equations we find that the least positive integral 
value of & in order that both x and y may be positive integers is 3434780. 








= & (say). 


The corresponding value of 2, i.e., the least-no. of rupees that must 


have been stolen = 4941180. 
The amount that each got is: 
A = 945828; B = 844986; C = 758550; D = ge be 
E = 620958; F = 566526; G = 519870. 
Similar solutions from NV. B. Mitra and several others, 


Question 1098. 


(T, P, Tarvav1, M.A., LL.B.) :—Show that if pis prime and » any 
positive integer, (np!) — n! (p!,? isa multiple of p"+?, 


Solution by N. B. Mitra and N. B. Pendse, 
Let the notation M(p) denote a multiple of p. 
Now np! can be written in the form : 

}, 2. ie ose (p— 1).p. 
(p+1) (p+2) (p+). + (p+ p—1).2p, 
{(n— I p+1}.{(n— 1) p + 2} ... (Gp ee 
Now the product of the factors in the last column is n! p". 


T=n—] 


Hence np loan! p” II tT (rp), 
r=0 : 
where f(rp) = (rp + 1) (rp + 2) Ae we (rp + p — 1). 
Now, f(rp) = (np)?! + A, (rp)p-? Ay (rp)p-3 4, 
+ Ay-2 rp + r. VS ett (10 
where it is known that all the odd A’s except A, are M (p?) and all the 


remaining A’s except Ap; are M (p) and Ap-1 = (p— 1)! Hence, if 
p > 3, p — 2 is odd since p is prime, Therefore A,-2 = M (2*) ; 


ve Ff (rp) = M (p*) + (p — 1)! 
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n—l 
Herce IL f(7f) = M (p*) + {(p—-1)!}”. 
Therefore from (1), (mp)! = 2! p” {M (p3) + (p — I)! }* 


= M (p"+5) + n! (p!)”. 
2. (np)! —n! (p!)" = M (p**’). “a 


. Question 1097. 
(T. P. Trivepi, M,A., LL.B.) :— Prove that 


° a . ° —2 n/2 a0 
d. = Bk : 
(i) we e >| foe dx x We (b=? int Oy 


(ii) [fo eit as | ‘= Ly en * da x [S eaeawra 


Solution by K. J. Sanjana, M.A. 


Putting 2" = y, it is readily seen that 
@ 2n 
sien * wes de or Inia 1 T( 5): 


ah {r (22) 5 


Hence - Se 
nt 
When n = 2, we get 


ee we ka (5, 


=3{o = d9 
2J0 (1 — 1 sin? @)* 


This gives (i); see Roberts, § 134. 











Similarly, we have 
ot ITH. 1. sypx( 2) 


I, de (TQ). 22 
l n/2 ag fe os zs 
= __*". __,, which gives (ii), 
2yz ile (1 — 2 sin? @) | 


The latter result may be obtained as in Ex, 56, Ch, VI of Koberts, 
The result for 12, + I, could be obtained without much difficulty. 
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Question 1098. 
(K. J. Sansana, M,A.):—(i) If the circle of curvature at a pomt of 
the parabola y* = 4ax touches the directrix, the point lies at the inter- | 
section of the parabola with the straight line 42 — 5a = 0. 


(ii) If the circle of curvature at a point of the hyperbola 4ay =a? + b? 
touches one of the asymptotes, the poiut lies at the intersection of the 
hyperbola with one of the curves 


Bat — 2(0? — 69) a? + Gay? —'y* = 0, 
3y* — 2(a* —- b*) y? + 6y?x? — at = 0. 


Solution by Martyn M, Thomas, C. N, Sreenivasa Lyengar, 
S. V. Venkatroya Sastri, 0. Ranganathan, V. Ramachandran, N. Sundaram 
and N. B. Mitra. 


First Part,—At the point (at*, 2at) on the parabola, the z-co-ordinate 
of the centre of curvature is 2a + 3a/2; and p = 2a(1+ ay'/* 


*, If the directrix is to,touch.the circle of curvature, 


2 3042) 2140)" 2 a+ emten 3 ae 


“. The point (at*, 2at) lies on the line z = ad 


ao 


Second Part.— Let c? = 





a® + b* : | 

4702 so that ( cl, ‘) 18 & point on the 
hyperbola zy = c’, the. equation being referred to its asym ptotes as axes 
of oblique co-ordinates, 


If w be the angle between the asymptotes 


re ae 
2 a? 


—— 





cos Oo = 





i Ye 
Normal at ( Ct, ; ) is y(1 — f cos ©) — wt? — cog wo) = at — t4), 


Normal at ( chy )i Is y(l — ¢?, cos ©) — x(t?, —cosw) = © 7, —i*,). 
Eliminating a, 


, c p38 , 
yt + ty sind = 7 {+ 1H, +0 —coew 4 ey coswehy (i, 4th, 4) } 


$1 


Putting ¢, = ¢, the y co-ordinate of the centre of curvature at ( as ) is 
t 


given by 7. 2t sins w = fh (3t2 — cos w + t°— Bt* cos w). 
, = (OD)? § (Ops = 2 Sl? 
Also ip = WY) (CP — a + 6°) 
ab ab 


= {ela + °- 2(ct) (°) cos (w — «) —as + 8}? / ab 


= {c2(t* + 1) + (2c? cos w — a® + 62) } 8 /abts 
= {(t* + 1) (a> + b2) — 242/02 — bs) 5 ?/gabt' 
If the circle of curvyatare touches the z-axis, we have y sin = p 


» ef Bia + t® — cos w (I + 3¢4)} 
2t8 sin w 





— £ (4 + 1) (at + 8) = mar — b8) 





Sait’ 
Since sin wo = 2ab and cos © = whan 
a2 + b2 a2 + 22 


(a2 + 02) { (342 + £°) (a% + b) — (1 + 344) (a2 —b2) }* 
= { (t# + 1) (a? + b’) — 202(a2 — b2)} 
Simplifying, and removing the common factor 4a%a, 
t®, 3(a? 4 b*) — 8t"(a® — b4) + 6t!(a2-+*) — (a? 4b?) = 0. 


*. Dividing by ¢ and putting a? + 6? = 4c, 
42 


314 . 4c? — 8t7/as — b8) + 6 * 4c2 — “9 = 0. 


Multiplying by ; and putting x for ct and y for ° 
Sat — 2(a® — bs) wa + 6a2y2 — yt = 0. 


Interchanging « and y, we get the equation corresponding to the y-a xis, 


Question 1098. 


(K. J. Sanzana, M.A.):—(') If n and, are positive integers, prove 


that on 
"— 
(hein — } . 4epane + $ Pp nO,__3 —" se eee + (— 1) B no 
! 1 1 ied, S 
og nor fj n + n—!1 + n—~2 aa eeocee + n ca: - + i 
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(ii) I€ 7 is a positive integer, and » any rational positive number, prove 
that 


Lee 
alas) + 4. mae: aa 4, ghee + soeees + y “nn 0 
1 1 Peay 1 } 
P —-_ es —_-——— +"S| e02008 te 3 FS ¢ cere +] 
roto tat + stterot 


m(n+1) s(n” — 1) 


= and .P. =I. 


1+ eS 
where ny = 


Solution by Martyn M. Thomas, N. Sundaram, V, M. Gaitonde and 
V. Ramachandran, 
First Part. 


The left-hand series = coefft. of x” in (l+2)" x log (142) 





= * cooftt. of 2 in“ heb tis) . log (1 +7) t 
=a * coe of a in | a+e)"—! +n (+«)"—! log (1 + ek 
— C +: “ «cooftt. of i F'n (1+2)"7! log (1 + x) 
r n—l r—l 
i ae cog — 24 
= ot (sh. Orn jt ~ toy contt. of 2” in 
n—2 n—2 
j (1+) + (n—1) (1 + 2) log (1 + a) 
al ® = Fe n(z— 1) r—2 
Toy mod ee) fi r r—l- non 19 ny epee Eh hi 
in (1+2)"—2 log (1 + 2) 
ee: hae 4 “(n—1) ssiians (n—1 + 2) 
i. de + “4 ALR wane tae STS. e — oe coefft. of ¢ in 
(l4a) "THE lop (142) 
ob Le Tow. 
reel Ot n—1 a ae ee n—r+1 .* 


Second Part. 
The left-hand series = coefft, of 2” in — log (l—zx) x (1—e)—*3 


= : coefft, of g?—! in @ { — log (lL—a) . (l—2x)— ™} 


a 


83 


1 ie 
> Coefit. of a” ‘inf (Pee ye? —n lle log (lL — w) 


+ " coefft. of iss in 


’ He yay y 
{ — log (12) (aay 


1 n 
rn+ festy a , 


f (ay? — (ut) 1-2" tog 1-2) } 


; Sus, coefft, of ef" in 
r—l 








t n i n (n+1) 7—2 
— P ne n ft. 
SC ae + ee ar Fie coefft, of x 
in {—¢—ay"~ log (1—#) } 

1 1 n(n +1)...(n+4+-7—2) i 
ae 32 + “a i. + ecu + > ae coefft. of # in 

4 

f— (aay OF. log (l—a) } 
1 1 1 
ee slots i etre lar 


Question 1105. 


(N. P. Panpya);—S is a fiixed point in the plane of a given circle, 


A variable parabola is described with S as focus to cut the circle in P and 
Q so that PSQ is always 4 straight line. Find the locus of the vertex o 


the parabola. 






axis of parabola 
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Solution by Giridhari Lal Gupta and C. Ranganatham. 
Let S be taken for the pole and SC for the initial line where O is the 
centre of the given circle, Let the axis of the parabola make an angle a 
with the initial line. Let SC = 6 and radius of the circle = a. 


l 


The equation of the parabola is = 1 — 608 (Q—4) 1000s veescceencee(i) 


And that of the circle is r2—24 cos 0.7 + b®@—a? = Ovsccesseereeeeesee(2) 


Let the equation of SP be 6 = Bae CeCe eee See eeertee see tee eeeeeseeosee SOR S8E6 «(3) 

and let SP and SQ taken positively be denoted by r, and r, respectively, 
“. From (2) and (3), r; and — ry are the roots of 

7r3—25 cos 8.7 + b2—as = 0, 

Whence 7, rg = a3 —b2 and 7,— 79 Se 2D COB Biss ice ser ceeserceeseesee(A) 


Again from (1) and (3)! = 1 —cos(@—a) = 2 sin? a 





and LE = 1 — cos (™+$—a)=1 + cos (S—a«) = 2 cos? ned = 








1g 2 
7% = = = ae 
aE bint BBE gee Bee! sinh (B—8) 
2 2 (B) 
1 1 1 Qlcos(@—a){ 
and ¢,.—r, =. f — — te ey ee 
eye: ( cine sams ae B—«) sin? (@—a) 


Thus from relations (A) and (B) we have the following equations :— 


12 

ain? (@—a) bmx 3 as—2 4d (suppose) COC Cee ate COOH SOE BOS BOS BOS rt 
l cos (@—s ) : ’ 
sin? (@—a) = ‘b cos 8B SOF COE EEE He 208 ree BOs Ee OOe DOR oes O88 Boe Bee vee (5) 


From (4), sin(@—a) = : 


eee eee eet eeeses Jevons sus une aps ace stu eae acs nahn 
and .°. from (5) c08(B—a) = 008 B osssssseeseeses ser snt eer seseec(T) 
Cc 


Squaring and adding the two sides of (6) and (7) we get 


12. Baz 


et cos? @ 


*. cos? 8 = sacral and also sin? @ ea 
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3 
Now (4) may be written as = = {sin 6 cos a—cos £ sinja }? 





= aa sin? a + pte cos? a—sin Qa.c — Ei a 
orc J/o—l? /a%l?—c* sin 2a = (a7/?—c*) cos? a 
+ c® (c?—/?) sin? a — ee eis 2aen(8) 
Now the co-ordinates of the vertex are given by 
Y = jand 6 =a +m, 
Thus eliminating Janda we have the following equation as the 
locus :— 
co Jee—4y? ./4a7y"—c* sin? @ = (4a?y?—c*) cos® 0 
+c%ic* — 4y") sin® 6 — 16 Ss vs, 





Question 1107. 
(Cuantes Sarpanna) :—If 2 be any odd integer not divisible by 4, 
prove that the integral part of 4* — (2 + /z)* is a multiple of 112. 


Solution by K. J. Sanjana and N, Sundaram Iyer. 
Lemma. Leta +b +c = 0, and put b¢ + ca + ad =s and abc=t, 


a b ares Siar rb, 
Then ( 1—2) (i-3 (1—2) Ast oe 


Take logarithms and equate the co-eflicients of 1/2"; we get 
; li L t rye 
* (a" + b" + c") = co-efficient of an Ss; (. —_ a) ; 
Let n = 6m + 1; the co-efficient of 1/2” on the right side will occur 
1 t g \ 2st aa aL : 
in the terms from eal ( ee ) Oi at (3 a) . Lt will 
be found to contain 2-1, 5?, 22m-3. 55, ... ¢.s3m-!, which shows at once 


that it is divisible by s*, ¢.e., by abe(be + ca + ab)’. 
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When n = 6m —1, the co-efficient will contain factors ranging from 
2-2 sto ¢, s3m-2, and is thus always divisible by sé, i.e. by 

abc(bc + ca + ab).' 

Thus we deduce the theorem (which goes by the name of Cauchy) 
that when x is an odd number not divisible by 3, a* + 6” + c” is divisible 
by abc(be + ca + ab) or abc(be + ca + ad)’ according as n is of the form 
6m — 1 or 6m + 1, provided that a + b + c vanishes. 


As (2 + Ja)? + (2—./z)% is an integer and (2—/z)* is a proper 
fraction, the integral part of 4*—(2+ J/z)* is 4° — (2+ J/2)* —(2— Jz)", 
which is seen to be 4° + (— 2 — Jz)? + (—2 + Vz)*, a8 & is an odd 
integer. Now 4+ (—2— Jz) +(—2+ Vz) =0 and @ is not divisible 
by 3; hence by the Lemma the integra! part is divisible by 

(2—8 + 472 —8— 42) .4(2— Ja) (—2+ V2) 
or by (2—84+4y2—8—4 7/2)? .“—2— Jz) (—2 + V2) 
according as a is of the form 6m — 1 or 6m + 1; i.e, by 112 or i12x 14 
numerically, and hence by 112 in the case proposed. 

[ Note:—The above is a solution with the aid of Cauchy’s theorem. 
A solution without the aid of the above theorem is wanted. The question 
appears to be solvable without reference to Cauchy’s theorem. It was 
taken from a Cambridge paper and set at the last B.A, Hon, Exam, of 
the Bombay University. ] 





Question 1108. 
(ComMUNICATED) :—Prove that 
2 


n/2 + ES 
fr arctan (a ./tan +) dx = mare tan (a /2 + 1) — bbs 
4 


Hence, or otherwise, prove that 


{2 /2 tan x wv? 
arc tan le = 
ie [ eat. + tan eae | oe lz 


n/% 2 Jt 
and arc t a¢ : 
Ts re anf ee eee t arc sin i, 
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Solution by Martyn M, Thomas and several others. 


®/2 ets 
Let i = Sng arc tan (a ,/tan x) da, 


dls ¢-® 2 /tan x 
ioe a ve T+ a? tana 





217 dt enh 
=f) (+ at) (La fy)’ where ¢? = tan x. 


ay fehl “bed. Seto a ) 
=f. taste an* 1+ # | 
resolving into partial fractions 
fie aq\at, 1 fs 2 + 1) dt 
— a of+ anit +1 Jo #4+ 1 


+ eT? 
eft i 











@ @ 
2a —1 1 es a! 
=— oe | [ ta (at) | 7 rea [ J/2 tan (t Vit 1) 
(6) U 
+ Jz tan? (tJz— 1) | 
f © 
eet lo (Gt) 
“at +1 Lave e—tje+l 
0 


+ 575 tan-!(¢ /z +1) + iy tan~! (t /2 — 1) | 


2a Tr 7 eu 


2(a* — 1) sg oo = | 

eet Ear 2 TT /a 2 

. F Oo) at a®— J/ua +1 
a etwit Ws ws te 
T 


oF jatl 
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“. Integrating with respect to a, 





1= 7. f eg TMT vet HC. 
When a= 0,10. 2°. 0 =i mitO) SO) aes 
4.0% 4 

Hence J = 7 are tan (a,/2 + 1) — © ps We 


Second Part. 


Now, I= ie tan—! (a./tan x) 2. 
Alot 7 1 a tan~! [a /tan (k/2—x)] dz 
= ‘hae tan-! (a /cot x) dz. 
2 w= ies [ tan-1 (a,/tan x) + tan-! (a vex) | ds 


1 — a? 


= J as tan-! [dune + vom s) daz 





nfs i 
= fr tan~* | a 8in © + cos & es 


1 — ga?" /cos x sin x 


O18) re “a 1 + tan x 
= tan-! = 
Sorat freee Jans | 
ERT ad hte ae do tan @ 
TN [3 i (a. Sa) | 
= A E —tan (—* 1 + tane) 7 , 
0 2 a. STi oe )] Z. 


° iy atte (; — a L+ tang 
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- uk — Qe tan’ (aya + 1), from (1) ws (2) 
Putting is ae ./2 in the relation (2) obtained above, that is, 
=~ vi-1 
J/2 
n/2 me J tan x 3nd : 
iE tan (<: aes =) de = =e Q7r tan (ya) 
oe? wiog (3) moe, 
4 3 12 
Again, putting et = 2in the relation (2), thatis,a = /2—1, 
we have 
w[2. —l / 2 Jiang LB)» Shiga 
i” tan (5) de = z 27 tan (3 — //3) 


SWS «he pantrt (553 — 4h) 
il 


4 6/2 — 10 
“) | 


qu 
tan-! ==) )==tan=! = 
al n~1(—1)—tan (5 


oir 3 ft 
4j2—8 





—1 
T tan 





—1 
TT tan ( 


- -—l 
a7) = wWesin (4). 


_—/—————EE 
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QUESTIONS FOR SOLUTIONS. | 

1151. (Ssatecten):—In any closed oval curve without singularities 
a normal chord PQ will have its maximum or minimum values, either when ~ 
Q is the centre of curvature at P, or when PQ is normal at Q as well as at 
P, which must always be the case for two positions at least of PQ. 


1152. (SetecteD):—Kind the complete primitive of the differential 





equation * 
Ixrya yg — 2 = 0. (Forsyth: Diff. Bqns.) 
(1153, (B, VarpyanaTHaswam!):—Find three collinear points on a 
cusped cubic, the tangents at which are concurrent. Prove that the line 
containing the three points passes through a fixed point and the point of 
concurrence: of the tangents traces a fixed line. 


1154. (R. VarpyANaTHaswaM1) :—Find all the conics which 1 reci- 
procate a cusped cubic into itself. 


1155, (R. VarvyanatHaswamt) :—A BCE are four points on a conic 
S. The polar line of ABC w. r,t. S; interests S in P Q and the polar line — 
of E w. 7, t, the triangle ABCvintersects Sin X, Y. Prove that the conic 
which is inscribed to ABO and XYP passes through E. 


1156. (R_VarpyaNaTHaswami1) :—Shew that there are four conics in- 
scribed toa A ABC which pass through a given point E, and touch 7 
given conic S passing through ABCE. 'Shew also that the four points of 
contact are such that the polar line of the A formed by any three w. r, ¢. 
S passes through the fourth, 


1157. (K. J. Sanyana and K. B. Mapwava):—In all integral right- 
angled triangles in which the sides are prime to each other, the sums and 
the differences of the sides are (1) either primes every one of which has 
2 for a quadratic residue or (2) “the products of such primes and their 
powers. 

1158. (N. Dowar R:j.n):—If the sides of a triangle are in arith-— 
metical progression prove that, with the usual notation, the straight line 
IG is parallel to one of the sides. 


1159. (N. Dorat Rasan):—Is the following theorem true? : “ The 


three cusped hypocycloid is the only quartic curve, (excluding a pair of 
concentric circles) in which all tangent chords are equal.” 


1160. CN. Dorat Rasan}:—A Number N consists of p digital we 
has the property that, when squared, it ends with the same digits in the 
same order as in itself, Find the number when (1) p = 4 and (2) = 5 
] 
, | 
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SOME APPLICATIONS OF HEAWOOD'S 
THEOREM* 


This note deals with some applications of Heawood’s Theorem, viz. 
f f(z) = 0 is a cubic representing the vertices of a triangle, then 
2) = 0 gives the foci of the maximum inscribed ellipse.’ The theorem 
, been discussed in this Journal by Prof. Naraniengar in Vol. IV, p. 96, 
1 Vol, V, p. 14. 


Notation. «, 8, ¥ are the vectors to the angular points of a & ABC ; 
hs vector to any point Pis (« + iy); and 7, m, m are real qnantities, 
4+ ™_ 4+ _™ = 0 has roots z,, 2, which 
z—a z—8B z—y 
» geometrically related to the OQ ABC and are denoted by the points 
and H. 
la + m8 + ny 


*. : y } - 
P isthe point %, given by i+ mtn 





The equation 





1. The points S and H are isogonal conjugates, (Vide: Prof, Nara- 
angar’s Note in Vol. V, p. 14 of the Journal), 

The equation on reduction is 

2) + an +n) —2{(L+ m+n) So — Dla} + SI. By = 0. 

Taking the origin at A, 2,2). S/ = L By. 
Hence AS, AH, have the same bisectors as AB, AC. Similarly for 
S, BH. The product of the moduli are equal, Hence S, H are 
ogonal. 


tee eS SE eee 





* Quarterly Journel of Mathematics, Vol, 83, p. 84, 
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Se AS. AH ee 
l+-m+n 
AS. AH 
z = = . 4, p? 3 
ee AB . AC + eee 4. . 1((Q pas] ( )] 
wee rs bape, Ree OF p> B2e ed os cee gh a et 


When 1 = m = 2, S, H are the foci of the maximum inscribed ¢ 
and we have Cuestion 511. 

2, 4s ABC, PSH, have the same centroid, for 
a. Sa — Dla 
ase 

on 4+24+Fea+ pty. 

3. Lf M be the mid-pt. of SH, and N the centre of the nin 
circle, O the circumcentre, MN = i0P, 


‘This follows from the similarity of the As OGP, MGN, 





a = ae peo 





Ps 

1 

Pe 

ui 

S M H > 

4, OS.OHB =R. OP, where R is the circumradius. . 


Take the origin at O, the circumcentre. Then 
lo;=f4ls|jy|=R. 


oe = aBy l m n 
it Fegan eae 
‘Pata = KR. ee: Bs We ee yx Rie’, 
S 3 2 = 1 a.@. 7 / ca 10, ' 
ee Wy + a Re Dem ean (7. Re TT see “tent 
2 —i6, ié 
The modulus of ree is the same as that of ee, whieh 
latter is OP (the two points being reflections about w-axis). 


; 1 
 lal-let= pelol-1@].[y[. Op, 
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os OS .OH =B. OP, 
d OP = 2.MN = 2d, 
rere dis the distance of the centre of the inconic from the nine-poiut 
atre. 

Hence OS.OH =2R.d. (See Vol. I1J, p. 68). 


Similarly we can establish the result 
KS.KH e mm( K B*+ KC#—BC ) 
iene 2 eee SS 
a +") ca. KB. KO [Sax = ———kB?. KC le 
‘being any point in the plane. 

5. lf AG, BG, CG are produced to meet the circumcircle in A’B’O’, 
ow that G is a focus of the maximum inscribed ellipse of the J A'BC. 
Juestion 351 of Prof. N araniengar). 

The foci of the max. inscribed ellipse of the & A’ B’C’ are given by 

1 1 ; Oe eee & 
Fee, + z— 8 + Z—y¥' 7 0, (1 — nS n). 
here a’, 6’, y’ are the vectors to the points A’, B’, C’. 
Choose the origin at G@. 1f G should be a focus, 2 = 0 is a root of 


he above ; and it} rg = 0, which is obviously true since G is the 
+3 


yntroid of ABC. 


6. If BCP,BCQ are equilateral triangles on the base BC of a triangle 
BC, show that the bisectors of the angle PAQ are parallel to the axes of 
ne max. inscribed ellipse. (Question 444 of Prof. Swaminarayan), 


Take A as origin the points P, Qas 8, Sand S, H_ the foci of the 
sax. inscribed ellipse. 
The equation giving 5, H is 
329 — 22(8 + y) + BY = VU: mt Raa i 
Tf 6, 8, y form an equilateral triangle, 
92 + 8? + y? — 68 — OY — By = 9. 
(See Hardy’s Pure Mathematics): 


Hence 5, & are the roots of the above equation. 
68+ 7H G+ y, 
: sy = 6? + ¥* — PY. 
* Phe direction SH is that of the vector (2, — 2,); 


. Zy —.8, =F JBI BYFYI— oo from (1), 


sf $8! = 9 (2, — 2,)*. 


2, 2, being roots of (1) 
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Hence one of the bisectors of the angle PAQ, is parallel to SH. 
That is, the bisectors of Z PAQ are parallel to the axes of the elli 


Also the product of the moduli being equal, 
AP AQ = 9.80% 





7, aS.BS.OCH + AH. BH. OH = 2aG. BG .CG. 
(Question 478 of Mr, M. T. Naranien 
S, H are the roots of 
3279 — 2240 + B+ y) + a8 + By + yo @ O, 
Take the origin at the centroid G, thena + 86+ y= 0. 
.. S, H, are the points + z, — 2 given by 
327 +408 + By + yu = 0, 
Now ao+2.84+2.Y¥¢2+a—2.8—s,Y—=2 


= (aby + 2. Sy + 2. da + 28) + (aby — 2. Bay + st — a 


= 2,9.(./Y., on simplification. 
Hence the result. 


N. Dugat Rajan. 
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THE THEORY OF RATIONAL 
TRANSFORMATION. 


By R. VyYrHYANATHASWAMI, 


1, ‘he general Rational Transformation ie of the form 


vw =R(e)= f (2) 


$(x)’ 
r=n r=7 

f(e) = do a", p(t) = 5 ney 
r=o0 T=0 


n being the order of the transformation, The roots of = R(2), (n+1) 
in number, are the fied points. The transformation R involves (2n + 1) 
effective constants ; that is, » constants other than the fixed points. 


The pencil [f (x) — »* + (a)] where > is a parameter is called the 
pencil associated with R or briefly the pencil of R. Two transformations 
having the same pencil will be said to be congruent. It is obvious that any 
transformation congruent to R is of the form SR where S is homographic. 


The Rational Transformation R effects an (1, !) correspondence 
between the number x’ and the members of the pencil of R,the @’ corre- 
sponding to any assigned member beiag the transform by R of any of the 
roots of the member, — this transform being the value of the parameter > 
corresponding to the member, 


2, If &) &... & are the fixed points (supposed distinct) of K (x), 
the equation «’ = R («) can be written in the form 


ron 

> dle an ly | ily ¥ era 
L— 

T=0 


The numbers &, will be called the parameiers of the transformation. 


Nore.—lIf all the parameters are finite and their sum is zero, the 
transformation is the identical transformation 2’ = &. 


The value of = at a fixed point is called a multiplier. When the 
z 


fixed points are all distinct, the multiplier at ~, 18 seen to be 


hy = 1— ed 
The multipliers my m, ... Mn thus satisfy the identical relation 
1 
=, 


l—m, 
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Nors,—When the transformation is homographic, the identical relation 
becomes mpm, = 1, which is obviously true, 
When the fixed points # %, ... %p-1 coalesce at «, equation (1) 
becomes 
p-l 


z’—a Meas k, (#— 4,) Qy) _ 
rece i 13 aay ms (@—ay ~ 


k way be called the principal parameter at a and k,, kg... ky-1, the 
secondary parameters, The multiplier at a is unity and at a, is 


kp 





The multipliers are thus functions of the principal parameters only. 
In this case there is no identical relation between the multiplierr, 


Note (1).—If R and R’ have a common fixed point « with multipliers 
m, m' respectively, then « is a fixed point of KR’ (and also R’R) with the 
multiplier sn, 

Nore (2).—Tbe multipliers of KR are the same as those of S-! RS 
where S is homographic. For, let a be a fixed point and m the correspond- 
ing multiplier of R. Let S(a + p) = o + Xp where p is infinitesimal. 
' Then S—! (©) is a fixed point of S~! RS and the corresponding multiplier 
is m, because 


S- RS (0 + p) = SER (a+p) = S-t (w+mp) = atme, 
‘ “A 


Note (3).—The multiplier at an infinite fixed point. 
Let R bave a fixed point at infinity so that 
R(x) = 2% L" + ayer-14.,,, 
b, a") 4-by07-? +. - 


Let S (x) — = Then S-! RS (x) = b, bee fee 
ao a, Ha 


The multiplier of R at co = the multiplier of S * RS at 0 = 
ao 
Nore (4).—The multiplier at a finite fixed point a of 
R Y é (w) . , _—- ’ 
(=) = Fe ie {f' (a) — 99" (a) }/$ (9). 
For the polynomial transformation R (w) =f (x), the multiplier at 
the fixed point « is f’ (a) and at the fixed point oo ie zero, 
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8. The Derived or Polar Transformation. 


There is one type of Rational Transformation—which we term the 
Derived or Polar Transformation— which is completely determined by its 
fixed points. The derived transformation with respect to a polynomial 
6 (x) of the (x + 1)th degree is - 

d@ ; dO 
dt | dz 
- = the root of the ath polar of 6 (y) with respect to a ; 


t being the usual uvit variable, The fixed points of the transformation 
are given by 9 (x) = 0, 


Nore.—-All the parameters of the derived transformation are equal ; 
and all the mnitipliers are also equal each heing —n, where n is the arder 
of the transformation. 


For, the equation 2’ = + 5 = 0 reduces to 
wv’ — a, 


> = 0, a’s being the roots of 9. 


L— &, 


In the case when 6 has multiple roots, the order of the derived trana- 
formation is equal to the number of distinct roots, 


For, if a isan m-ple root of 0, (# — a)™-! is a common factor of 
- and oo It will be noticed, that when this common factor is cancelled, 
x 


a is only a simple fixed point of the reduced form of the transformation. 
Further, the parameter of the transformation at an m-ple fixed point is 
seen to be proportional to m and the corresponding multiplier is 


(0-24). 


Nore (1).—A rational transformation with distinct fixed points and 
parameters proportional to positive integers is a derived transformation. 


Nore (2).—The derived transformation of order | is the invulution. 


Those of orders 2 and 3 may be reduced to 
ee , _ Xe? —1 
= x and 2’ = Tv 


The Focal Rational Transformation. 

When 4 (x) possesses aa apolar quadratic y («), the derived transfor- 
mation is foca/, the roots of y (w) being termed the foci. The focal trans- 
formation transforms each focusinto the other and transforms no point 
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not a focus into a focus, Taking the foci as 0 and @, the transformation 
k 


reduces to the form «’ = —o 
n 


4, Certain Families of Rational Transformation (n > 2). 


When the pencil of R is given, three of the fixed points of R may be 
chosen arbitrarily, but the rest are determinate ; so that the co-efficients 
of 9 («) are linear functions of four parameters. Conversely the pencil of 
a transformation with given fixed points can not be chosen arbitrarily, 


Theorem :If 9 (2) = 0 gives the fixed points of R, then 9 (x) is apolar 
to Fen-2 which is the unique form of the (27—2)th degree apolar to every 
member of the pencil of R. We have seen that @ (x) belongs to a four-para- 
meter system of polynomials, To determine this system, suppose f (x) to be 
a member of the pencil of R and two of its roots a, @ (say) to be ‘fixed 
points of R. Then R(«)=a and R (@)=@. But R (a)=R (2) sincea, 2 
are the roots of f (#). Hence «, @ are each carried into more than one 
point by R, so that (w — a) (e— @) is a common factor of the numerator 
and denominator of R. Hence since the numerator and denominator are 
members of the pencil of R, they must contain the common factor f (2), so 
that R (2) reduces to the singular form & f (2), 

f(@) 

Hence whenever two of thé roots of 6 ‘x) are roots of f (x) a member 
of the pencil of R, @ (x) is of the form f(a) . (c—k) where k may be arbi- 
trary, In other words the four-parameter system of polynomials to which 
@ (x) belongs, is that four-parameter system which has the pencil of R for 
a singular pencil, 





Now the four- parameter system of (n + Ll) -ics apolar to Fo,- 9 is 
also a system having the pencil of R for a singular pencil. 


- 


Hence @ (a) is apolar to F,-9. 


Theorem : If R, (x) is « particular transformation whose fixed points 
are given by @ (%) = 0 and the pencil of R, be the pencil determined by 
two n-ics which are written in the forms 





0 (#\) > — br and 0 (2) 2, 
P HH 


v— a, — &,, 
where «’s are the roots of 6, then the pencil of any other transformation 


whose fixed points are a’s is the pencil determined by two n-ics of 
the forms 
9 (x) = ltr br and 6 (er) 3 Br ble 
— he Hi 


C— aH 
r 


—<O 
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Dem.—Since the pencil 6 (2) 5 salar the pencil of R,, its 


r 


apolar, (2n — 2) -ic viz. F:,—2 is apolar to 6 (2). 


Thus F2,-2 is of the form ¥ A, (a—a,)*"-*. d 


The condition that this is apolar to 6 («) ¥ by + Xb" For all values 


, 


of is 
DAp(b, + 204) (w—a,)"-? |] (a, — %,) = 0. 


This equation is unaltered if we write k,b, for b,, kb’. for 5’, and 
A,/k, for A,. 


Thus the pencil 6 (x) 5 k, Pet Als is the apolar pencil of some 


Pin—2 apolar to 6 (x) ; that is, it is the pencil of some rational transforma- 
tion whose fixed points are given by 9 (7). 


Cor. Considering R, as the derived transformation defined by 0 (#). 

Its pencil is the pencil of first polars of @(#) and is determined by 
1 

0 (x) > on) and @(%) > , — Hence the pencil of any trans- 

formation whose fixed pointe are roots of 6 (#) is the pencil determined by 


kOe here the k,’s 
%— a, 








two n-ics of the form 6 (#) > a and 9 (#) > 
— a, ° 
are arbitrary. 


Geometrical Interpretation. 


Represent every n-ic a6 a point in 2 dimensions. The n-ics which are 
perfect th powers will then correspond to points on a twisted n-ic 
curve T. An n-ic (@ — 1) (2 — 29) wsore (x — ,) corresponds to 
the point of intersection of the osculating (x — 1) -dimensional 
regions at P,P» ...... P, where P,. is the point on T’ corresponding to 
(a —0,)" By Para (1), the general Rational transformation is an ‘1, 1) 
correspondence between T and an arbitrary straight line. The fixed 
points are the points (v,) on T’ the osculating planes at which intersect 
the straight line in the corresponding point, If the points (0.,) are given, 
the possible straight linee form an n-ply infinite family such that any line 
of the family is the transform of a fixed line L of the family by some 
collineation whose fixed (n + 1) -hedron A’ is the one formed by the 
osculating planes at («,-). This complex of o” atraight lines is evidently 
the generalisation of the tetrahedral complex in three dimensions, 


7 


50 


As in the corollory above the line L may be taken to be the lin 
which represents the pencil of first polars. 






Theorem: The line L which represents the pencil of first polars i 
ths locus of poles with respect to A’ of osculating planes of T°. 


The equation in plane co-ordinates of the twisted n-tic with respect 
A’ may be taken to be 





US ¥ 
= = O17... w 
Lb, prea (> ) 
¢ representing the parameter of the current point on the curve, The” 
equation to Tl which is the locus of poles with respect to A’ of osculating — 
planes of [, is then 


ti—a, if 
xX,= nee » 
Ap 





If the osculating plane at ¢, on the curve passes through the point é 


on the line 
Ky Ath Ot. 5 roent si 5) 


“tt — a, he t) — Oo» 








Thus the transformation whose pencil is represented by the line isa 
derived transformation, so that the line represents the pencil of first polars. 


The line L may be called the polar line of A with the respect to iu 


5. Argand Representations. 


(t) Transformations with real multipliers (and therefore real para- 
meters). 


Let k, ky... kn be the (real) parameters corresponding to the fixed 
points a, ~, .,, a, respectively of the transformation R. With the point 
2 a8 centre describe a circle in the Argand diagram and let a’, be the inverse 
of «, with respect to this circle. . 


The inverse with respect tothe same circle of the ‘mean centre of 
a’, .. &', for multiples k, k, ... ky is the point R (2). a CY } 


’ 


i 


Dem, If T represent the Operation of reflection in the real axis, then 


(@— a) = T (- =z). 


I— a» 
If M is the mean centre 


Pee bye a, 
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Therefore, if 2 is the inverse of M, 





, 1 l 
(z —2z)an T (a) eS ARM lee [ = oe 
vi 2—M dat tei a 
1 Sk 

= Dee abl | bn fac” det tna 

7" [= Pid rll " y Jat i 

“2 — Oy 

so that Sh. OMe 0. 
Z— a, 


7 This construction is suitable for all derived transformations. 


tad 


(2) The above construction may be extended to any transformation 
whatever, provided we define the mean centre for multiples m, m, .., m, of 


points z,... 2, in the Argand plane to be the point z = 2MrBr oven in 


y ’ 
am, 
‘case the m’s are complex, 


6, Powers of a Rational Transformation. 


The rth power of a Rational Transformation R of order x is a rational 
transformation of order n”, which may be denoted by R*. Then’ + 1 
fixed points of Rv include obviously the fixed points of R and the fixed 
points of R?@ where @ is any divisor of R, Those fixed points of R* which 
are not fixed points of R¢ are the special fixed points of R’, ‘The spscial 
fixed points are »\”) in number, where 


(r) 


Lo yp 
n =n — pn? + Sn"! Ds 


— etc. 

Pir Pg, +» being the prime factors of r. (For proof: see my‘ Note in 
Combinatory Analysis, J. 1. M.S.) , . 
. nir) ie divisible by r. (Extension of Fermat’s Theorem, Ibid). 


. Hence the n\”) special fixed points can be divided into sets of r points 

each set being carried into itself cyclically and therefore primitively by R. 
Such a set may be called a primitive set of R and the corresponding poly- 
nomial a primitive polynomial. Any polynomial carried into itself by R is 
either primitive or the product of primitive polynomials. 


2 . . n\") 
The number of primitive r-ics of K is at 


Theorem: The multipliers of R” corresponding to the pomta of a 
primitive r-set, are equal to the same rational function of the co-efficients 


of the corresponding primitive r-ic. 
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Leta, ag... a, bea primitive r-eet so that a,=K («,), ... an =R(4¢-1) 
anda, = R(a,), 
Then R(a, + da.) = a9 + dog... R (ox + do)eory + d(a%41) 
[k = 2... (7 — 1)jand R (a, + da,) =a, + do’;. 
The multiplier of R” at a, 
_ 2%’, _ da’, da, dig 


da, Woe ) dg aie 


| (ar) $'(a,) * f'(ara1) _ #(ar-1) 
= 91. (Fi) # a) ek ae ace 


( where R (2) =(@) ) 

















Flos) _ ote) 
f (ar) + (a) 


=a symmetric function of a, 9% .., %,, 


oo) ae 
= 0, Meu ar || ( 


which proves the theorem. 
The multipliers of R” can be divided into the following sets :— 
(1) The multipliers at the special fixed points of R*, There are 


nt’) such multipliers, each multiplier corresponding to a primitive r-ic in 
i 


virtue of the theorem proved. Call these M ", M,., a 


Each fixed point, not a special fixed point of R*, must bea special 
fixed point of one and only one power of R, say R*, where d isa divisor of r. 


Hence the other multipliers can be classified into— 
(2) The multipliers of Rv at the special fixed points of R¢, These 


multipliers are the ( 5 ibe powers of the multipliers of R@ at the same 


points, That is,in our previous notation ( M¢ ae ( = 1,3, 3%.. r) 
k d 
each multiplier corresponding to a primitive d-set, 


(3) The multipliers at the fixed points of R. These are the rth 
powers of the multipliers of R. 


Thus the problem of finding all the multipliers of R” reduces to that 
of finding the multipliers at the special fixed points. 


Bz. (1) Deduce from simple considerations a proof of § ni¢) = a", 
where the values of d are the divisors of r (unity and r included), 
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Ea, (2) To find R2 (x), where 
R (x) — a, R(2)—a R (w) — 
ig th ag wipe od eee 
tee. ©— Ao F 4 paranehey 
Let m, m2 m, be the multipliers of R and (fy) the primitive pair. 


The multipliers of R? at 6, y are equal to the same number m and at 
&, 494, are m,* m.” m,*, m is thns determined by the equation 
1 1 l 2 
Sad Sales Pian 
This determines m as a function of m, mg m3, where 
. — (4% + a;) 
ay ; 


m™ etc. 


Hence R?® (x, is given by 





1 — m,;* H li l1—wm 


8 

S ae ee rid), [ Bist Ee] =o. 
z—8 %—y 

r=1 


7. Powers of the Derived Transformation, 


1f 6 (x) = 0, represent the fixed points of a derived transformation, 
then any primitive r-ic is a covariant of 0 («) but not a rational covariant. 
However the product of all primitive r-ics is a rational covariant of 8 (x) 
(which we may call the rth primitive covariant). To prove this assume 
this to be true for all values of r up to a given one , The fixed points of 
the rth power of the derived transformation is a rational covariant of 
6 (a), say Lz. If d is a divisor of r, the dth primitive covariant (which 
by hypothesis is rational) is a factor of L:. On removing all such factors, 
the part which remains in L. is a rational covariant and is the rth primi- 
tive covariant. Tbus the rth primitive covariant is a rational covariant— 
shewing that the theorem is true for r. Since obviously the theorem 
is true for + = 2, the induction is complete. 


Ex. (1) The primitive quadratic of a derived quadratic transforma- 
tion is the Hessian of 6(z). 
For since a cubic is apolar to its Hessian, either root of the Hessian 


must be the second polar of the other. 


Ex. (2) The primitive quadratics of the derived cubic transformation 
are the apolar quadratic factors of the sextic covariant of 0 (2). 


Let #4y5 be the roots of 9 (x) and (pq) the pair harmonic to (a4) 
such that (2 4pq) is apolar to (a3), (pg) is thus a covariant of (02) and 
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(y8) and must therefore be the common harmonic pair of (af) and (y 4), 
Thus (pqa.8) and (pgy5) are both apolar to (a @y5) and therefere (pppg) 
and (pqgq) are both apolar to (a@y5). Thus either of p, ¢ is the third 
polar of the other, shewing that (pq) is a primitive pair. 


The following are exam ples of this theorem. 


Ex. (3) To find pairs of points on the rational space-quartic, such 
that the osculating plane at each passes through the other, 


Let f(t) = 0, represent parametrically the super-osculation pointe. 
Then if the osculating plane at the point ¢ cuts the curve again in the 
point 7’, ¢’ is the derived cubic transformation of ¢ determined by /(2). 
Thus the pairs sought are given by the quadratic factors of the sextic 
covariant of f(t). 


Ex, (4) To find pairs of points on an ellipse the osculating circle 
at each of which passes through the other. 


Let 6 (i) represent parametrically the axial extremities of the ellipse. 
If f(t) = 0 represent four concyclic points on the curve, then obviously f 
is apolar to 6. Thus if the osculating circle at ¢ cuts tne ellipse in ¢’, ¢’ is 
the derived transformation of ¢ determined by @(t). The pairs sought are 
therefore the quadratic factors of the sextic covariant of 6(t), i.e, the 
points at o on the ellipse and the extremities of the equiconjugate 
diameter. 


8.. Reducible Pencils. 


A pencil I", of n-ics is said to be redueibls over a pencil 1, of p-ics 
(where p is a factor of 7 other than 1 or n) if every member of T°, is the 
product of members of [",, 


The Jacobian of [”, is then the product of the Jacobian of T, and of 


(*—2) members of [%,. Conyersley it is easy to see that [’, is 


reducible over [*,, whenever the Jacobian of T°, is such a product, 


From the definition of reducibility it follows that I, is certainly 
irreducible it n ia a prime. 


Hz. (1) A pencil of quartics ie reducible if it contains two perfect 
squares, 


For if I’, is reducible over T’,, the Jacobian of IT’, is the product 


of the Jacobian of J‘, and ot two members P,, PyokLy, Obviously 
P,*, P, are members of [",. 
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Eg, (2) A pencil T’,, is reducible if it contains two perfect qth 
powers. | 


Let P,?, P,% be members of [\,,, P,, P, being of order d. P,7 —2P,! 
is resoluble into q factors of the form P, — P, and therefore T'pq is 
reducible over the pencil (P,, P,). 


Fz. (3) An example of a pencil of n-ics which is reducible over a 
pencil of order p for every divisor p of n, is the pencil of vertices of 
n-gons inscribed in one conic, circumscribed to another. 


Ex. (4) ‘A peocil of quartics if reducible over more than one pencil 
of quadratics, is reducible over three such pencils and is a standard pencil, 


For if I’, is reducible over two distinct pencils, it must contain three 
perfect squares P2, Q2, R» (since it cannot contain four). Thus [, is 
reducible over each of the three pencils (P, Q), (Q, R), (R, P). Obviously 
T, is a standard pencil. 


9. Reducible Transformations, 


A rational transformation (or function) R (a) of order n is said to 
be reducible if R(x) = R, { R,(x) } where R,, R, are rational functions 
of orders p, ¢ respectively (p, gq === 1). If Ris reducible, any transforma- 
tion congruent to R is also redncible ; for if R=R,R, then SR=SR,. R, 
where S isa homograpby. Thus the reducibility or irreducibility of R is 
determined purely by the pencil of R. 


Theorem: The necessary and sufficient condition for the reducibility 
of R is the reducibility of the pencil of R. 


Firstly, let R = J and the pencil f + rf be reducible over a pencil 


of order p (n = pg). Then 
f= a,P,* + af in| + csteee + a,P.," 
® = b Pi + b,P," P, + ..... + b,P,% 


where P,, P, are p-ics. 


Hence R = R,R,; 


q—l 
spect aL 


tapas 
bw" + b,x! Anjogr bg 





P,(2) R,(a) = at! + aye 


where R, (x) = P.(z) = 
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} te 
Saciwaty “tor RE R Be. ee ho aa! 22070 tel ea 

pie hy ( pati pe vis Pi aoa (ere 
Then the equation f + 1p = 0 is equivalert to /,(R,) +#»d,(R.)=0 © 
and therefore the pencil of R is reducible over the pencil of R.. 


Note.—A rational function of prime order is certainly irreducible. 
When a rational function R is reducible, the reduction can be performed 
in a triply infinite number of ways: For if R = R,Rq, then R is also 
equal to R|S.S-!R, where S is homographic. 


If we call R, the pre-factor and R, the post-factor of R, then all the 
possible pre-factors are congruent to one another and the pencils of the ” 
post-factors are linearly transformable into one another. 


Re, (1) A reducible quartic transformation can be expressed in — 
infinity ways as the prodnct of two congruent transformations, 


For S can be chosen in infinity ways so as to make the pencil of R,S 
identical with that of R,. 


Hence there is an infinity of quadratic transformations R, such that 
k,2 is congruent to a given reducible quartic transformation, 


[This is an attempt to study the general Rational Transformation of 
one variable in some of its most characteristic aspects. More questions 
nave been raised than solved; and the positive results obtained are few. 
In spite of the fragmentary character of the article, it is believed that it 
will be of some value to readers interested in the subject. } 
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THE GROUP-THEORY ELEMENT OF THE HISTORY 
OF MATHEMATICS, 


By Proressor G, A. Mrtrer. 
(Continued from p. 12.) 


SOR about a century mathematicians studied these special groups with 

only occasional glimpses into their deeper meanings and wider appli- 
tions. KE. Galois, A. L. Cauchy, A. Cayley, and W. R. Hamilton made 
ferences tothese deeper meanings, especially as regards an abstract 
sory, but none of these men formulated the abstract laws governing 
iis theory, About 1870, an eminent triumvirate of mathematicians, 
. Jordan, S. Lie and F. Klein, began to exbibit the applications of the 
roup concept to new fields, In his ‘ Traité des Substitutions” (1870) 
ad inan article on the groups of movements (1868), ©. Jordan made 
indamental geometric applications, which were greatly extended by 
‘Klein. About the same time S. Lie founded a new theory of conti- 
uous groups of transformations and made extensive applications of these 
roups in the theory of differential equations and in other mathematical 
ubjects. 


It may be of interest to note that during the first, or implicit period, 
f the development of our subject, groups involving an infinite number 
¢ elements exercised the greatest influence. During the second, or 
pecialization period, the attention was centered on groups of a finite 
umber of elements, while during the third, or generalization period, 
yroups involving an infinite number of elements again moved to the 
oreground, but groups of finite order continued to receive considerable 
‘ttention. Two types of groups of infinite order were studied during 
this period, viz., those in which the transformations were continuous 
and those in which the transformations were discontinuous. 


The fundamental abstract notions involved in group theory are so 
slementary that they can be easily understood by those who are not profes- 
sional mathematicians, Hence it is the more interesting that these notions 
were not explicitly formulated before 1870. In formulating these for the 
special case where the elements obey the commutative law when they are 
combined, L. Kronecker expressed himself as follows: ‘ The extremely 
simple principles upon which the method of Gauss is founded, find appli- 
cations not only in the place named but also in others, and, indeed, 
already in the elementary parts of the theory of numbers. This circum- 
stance points to the fact, about which it iseasy to convince oneself, that 
the said principles belong to a more general and more abstract sphere of 
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ideas. Hence it appears appropriate to free their development from 

non-essential limitations so that one will be spared the trouble of repe ats 
ing the same method of reaching a conclusion in the different instances ¢ 
its use, The advantage of this appears even inthe development i self, 
and the presentation gains at the same time in simplicity, and, ' by 

clear exhibition of the essentials only, also in distinctness when it is give 
in the most general permissible way.” 


the fact that the formulation of a definition of an abstract group came 40 
late in the development of this subject. For afull century mathematicians 
were dealing with special substitution groups before making a serious 
effort to develop an abstract theory embodying the fundamental princip é 
of these groups as a special case. It was not until such an abstract theory) 
was being developed that mathematicians began to see that the group con= 
cept had been a dominant factor in some of the most important early 
mathematical work and hence it became an important means not only for 
suggesting further advances but also for securing an insight into the large 
body of earlier mathematical developments. yi 









A few statements found in well-known text-books may serve to illosteale 
the attitude of leading mathematicians at the beginning of the present 
century as regards the theory of groups. In the preface of his 
“Géometrie,” 1905, E. Borel says : IK 


: 

The new foundation (of elementary geometry) has been laidin the nineteenth 
century hy the works of leading mathematicians, It consists of the recognition that 
elementary geometry is equivalent to the investigation of the group of movements, 
Such a view is in accord with the characteristic tendency of modern scientists to 
replace static investigations of the phenomena by dynamic; or, to speak in m re 
general terms, the thought of development penetrates more and more our observatiea 


In his ‘ Lehrbuch der Algebra” (kleine Ausgabe), 1912, page 180, 
H. Weber notes that : ‘ 


There are chiefly two large general concepts which dominate modern alge 
The existence and importance of these concepts could be observed only after algebra 
was completed to a certain extent, and had become the property of the mathemati- 
cians. Only then could be observed the combining and guiding principles, These 
are the concepts of groups and of domains (koerper) which we now proceed to ex- 
plain, The more gereral of these is the concept of group, 


{In bis “ Beriibrungstransformationen ” 1914, page 11, H. ah 
makes the following statement : 


The rules and concept development of group theory may be compared with 
organizing laws of nature wry to which crystals arise, Ifitis allowed 








+L, eisdeawen Berlin Mohepibictoade 1831, p. 882, 
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ntinue the figure of speech it may be added tbat the remaining mother liquor is a 
h fostering soil on which luxuriant organized life unfolds itself, 


These quotations may suffice to indicate in a general way to what extent 
oup-theory influenced the trend of mathematical progress since the 
ginning of the third period of its development. The infinite number of 
‘ite groups, each of which exhibits special laws of operations, which had 
en discovered during the second period of the development of this sub- 
st, showed that this theory can never be completely mastered in its 
tails. There are, however, large categories of groups which have many 
operties in common and whose common operational laws throw light on 
her mathematical developments. 


+. Comparatively little progress has been made in the study of those 
stract properties which all groups have in common, yet itis just 
ese Common properties which were popularized by the mathematical 
erature of the last quarter of the nineteenth century. While they are 
‘simple that the ancients did not consider it necessary to mention them 
plicitly it was found that they furnish a point of view which offers 
any advantages. For instance, few mathematical terms are more use- 
than the term equivalent, and one of the services which group- 
eory has rendered is to give this term a flexible yet perfectly definite 
eaning by noting that the equivalence of two objects implies that 
se can be transformed into the other by the operations of a certain 


oup. 


Hence the term equivalent is relative to the group under consi: 
sation, For instance, in Euclidean geometry two figures are equiv- 
ent if they can be made to coincide by operations of the group com- 
osed of displacements and symmetries. Thedistance between any two 
pints is an absolute invariant under this group. On the other hand, 
1elementary geometry two figures are equivalent when they can be 
ansformed into each other by the operators of the group com posed 
f the similarity transformations which includes the preceding group 
; an invariant sub-group. In elementary geometry all circles are 
quivalent, and all squares are equivalent, but this is not true in 


‘uclidean geometry. 


 Buclid’s ‘ Elements” could have been enriched not only by the 
ps of infinite order but also by the introduction 
In particular, the five regular solids which 
Greek mathematics and in Greek philosophy 
s of finite order, In the words of 


xplicit use of grou 
£ groups of finite order. 

lay an important réle in 
epresent three interesting group 


us Picard H 
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A regular polyhedron, say an icosahedron, is’ on the one hand the x 
that all the world knows; it is also, for the analyst, a group of finite order 
corresponding to the divers ‘ways of making the polyhedron coincide 
itself, The investigation of alltha types of groups of motion of finite or 
interests not only the geometers, but also the crystallographers ; it 
back essentially to the study of groups of ternary linear substitution 
determinant unity, and leads to, the thirty-two systems of symmetry of 
crystallograp’y for the particular complex, 


While it seems impossible to establish the reasons why Euclid : i 
not make explicit use of groups of finite and of icfinite order in 


“Elements,” the fact that Aristotle frequently expressed the view tha 
mathematics has to do with the immovable objects except such as re 


to astronomy, is suggestive. While movements were used to illustrat 
the demonstrations of theorems the Greek philosophers seemed to hold 
the view that geometry itself was essentially a static subject, Iti 
difficult to overestimate the great influence which this view had 
the later history of mathematics. 





If Euclid bad emphasized in his “ Hlements” the dynamic rathet 
than the static elements of mathematics, it is likely that his work would 
have exerted a more vigorous influence. The cube of Euclid, for in 
stance, is of great interest but it is not so inspiring jas the cube cot 
posed of the twenty-four movements of space which leave Euclid’s c 
invariant. These movements affect all space and convey big and far. 
reaching notions. Moreover, they suggest many questions as regards 
sub-groups and abstract laws of operation. In particular, this group ol 
order 24 is completely defined by the fact that it contains two operators 0 
orders 2 and 3 respectively whose product is of order 4, . 


a 


While a group-theory of the third century B. ©. is conceivable, it conld 
not have been the group-theory of the nineteenth century since the latter 
century had a much richer mathematical heritage. The rapid strides of 
group-theory during the last century were largely due to the utilization of 
old results, as is always the case in generalizations by abstraction. The 
soil had been prepared by the labors of earlier centuries and it was only 
necessary to sow on it the new seed to secure the bountiful harvest with 
which the labors of many workers in this field were rewarded, especially 
during the last decades of the ninteenth century. 


When group-theory appeared explicitly, it naturally took a form which 
was In accord with the spirit of the times. Substitution groups Constitute 
a type of combinatory analysis and arose about the time when the Combi- 
natorial School fiourished in Germany under the leadership of C.F, 
Hindenburg (1741-1808), Abstract group-theory is a type of postulatiaal 
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mathematics and its early development during the middle of the preceding 
century was in the van of the postulational activity which was so promi- 
nent during the second half of the nineteenth century. Continuous and 
geometric group-theory are mainly applied group-tbeory and their rapid 
development during the last quarter of the preceding century is in accord 
with the spirit of this age when the'fear of mathematical isolation through 
over-specialization tended to make the study of applications especially 
popular, 
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SOLUTIONS. 
Question 1102. 


(M. Baimasena Rao) :—P is the inverse of the incentre of a triangle 
ABC with respect to the circum-circle of ABC. Show that the isogonal 
conjugate of P with respect to ABC lies on the common diameter of the 
in-circle and the nine-point circle of ABC. 


Solution by N. Sundaram Aiyar and C. N. Sreenivasa Lyengar. 


Let O be the circumcentre, | the incentre and N the nine-point 
centre of Q ABC, Then OL, OP = R? (R being the circum-radius). 
The trilinear co-ordinates of O and I are (R cos A, KR cos B, R cos C) and 
(r, 7,7) respectively. Let a, 3, y be the co-ordinates of P. 


Then obviously 





r— Roos A _ a —Roows A _ (7 —R cos A) (& — R cos A) 
Ol OP R j 


a—RcosA _ R* _ 2k 


“Si pee Hh woe AL Ol) ite eer 


x = B* cos A — 2Ry cos A + Ry — R’ cos A 
4 R — 2r 


se PY ie 
Pest 2 cos A). 





The co-ordinates of P are thus proportioual to (1—2 cos A), (1—2 cos 
B) and (1—2 cos ©), 


The co-ordinates of its isogonal conjugate are proportional to 


wee 1 

1 —2cos A’ 1 — 2 cos B’ Il — 2 cos C 
To prove that this point is on a line with I and N whose co-ordinates 
ate proportional to (1, 1, 1) and [cos (B — C), cos (C — A), cos (A — B)] 
respectively, we are to show that 


i l 1 
cos (B — ©) cos (C — A) cos (A — B) / 

1 1 fu pe. 
| 


1—2cosA 1—2cosB 1 —2cos0 





green en—eniaggt 
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Now S(1 — 2 cos A} [cos O—A (1 — 2 cos C) 
= ¥(1—2 cos A) [cos € —A — cos A —B — (cos xG — A (cos A — 2B) ] 
= (cos C —A — cos A —B) — S(cos C — cos B) — S[cos C— 2A 
— cos (2A — B) — S(cos 2c —a — cos A — 2B 
+ S(cos 2C — cos 2B) + S(cos x¢ — 9A — cos 2a — 2B) = 0. 
Hence the result, 


Similar solution by M. K, Kewalramani. 


Question 1104. 


(M. Burasena Rao):—A circle cuts the sides of the triangle of 
reference at angles «, 6, y. Show that it cuts the nine-point circle at the 
angle § given by the equation 

cos O(a cos a + bcos B + cos y) 
= Sacos Asin?o + SacosPcosy +... . 
If 9 = a + 8 + y, show that either 
(i) sin A sina + sin B sin @ + sin C sin y = 0, 
or (ii) cos A sina + cos Bsin @ + cos C sin ¥ + sin (a+8+y)=0, 
{nterpret these results geometrically. 
Solution by N. Sundaram Aiyar. 


The trilinear co-ordinates of the centre of the circle of radius 1, 
which cuts the sides of the A of reference at angles, a, @, y are 
rcos a, r cos @, ¥ Cos y, 
where r(acosa + bcos 8 +ccos y) = 24, 


If d be the distance of this centre from the nine-point centre, we have 


2 
d* = 72 + ee — Qy . 7 cos 6. eee eee (1) 
Rut the nine-point centre is the point 


R 
¥ cos (B — C), 5 608 (C —-A), 3 cos (A — B). 


Mm abs 


ee 4 A? Sa cos A (7 cos a — ¥ eos B — C)* 





R eae 
— ae s ly, os G = A) (r cos y — =, 008 A — B) 
cas er ee 2° ( 9 


ae abe [Sa cos A ,72(1 — sin? a) — rRSa cos a cos A cos R —O 
=2' TRA 





wis 
2B 
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+ = Sa cos A cos’ B — C — 7 Sa Cos B cos Y 


_- — “ Ya cos O— A cos 4—B + "E 3{a 008 8 cos AB 


[" 
of 


+ a cos y cos CG — A)]} 
aan (Sa cos A sin? « + 20 Goa cos y) 
E 3 08 « (¢ cos G—A + 5cos A — B — 2a cos A cos B—C) 
+ S (a cos A cos § — 0 — acos O— A cos A — B)]. 


But Jo ns UE ae Ba 


Pes 
rite 
Sided 3 


° oe 


i 


or 


R (sin 2c — A + sin A + sin A + gin 2B — A — 8in 2A + B— O 


— sin (2A — B + OC) = 2RsinA = 
Also S {acos A cos? B —C — acos G— A cos (A — B)} 


- — 


a = A 424 cos A cos 2B—20 — DSBReain A (cos O—B +-cos O4B—2A) 





2 


33 


4 > (sin 2A + 2B — 20 + sin 2A — 2B + 20) 


aa B Svein A+C—B +8in A—O+¢B+ sin C+B—A+8in 3A—B—O) 


of 


2K sin 2A sin 2B sin 2C — 2R sin A sin B sin C — 2R °7 sin 2A 


d2 = r2 —_h * (Da cos A sina + Sacos £ cos y) 


tie 2 cos a = 732 — rR cos 8 ae 


coseO ss A (Sa cos A sin a + Sa cos @ cos y) 


cos 8 (a cos a) = Sacos Asin2a + Sa cos @cos y. (2) 


If @=a-+ 8 + y, this result becomes 


or 


(Xa sin a) (cos A sin a) + Sa sin? a cos (8 + y) 
+ 2 s8in © cosa sin (8 + y) = 0, 
(Sa sin a) (S cos Asina + sina+ys + y) = 0. 


Hence either 
(i) sin Asina + sin Bsin 2 + sin C siny = 0, 
(ii) cos A sin « + cos B sin 8 + cosC sin y + sin (a+8+y) = 0, 
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Question 1109. 


(SALDHANA anD MapHwava),—Prove that 


e [7 @) | = (1 - :) f(x +1) (Bombay, B.A.) 


yhere n=a(i ti); 


nd extend the result as follows :— 


sh [1 (2) | = G+; + sa) f (e+ 1) 
oa 


\ 1 ] 1 
‘slas@]=(3+35+ 5 pa) /@+0 
yhere ng 2 + Pan hs =a * 


Solution by A. V. Sudb1 Rau; K. J. Sanjana and severa/ others. 


The three results to be proved are particular cases of 


G2, [7@ | = (1 + ;) " f (e +1) where Ar = vd + : 


being any positive integer. 


Let f, fis fas fe ++ ete, be f (x) and its derived functions with 
egard to x, 


Then a, f =ft+-f 
y r ere ne bs 
Aw? f =f, cae a dia amir pe aie ol 


=f,+2.- sy Seay, 
1 
Ps t = NTs + 2 ay [E hi] + ¥ (v—1) [aft | 
2 2 2r?2 
mist - fet Sts ca tat ah 


(r — 1) Q7(r — 1 72(r — 1) 
+ WH 7, —- “+ Pes 


” (r—1 r(r—1) (r—2) 
mf, +3. 0 f, +3. cer. i+ ea) 
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In general, we get 


‘i f = fin + 10s" fra + nUg es rs fn-2 + vor ten 088 ( 


the last term being 
(i) 4C, r(r—1) ony . x—nt+1) f, ifn<r; 
ve rv! j 
aa f£ tS 
(ii) = f,ifus=r 


! ; 
(iii) Cy “ fan ifn Shs 





To prove this expansion of a7f in terms of fa, fn-1, Jama, ObCs, 
assume it in the case of m and deduce it in the case of n+l ¢ 


follows :— 
d i Ve 
Sal Fee ee ; 
Now a y ESTAR 
and the general term in »,”*’ f 
d 
= Crear (r— I-25 +2) fron (% + Z) 
Fouts r(r—1) (r—2) (ret Dey, ia 
ns wre tats ws $ 
geet ie 1 (lee a 2 frmott 


<4 20: r(r— 1) (r—2)...%— s+ ane . 
vc 
r(r —1) (r — 21... (r —8 + I) fooeia 


= (,05—1 + nOs) x 





=, (n+ 1) 0, is deat oe ae Ailes 525 x 4 


Hence by Mathematical Induction the expansion of Ae f as given in 
(1) above, is true. 
Now fap 


me | | 
#4 


-\ n—2 * 
and SES DSi a he “91 ete. are all equal and each is "a 


f(w + 1), by Taylor’s Theorem, oe 
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° Ay pata rC rC rOs 70, 
es 6 [7 @)| ie (1 + 4 BS ro 2 + eee a) Le + Ll) 


= (1 +2)" f@+ 1). 


By putting r= 1,2 and 3 the three results required to be proved 
are got. 


Similar solution by O. N. Sreenivasa Aiyangar, V. M. Gaitonde, 
N. Sundaram and others. 





= Question 1110. 


(A. Narasinca Rao) :—If for a curve there exists a furctional relation 
connecting the area of every escribed triangle, and that of the triangle 
formed by the points of contact, such a curve must be a straight line or a 
parabola. 

Solution by WMV. Sundaram. 


Since the functional relation is true for all inscribed As, let us take 
the inscribed triangle formed by three consecutive points on the curve, 
Let P, Q, R be the points forming the inscribed 4 of area A,. Let C be 
the corresponding centre of curvature, and p the radius of curvature. 
Then the area of the triangle LNM formed by the tangents at P, Q, R to 
the circle of curvature will differ from that formed by tangents at P, Q, R 
to the curve by an infinitesimal of lower order than 4,, Let A, be the 
area of the escribed triangle. 


It is obvious from a figure that 


: : a , OF | 0 v-'G@ 
A, = 4’, 2p sin 4 2p cin $ sil to = 2p*\sin 5° cin Fein : ame 
6 p 6+¢ 
and A, = p* tan 3: tan e tan a 


where 6, ¢ stand for the angles PCQ, QCR, 
‘Thus since 6, ¢ are small, we have as the functional relation 
A, = 24,. 

Hence cither A, = A, = 0, which is obviously the case when the 
curve is a straight line; or the curve is a parabola which satisfies the 
relation A, = 2 Do: | 
’* For if (at,?, 2at,), (at,?, 2at,), (at,2, 2at;) be the vertices of the 
inscribed A, [at,t,, a(t, + 42)3 ahty, a(tyAts) 5a bats, a(t. + /,)] are the 
vertices of the corresponding escribed triangle. 
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ah 4, _ 3a : 2a 


t,? ty 1 = a2 (ty — ty) (ty — ts) (ty — &) 
t.* ts 





and O, = 4a" tity tytt, 1 | = $a? (t—ty)(ty—ts) X (4s—A) 


tety tatty 17 





—— 


A, = 2 A>», ina parabola, 





[We can prove that the only form of the curve other than a straight 
line is a parabola, as under : 

Let OA and OB be two fixed tangents to the curve at A and B. Let 
X,X. be a variable tangent to the curve at P, It will be shown that P 
can trace only a parabola, 


Let OA and OB be the axes of co-ordinates, and the equations to AB 


=e = and x + 2 =1, respectively, Let P be (,y), 
2 


d X,X, be = 
and X,X, be = = 
Now 4 APB = 24 OX,X, as above, 


o. 3g AB. p=e,2, sin AOB, where pis the perpendicular PR on AB. 
PQ = p, (say) is drawn parallel to OA to cut AB at Q, 


A 
-. ¢AB.p,sin A = 22, sin AOB. 


But Wee = 0% 3 
an AOB “4 
A bp, = 22 Loe eee eee ewe (1) 


And length PQ or p, is a( 1 —{ )- Xe 
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ee eee ' 
Writing igh — wlin the form Y—y= oY (X= 2) 
€ 


a 
and remembering that = + 4 =1, we have 
1 2 
eo = z— ¥. and x, ss — y' ( a—¥ ): 
y y 


Substituting in (1) for z,, 7, and p,, we have 


mos cometh Ms b}a(1—3) —a}, 


I 


al 4 7 
or 2( 2 i—y ) = WH {ay + b,(@—a)}. we (2) 
To solve this, put = au®, y = bv, so that 
Gra} Bi nee 
dz au du 


Equation (2) becomes 


dv ‘3? bv dv 
buy — — bv? eerie) ere fy 2 ae ea 
( uo T v ) aie ab (u® + v Ye 


du 
which is satisfied by v+u=l. 


2 
or Quv («5 -— v) = = (u? + v?— 1), .. in we) 
u 


Hence the original equation is satisfied by 


Jet Jt mri us »» (8) 


Since the differential equation is of the first order, (3) should be a 
solution got for a particular value of the single arbitrary constant which 
the complete primitive can have. But since our curve is to touch the 
axes at distances a and 6 respectively and (3) does so, it is the locus of P.] 


Question 1112. 
(C, KRISHNAMACHAR!, M.A.) :—If V is the normal velocity drawn 
outwards to a closed surface S in a liquid, show that 


ff eves + ‘fale aP aw dy de = 0, 


where the volume integral extends throughout the volume enclosed by 8, 
and the surface integral over the surface S. 


Hence establish the equation of continuity. 
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Solution by Martyn M. Thomas and 8. ht. Ltanganatham. 
Let p be the densit y atany point («, y, 2) of the fluid inside the given 
closed surface S, so that p is a function of «, y, 2. 


Then ‘fi ij {) p da dy dz being the mass of the fluid within S we have 


‘e dh if if p dx dy dz. dt = increase in mass inside the surface in time 8é 


= excess of flow in, over flow out, across the 
surface S in time 67 


= S [ = ay a. p—( w+ | dy dep | 
+ two similar terms, the summation 


being extended to points all over the bounding surface S 


-_— f f (updydz + vpdzdx + wpdady] d¢, where x, v, w are the com- 


ponents of the normal velocity V on the surfacé parallel to co- 
ordinate axes 


= —{ {ee . dS + vp,.mdS + wp.ndS) dt, where J, m,n are the 


direction cosines of the normal to S 





= —f fon oP ws pe ASR aS Baa > 47 qy 

ares i) i} [p (2V} + p(m*V) + p(n?V)] dS. & = — f it (pV) dS. 
‘ 13 fff Pacayas + ff eves Leno. 
Hence f if f oP dudydz + f f pVdS = 0. 


To deduce the equation of continuity : 


Green’s Theorem states that 


f fore mg + nh) dS = ff [ (E+ 4%) dxdy dz, 


where /, g, are functions of (x, y, 2), which, with their first derivatives, 
are finite and continuous through a region bounded by a closed surface S. 


Hence from the equality (1) obtained above, we have 


2. SET pazdyds | t= — {J (2 (pu) + m(pv) + n(pw)] d8,8¢ 
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cl 0 sO Ube aae) + 10) + te] didydz, %t, 


using Green’s Theorem. 
 f f Li [2 + te) + ae + (en) | dedydz = 0. ... (2) 


Since equation (2) is true for all ranges of integration within the 


filaid, we have op O(pu) 4 a a acl Ti) i 
yt + = dy ~~ 0, at every point of 
the flnid ; and this is the equation of continuity, in Cartesian co-ordinates, 


Question 1113. 


(Seieorep):—An ellipse, of eccentricity sin 2%, passes through the 
focns of a parabola of latus-rectum 4a and has its foci on the curve. Show 
that the major axis envelopes the parabola 


y2 = 4a (1 — tan2a) (a — a) tan® a) ; 
and that the minor axis envelopes the semi-cubical parabola 
27a sec? a y® = 4 (4 -—a— a sec? a)’. 
Solution by A. A. Krishnaswami Atyangar and Martyn M. Thomas, 


Let S be the focus of the parabola and P, P’ the foci of the ellipse. 
Denote P, P’ by the parameters ¢, ¢’ respectively. 











Si Seiver ost 
iis PP’ ¢ sin 2a" 
2413+ 2 344 _ 1+ tan? « 
(t—t’) JZ +t’? + 4) ~ ginge 2tane 
a Greet were ee grit f) +4 
J(t +’)? + 4 t— t’ 
‘ys 
tt! = (*** ) (1 —tan? a) — tan? a, 
4 2 
taking only the first value. ae soe ae e (i) 
The equation of PP” is 
e+ ati’ = y. > 
i t” 
ie, we+a(1—tan? a) (4° y —atanta=y it, 


after substituting from (i) ; 
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t’ Beh ee 
ie, x—a tant a—y, +. + a {1 —tan® a) (4) = 0, 


whose envelope is easily seen to be 
y2 = 4a (1 — tan? a) (x — @ tan? a). 

If we take the second value of tan a, we can get similarly the enve- 
lope ys = 4a (1 —cot* a) (w—acota a), which is not given in the 
question, 

Again, to find the envelope of the minor-axis, we may write its equa- 
tion in the form 

t+? a t+t 











at =, tye t's 
y + (% — 2a) 5 o) ae eG ) 
= a sec? () : + atanta.’ a! t on substitniion from (i) ; 
1.6, a sec? afta: ) —@—2a—atanea) #8 y = 0. 


Considering this relation as an equation in the variable nae we easily 
find its envelope to be 
27a sect? a y2 = 4 (x —2a—a tan? a)s 
4 (© —a—asecza)*. 


Similary, we can get another envelope of the form 
27a cosec2 ay? = 4 (@ — a —a cosec® a), 


It can be easily verified that the locus of the centre of the ellipse is 
the parabola y® = 4a cos2 a (% — a tan? a), 


Similar Solutions by N. B. Mitra, K, B. Madhava, 
Martyn M, Thomas and several others, 


— 





Quostion 1114. 


(T. P. Trrveni, M.A,, LL.3.) :—If P, Q are any two integers selected 


at random ; prove that that the probability that the fraction ‘(p/q) is in its 
lowest terms is 6/1r3, 


Solution by N. B. Mitra and A, Narasinga Rao. 


The probability that p/q is in its lowest terms is the same as the 
probability that p and g may be prime to each other, 


Let a be any prime number, If any integer p be taken at random, 
the probability that p may have a factor a may be found thus: 
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At first suppose p> m. Two cases arise, 


(1) Let m be a multiple of a say = np; there are » integers ~ m 
which contain @ as“a factor, viz. the integers a, 2a, ...... na: also the 
total number of integers >> m is m. Hence. the probability that. p may 
have a factor a is n/m = 1/a, ) 


~ (2) Next, let m lie between na and (n — 1)a, where n is an integer. 
In this case the number of integers >> m which have a factor a is n — 1. 
. Hence the probability that p way contain a.as a factor is (n — 1)/m which 
lies between 1/a and 1/a — 1/m. But as m is taken larger and larger 
1/a and 1/a — 1/m tend to equality, 


_ , Hence the probability that an iateger p taken at random may contain 
@ as a factor is ultimately 1 /a. 


Similarly the probability that another integer q taken at random may 
contain a as a factor is 1/a. 


Hence the probability that the two integers p, 9 taken at random may 
both contain a as a factor is 1/a?. 


Therefore the probability that p, ¢ may not have a common factor 
ais 1 + 1/a8, 


Similarly the probability that p, g may not have a common factor } 
(where b is another prime) is 1 — 1/5%, 


Hence the probability that and g may not have a common factor 
which is either a or } is (¥ — 1/a2) (Ll — 1/09). 


» And soon, 
_ Hence the probability that p and g may be prime to each other is 
P = (1 — 1/a*) (1 — 1/b2) (1 — 1/c?) ...... where a, 6, ¢ ...... are the 


_ succession of natural primes. 
To evaluate P. 


_ Let S denote the convergent series 1 + 1/22 + 1/32 + ..... j 
multiply by 1 — 1/23, The éffect will be to remove all terms from the 
series whose denominators contain 2 as a factor. Thus 

. ‘ 
Sid — 1/22) = 1+ 1/38 + 1/594 vo. 
Next multiply this by 1 — 1/3%. This will remove from the right 
side all terms whose denominators are multiples of 3. Thus 
10 
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S(l — 1/2%) (L — 1/3%) = 1 + 1/57 + Er 1/11? -* 1/13? + seeees 
Proceeding in this way we shall arrive at 
S(1 — 1/28) (1 —4/89) sas. (1 — Wk) = 1 + 1/18 + coveve 


where 2, 3, ...... & are the succéssive natural primes up to & and 7 is the 


prime next tok, We may make / as large as we please and then 1/2? + ... 
will tend to 0, since it is less than the residue after (1 — 1) term of the 


convergent series S. 


Hence finally SP = 1. ButS = 1/6. Therefore P = 6/72. 
Note by G, V. Krishnaswami. 
This problem is due to the Russian Mathematician Tchebycheff, 


(i) The probability that none of the primes from 3 onwards is a com- 
mon factor of p/q is 


(1-4): (8). (beh) ( a) natin 


eg Fe 1 
(ii) Suppose furthermore, we were assured that none of the two 
primes 2, 3 was a common factor of both p and gq. The probability that 


the fraction might not be reduced by division by one or more of the other 
primes is, from the above, 


m*[('-#) Ga) ]: 


(iii) Generally if we know that none of the n primes my, mg, ... Mn 
was a common factor of both p and g, the probability that the fraction 
might not be reduced by division by one or more of the other primes is 


54 (5a) aa) ee 


Question 1115. 


I 


(T. P. Trivepy, M,A., LL.B.) := Prove that 


«tied da oe oe . 2 
(1) 4 |) 334 9, seme ad inf, = z 
., 24—1 3—1l 5—1 6 
() a ed Bee i, 


“a 
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Solution by N, B. Mitra, H. BR. Kapadia and 
C. N. Sreenivasa Lyengar and others. 
[N.B.: Master S. Ohowla, aged 13, has sent a solution on similar liness—Kd.] 


Let us consider the series s + = + = + an ve Ad inf. =, (1) 


We know that it is convergent ifn > 1. Let us denote it by S,,. 


Multiply the series wy = The result will be to deprive the 


series of all terms whose denominators are multiples of 2, 
1 1 1 
Thus, S(1—F)ar+de ky, 


Let us multiply this by (! — ) 3 being the prime next to 2. The 


result will be to deprive the series on the right of all terms whose 
denominators are multiples of 3. 


Proceeding in this way we get 


I i553 a pecs ny oe 
6 (1-8) (1-2) (0-2). (1-L)o rhe 


where 2, 3, 5, ... pare the primes up to p and g isthe prime next to p 
Also 1/7" + ... is less thau the residue after q — 1 terms of the con- 
vergent series (1) and hence can be mads as small as we please by making 
q as large’as we please. 


Hence we get finally, 


Ly! £9 pas = 8 . (a 
tie (1=3,) (1 Bn 0h). 60.00 S» . ( ) 


‘ 


Similarly 


Y Pay -t L \orL oe | A ers 
Elsen) —5) (1 Ban ..t00 «e Sz (6) 


Dividing (0) by (a) we get 


L\-} 1) diay hag finale 
C48) O4ay (RP ewe ee 6 


“Dividing (c) by (a), wet get, after clearing 


eNO Ree akin OS™ aga om (A) 
Qe ei Bt +1 5 +1 f S?, 
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The questions proposed are. particular cases of this for n= 2 and 4; 
- n* BAS 
We know 8, °= 2;°S,;= 50’ 8? = 9580 


‘A 
Thesé can be os a calculated from the well-known formula 


or 2-2 amr 274 “bin ge! 2 nw". 
Ss Gal)! 1)! — ge ai [rad Mae anit 


Hence putting « = 2, 4 in (A) and substituting the above ‘values, 
we get the results :— 






(i) 2? soe 3? ee U = 6? —— 2 
| 2? 4 1 ‘ 3241 ope ase 90 Tae 5’ 
Q*#— 1 3-1 902 6 


) spi sea tu ose 7 
Question 1117. 


(Prov. K. J. Sansawa) :—If a given funetion of #, y, 2 be tratisformed 
by the substitutions sab 





t nd I 
= 2 log Aes te +2 > = tenn lt 6 = tan7! pee 2 


prove that the operation 
at} Bt feb 
x a 
epee te? (sp btu yr by + =) 
is transformed into yee baw (1) “ 


2 
(as + 2s + cosec? 6 = + — + cot9 ae 


Solution by Martyn M. Thomas and several others, 1} 
Let a+ y8 + 22 = RS, 


/ 
Then the given relations are equivalent to :— 
R=e'; & = Resin 6 cos¢ 
y = Rsin 6 sin¢ 
2 = Roos @. . 
it has been proved in Edward’s Diff, Calculus, § 532, that 
ey Vv, dV» PV /2 av 1‘ dV ‘cot ‘d 
dat * dys at ant 0 ak anh gate te R* 6 ¢ 
1 


+ = R ae 


7 


£ 


e 
ee 


R? (a + dV 


aay va@V \.., 
az* dy? 


az 





SR + eR Ny c+ wot T+ coseat 9 UY 
a he 
oy ib SN. 4 a : é 
Thus (a*}+ y? + 2?) (se + > + * )v 
= (53 + :. a pt + cot 6 FS + cosec’ 6 3) \F 





Question 1118. 


/ (N - Dora Rajan) :—Show that in the cubical parabola 2 = ary, all 
tangent chords tre trisected by the y-axis, 
Solution by V. M. Gaitonde and several others, 
Tangent at any point (z, y) on the curve X* = q'Y is 
X (327) + Y(— a*) + (— 2a*y) = 0, 
Eliminating Y from these two equations, the abscissae of the 
points of intersection of the tangent chord with the curve are given by 


the cubic equation . 
X* — 3”*X + 2aty = 0. 

Let # correspond to the two coincident points at the point of contact 
P of the tangent, and x to the other extremity Q of the tangent chord, 
Then 

2+ 2+ 2 = co-efficient of X? = 0, 
Let the tangent chord PQ intersect the y-axis in T, 
bom l 


eer PT 
Then, by similar triangles, TQ = g’ — numerically, 


Hence T is a point of trisection of PQ. 
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Question 1120, 
(N, Dora Rasan):—Show that the curve whore (f, 7) equation is 
+ = (a+ p) is an involute of an involute of a circle. Vind its polar equation 
aod trace the curve, 
Solution by N. B. Mitra, C, N. Sreenivasa Iyengar and several others. 


If (r’, p’) be the pedal co-ordinates of a point on the evolute corre- 
sponding to the point (7, p) on the curve, we have 
p =F Rr: =o i. ove we CAD 
and vy’ 2 = r® + P®? — Ip, bee ead wee Cae 
where p refers to the given curve and = ».dr/dp. . 


Here the given curve is 


r=at p. ott Per yt lon te) 
A> Pp =! 
and from (2), 7’? == Ir (r — p).= 2ra. 
Also from (1), p’? =a(+ + p) = a (2r — a). 
" | pr +a? =r, 


Hence the pedal equation of the evolute of (3) isr* = a? + p?, 
which is the involute of the circle r = p. 


In other words, the evolute of r = a+ p is the involute of the Gucis 
r = p. | 
Thus + = (a + p) is the involute of the involute of the circle r = p, 
To obtain the polar equation of (3) : 


We know that 
oF ls te al 


d6 p» r—a 





ry dy 3 _— ahah 2 

<. (“" ) idhiot A (ah 

. dr = 

et Ho Sy vee =a), 

‘e Jad@ mar. (r —a)/{r J (2r—a)}, 
Integrating, 


+ § = vers — 1° + Pros , which may be put into the form 


—_ 3 c08e0® ¢ ; O = 2¢ + cot 4, 


where ¢ is an arbitrary parameter. 
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QUESTIONS FOR SOLUTION 


1161, (K. J. Sansana) Prove that 
n (n+ 1)...(2n—1) 4 n(n+1)...2n 1 


n! ntl! ‘gy 
rn n(x + 1)...(2”7+1) x ned. inf “be Sa 


n+2! 


1162, (K. J. Sansana) :—Solve the following differential equations 
and explain their geometrical significance :— 


(i) at gos 20s Cl tn®) 4 Qu (1 + 91) & ja, 
. Y2 Ys 
Gi) a? + ys — HC 4m) 4 WOM") 4 (L4H — po, 
Ys Yo Yor a! 


(iii) y — mo e Lt yg MAC +919) Lo, 
Ye Ye 


wt ere ¥,, 7, stand for . om. and 4 and m are given constants. 


1163. (V. Ramaswamt Atyar):—Ifa rectangular hyperbola passes 
through the incentre of a triangle and the feet of the perpendiculars drawn 
therefrom to the sides, prove that it cuts the inscribed circle again at the 
point which is diametrically opposite the Feuerbach point. 


1164, [G.T. V.]:—O is the circumcentre of a triangle ABC. Points 
X, X’; Y, Y’; Z, Z’ are taken on BC, CA, AB respectively, such that O 
is the common incentre of the triangles AXX’, BYY’, CZZ’, Show that 
(1) their circumcircles intersect at the Euler point E of the triangle ABC ; 
(ii) if these circles intersect again in pointe A’, B’, C’, then AA’, BB’, 
CC’ concur at the centre of the N,P. circle of the triangle ABC; 
(iii) B is the twin-point of O with respect to the triangle A’B’O’, 

1165, (N. P. Paxpya) :—Find the lowest prime of 17 digits, 


1166, (Hemras):—If 2 be prime and : 


n—1 n—1 
TT aE > A, or 
k=1 hes 
prove that 
< Pee et ta 43 
2A). = de) n Opi ap ore, (mod. n ) : 


pm l 


where k and » are both odd and k > (r + 2). 
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1167. (Heneas) :—If 1=(ae—4bd + 3c*) ie'a negative oumber ; — 
that a necessary and sufficient condition that the roots of the biquadratic 


act + dha’ + Ger? + 4du +e = 0 


with real co efficients may be concyclic in the Argand Diagram 1s that 
a root of its reducing cubic should be proportional to /I. 


1168, (S. Krisawaswamt Atyanear):—If (a y) stands for 
sn (% + y) su (t — 9), then 


1—k (28) , 1—k (By) , U+k (yd) ) 14k (8a) 
1+¢2 (a8) 14k (By) 1k (yh) 14k (Se) 





1169. (S. Krisonaswami AIYANGAR) $— 


dn?z — dnty 


(a@) + (8¥)+ (ya) = he (08) (By) (ye). i 


1170. (P, V.Sesau Arvar):—If y,, is the rth term in the expansion 
af (p + 9)", show that . 


ak d d ad 

* = — be=p = eeeece (, + cl 
> (Per) (a7,) (77,) HEE): 
rel . i 


where Hs is repeated s times. 
q 


L171, (CR, Vatpyanatnaswaus) :—If S + 28’ isa pair of lines for 
1 


the values a, Ly —- of A, prove that quadrilaterals can be inscribed in 
a a 


S — aS’, with their four sides touching respectively the conics 


8+ 58,8 —b8,8+18,8 — js, 

1172, (R. VatpyanaTHaswaM1) -E isa oonic of a given four-point 

system and S,, S, are the two conics of the system which are inscribed to 

a self-conjugate A of E. As are inscribed in B with two of their sides 

touching S,, S, respectively. Prove that the envelope of the third side 

is composed of the two conics of the system each of which has As in. 
scribed in itself, circumscribed to the other, 


SS 





a 
. 


; 
i 
; 
; 
i 
‘ 
' 
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THE THIRD CONFERENCE 
OF THE INDIAN MATHEMATICAL SOCIETY. 


The Third Conference of the Indian Mathematical Society was held 
at Lahore under the kind invitation of the Punjab University Mathe- 
matical Association on the 26th, 27th and 28th March 1921. 


The opening ceremony on the first day was held at the Town Hall, 
and the meetings on the second and third days took place in the Law 
College Buildings, near the University Library, Lahore. 


The Punjab University Mathematical Association, under the able 
guidance of their Patron, Sir H. J. Maynard, Vice-Chancellor of the 
Punjab University, their President, Prof. Devi Dayal, and other members 
of the Committee had done all that was possible to make the Conference a 
success. The arrangements for the comforts of guests were highly 
satisfactory. 


The Conference commenced its proceedings at 11 aM. on the first 
day in the Town Hall, in the presence of a large gathering consisting of 
members of the Society, members of the Panjab University Mathematical 
Association and a number of visitors—both official and non-official— 
interested in the objects of the Society. Some ladies also graced the 
occasion by their presence. 


Punctnally at the appointed time, His Excellency Sir Edward 
Maclagan, «.c.s.., K.C.I.8., Governor of the Punjab, accompanied by his 
Military A. D. C., arrived, and was received on the steps of the Town Hall 
by the Hon’ble Sardar Bahadur Sunder Singh Majithia (Chairman of the 
Reception Committee), Mr. Balak Ram (President of the Society), Mr, Devi 
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Dayal (President of the Punjab University Mathematical Association) a 
members of the Managing Committee of the Indian Mathematical Society 
After the formal introduction of the vsrious officials of the Society, Hi 
Excellency was conducted to the Conference Hall where the who 
gathering received him standing. After His Excellency had taken hig 
seat on the dais, the proceedings commenced. 















The Chairman of the Reception Committee, the Hon’ble Sarda 
Bahadur Sunder Singh Majithia, Member, Executive Council, Punjab 
first read his Address of Welcome.’ 


This was followed by the Opening Address? of His Excellency Sir 
Edward Maclagan, Governor of the Punjab. 


The Hon. Joint Secretary (Prof. D. D. Kapadia) then read the 
Report * of the Society. 


Mr. Balakram, u.a., 1L.C.S., afterwards delivered the Presidential 
Address.4 


The Hon’ble Sir H, J, Maynard, x,c.1.8., I.0.8., Vice-Chancellor of 
the Punjab University, next proposed a hearty vote of thanks to His 
Excellency the Governor for the trouble taken by him to preside at the 
opening of the Conference and thereby contributing to the success of the 
Conference. 


The proposal was received with acclamation, and the formal pro- 
ceedings of the Conference for the day terminated. 


After the departure of His Excellency and visitors, the members of 
the Indian Mathematical Society and of the Panjab University Mathe- 
matical Association met under the presidentship of Mr. Balakram and 
the following business was transacted :— 


(1) It was proposed by Prof. P. V. Seshu Aiyar and seconded 
by Prof, G. 8S. Chowla—that the Society records with 
extreme regret its deep sense of the loss sustained by India 
in the sad and untimely death of the late Mr. S. Rama- 
nujaD, B.s., F.B,8., at the very early age of 32 years, 


The proposal was received ‘most solemnly, all the members 7 
standing, 


“i Sardar Babadur Sunder Singh Majithia’s Address of Welcome is given on 





p. 9 
* The Opening Address of His Excellency is given on p, 92. 
% The Hon. Secretary’s Report is given on p, 98, | 
* Mr, Balakram’s Address is given on p, 97, 
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(2) It was next proposed—that a befitting memorial, in a form 


to be determined by a Committee to be appointed here- 
after, be instituted to perpetuate the memory of the late 
Mr. Ramanojan. 


The proposal was moved by Prof, P. V. Seshu Aiyar and 


seconded and supported by Professors Samuel Lal and 
Mukundlal, and was carried unanimously. 


During the discussion that followed the proposal the general 


consensus of opinion of the members present seemed to be 
in favour of founding a prize to be awarded every year, 
or once in two years according to the funds available, in 
open competition throughout the whole of India, for 
original mathematical work. 


(3) It was then proposed by Prof, P. V, Seshu Aiyar and 


seconded by Prof. Mehr Chand Suri—that a Committee, 
consisting of the following gentlemen, with power to add, 
be formed to give effect to the formulation of such a 
scheme to found a Ramanujan Memorial Prize :— 


Messrs. Balakram, M. T, Naraniengar, P. V. Seshu Aiyar, 
R. Ramachandra Rao, G, 8S. Chowla, Hemraj and D. D. 
Kapadia. 


The proposal was accepted unanimously, 


(4) The discussion afterwards turned on the subject-matter of 


In 


Mr, Balakram’s letter for the improvement of the Journal. 
The main points of Mr. Balakram’s letter were to issue 
our Journal in two parts —one containing mathematical 
notes, short articles, problems, &c., forming the elementary 
section and the other containing original advanced con- 


tributions. 


opening this subject for discussion, Mr, Balakram in- 
formed the audience, that the members of the Committee 
were generally sympathetic with his views but some had 
indicated the practical difficulties in the execution of such 
a scheme, and he wished to know the opinions of those 
present on these points. An interesting discussion then 
followed in which Messrs. Hemraj, P. V. Seshu Aiyar, 
M. T. Naraniengar, C. V. H. Rao, Samuel Lal and others 


took part, 
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In winding up the discussion Mr. Balakram suggested that as 
the matter had been sufficiently well discussed, it might 
now be left to the Managing Committee to go into the 
details and put forward definite proposals in the matter. 


(5) Mr, P. V. Seshu Aiyar had issued a circular letter to the 
Committee for the more efficient working of the Library— 
his principal suggestion being to establish branch circu- 
lating libraries at various Provincial centres. In con- 
nection with this, the various replies which bad been 
received were put before the meeting, and the long letter 
containing nearly all the details of our Library from our 
Assistant Librarian Prof, V. B. Naik was also read in 
part. General unanimity was not to be found and there 


was nearly equality of opinions for and against such 


branch Libraries, 


The question of the efficient working of the Library has 


been a moot point ever since the foundation of the 


Society, and it has been found hard to arrive at a 
generally satisfactory solution of this problem. 


After some further general discussion, the meeting terminated at 2 P.M. 


The Hon’ble Sardar Bahadur Sunder Singh Majithia, Chairman of 
the Reception Committee, was ‘At Home” to members of the Indian 
Mathematical Society and of the Punjab University Mathematical Asso- 
ciation in the evening on the same day at 5 P.M., at his residence, and 
the function was a grand success. The Hon’ble Sardar Bahadur spared 
no pains to look to the comforts of the guests and the cool and shady 


o_o ! ———ip—a ame 9 


recesses of the spacious garden lawns added greatly to the enjoyment, The 


visitors regaled themselves till dusk and parted with happy memories of 
the Sardar’s hospitality. This terminated the first day’s programme, 





On the second day, at about & a.m., the regular work of the Con- 
ference commenced in the Law College Buildings, near the University 
Library under the Chairmauship of Mr, Balakram, the President of the 
Society. The following papers were read, and the Conference adjourned 
for the next day at about 10 a.m, [The sitting had to be suspended for a 


few minutes at 9 a.m. for a group photo of the members of the Con- 
ference | :— 


1, Mutually Locked Tetrahedra—by Prof. C. V, H. Rao. 
%, Normals to an Algebraic Curve--by Prof, Hemraj. 
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3. Generating Regions of a Quadric in space of n-Dimevsions—by 
Mr, K. Vythynathaswami. 


4, An Elementary Exposition of the allied properties of the Simson 
Line, the Sternier Envelope, and the Orthopole—by Mr. A. A. Krishna- 
swami Aiyangar. [Read by Mr, R. Vythynathaswami, in the absence of 
the author. | 


5. Note on the area of a Triangle circumscribed about a Parabola— 
by Mr. M. K. Kewalramani. [Read by Mr, R. Vythynathaswami, in the 
absence of the author. } 


6. Convergents to ./2 in the solution of some Pythagorean Kqua- 
tions—by Messrs. K. B, Madhava and Charles Saldhana. 


In the afternoon, at about 4 p.m., the members were taken to Shahdara 
in carriages specially provided for the purpose, and had the splendid 
opportunity of seeing the historic monuments of the Mausoleums of 
Jehangir and Nur Jahan. After light refreshments and a stroll in the 
gardens, the party returned to Lahore at 6 P.M. 


In the evening at 7 r.M., a popular lecture under the auspices of the 
Conference was delivered by Mr. T. P. Bhaskara Sastri of Nizamiah 
Observatory, Hyderabad (Deccan), in the Hall of the Society for the Pro- 
motion of Scientic Knowledge. The lecture was on “ Star-Motion ” and 
wae illustrated by a number of lantern slides, Mr. Balakram, President of 
the Society, presided on the occasion, and the lecture was listened to with 
great attention by a crowded audience. After a hearty vote of thanks to 
the lecturer, the audience dispersed at about 8 P.M. 





On the third and last day, the Conference met again at 8 A.M. and 
the following papers were read :— 


7. Dr, Stewart’s Theorems in Non-Euclidean Geometry—by Mr. 
M. K. Kewalramani. [Head by Mr, R. Vythynathaswami. | 

8. Theory of the Rational Transformation— by Mr. R, Vytbynatha- 
swalni. 

[This paper is an attempt to form an integral conception of the general 
rational transformation in one variable in its most characteristic features, 
The positive results established are not many ; in fact, more problems are 
raised than solved. In spite of its fragmentary character, the paper is 
believed to be of some value as it fixes certain general lines of enquiry in 
the subject of rational transformation. | 


9, An Extension of Feuerbach’s Theorem (Supplementary )}—by 
Mr. M. Bhimasena Rao, [Read by Mr. K. B, Madhava. | 
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[Theorem : “ Of the system of pedal-contact circles, each circle touches 
four circles, which latter are also touched by three more circles of the 
system.” . 

The present paper contains the proof of the above theorem on the 
following lines :— 

(i) Of the system of pedal circles of isogonal conjugate points whose 
join passes through a fixed point, each circle is touched by four and only 
four circles of the system. 


(2) The common tangents at the points of contact touch a conic which 
is considered iu some detail. This conic reduces in particular cases to the 
ortho-polar conic of a point. 


(3) Hach circle c, of the system is the pedal circle of a pair of isogonal 
conjugate points, say, (P,, P’,) and the four circles Ya: Yor Ys) Y4 which 
touch ¢c, are the pedal circles of isogonal conjugate points, say (Q;, 2), 
(r = 1, 2, 3, 4), 

When the join of the isogonal conjugate points passes through the 
ortho-zentre of the anti-medial triangle, the circles belong to the pedal- 
contact system. In this case, it is shown that the 8 Q-points form a pair of 
Steinerian quadruples. 


It follows that the three remaining circles besides ¢, which toucha 
y-circle are the pedal circles of points (P,, P’,.), (r = 2, 3, 4) forming with 
(P,, P’,) a pair of Steinerian quadruples, 


(4) The three sides of a triangle and the nine-point circle may be 
taken to be c-circles when the y-circles will be the in-and the ex-circles, 
This is the Feuerbach’s theorem. 


The relation between the P and Q points are under investigation, } 


10, Mathematics in India, Then and Now—by Mr, V, Sankaran. 
[Extracts were read by Mr, D, D. Kapadia], 


11, Some Diophantine Equations—by Mr. Balakram, 


[Denoting by /(a) the diophantine equation 2* — ny® = a, where x 
is an integer without non-square factors, it is well-known that Ff (1) can 
always be solved, and that a necessary (but not always sufficient) condition 
for f (a) to have solutions is that (— a) should be a quadratic residue of n. 
This note is written with the object of enquiring if the conditions sufficient 
to ensure the solution of f(— 1), /(— 2) and f(+ 2) were known. It 
can be shown that if n = 2, not more than one of these equations has 
solutions ; and that if » is an odd prime or twice an odd prime (not 2), at 
least one has a solution. The question “ which one?” can be completely 
answered by elementary considerations if n is odd ; or is even and of the 
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forms 2(8k + 3), 2(8k + 5), 2:8k + 7). Ifn = 2(8% + 1), the following 
results are obtained ;— 


Put, as can always be done, 5 = a + 1682, a being odd, Then 


if 8 is odd, and a = 8p + 1, f(+ 2) has solutions ; 
if 8 is odd, and a = 8p + 3, f(— 1) has solutions ; ‘ 
if Bis even, and a = 8p + 3, f (— 2) has solutions. 


The remaining case (3, even, a = 8p + | remains unsolved. Caleu- 
lation shows that out of 28 values of x of this type up to 7522, f(— 1) 
has solutions in 10 cases, (+ 2) in 10 cases, and f(— 2) in S cases. | 


12, Ona Special Cubic—by Mr. Hemraj. 


13, On the Summation of Series of the Type 
1 1 l 
l + 32 oma Ba ~~ 7 + eeee 
by Mr, C. Krishnamachari. [Read by Mr. G. S. Chowla.] 


14, The Herpolhode Theorem—by Mr, S. R. Ranganathan, [Read 
by Mr. Balakram. ] 


[It is well-known that the motion of a rigid body fixed at a point O 
and acted on by no forces or by forces whose resultant pass through Q, is 
equivalent: to the rolling of the Ellipsoid of Inertia of the body at.O on a 
plane known as the Invariable Plane. 


The locus, on the plane of the point of contact of the ellipsoid is 
called the herpolhode. 

Now, if P is the point of contact at any instant, it is also the point of 
jntersection with the plane of the instantaneous axis of rotation, so that 
OP is the instantaneous axis of rotation. It is, further, easily shown that 
OP represents in magnitude and direction the instantaneous angular 
velocity of the body. Let us represent this vector by », 


Then, P is a point on the herpolhode and the tangent at P to the 
herpolbode must be co-directional with «. For, both the directions coin- 
cide with the limiting position of PP’, &. ... 


Further, if P is to be a point of inflection of the herpolhode, the 
direction of ihe tangent at P to the _ herpolhode must be stationary, 1645 
the change in the tangential vector © must be in its own direction, 1.6, 
and w must be co-directional or in vectorial language V ww must be zero, 
That this is impossible is easily derived from Euler’s equations, as follows : 


Now, the vectorial equivalent of Euler’s equations 
Ko =L— Vwg 
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where L is the moment of the impressed forces about the fixed point O, 
q is the vector representing the moment of momentum of the system 
with reference to the point O, K is the linear vector operator or the 
inertia operator of the system with reference to QO, representing the 
operations on » indicated by the formula 
Ko = oSmr3 — Ym(or)r 

where the summation is extended over the whole of the rigid body and r 
is the vector connecting O to the element m. 

K being independent of time and in the motion considered, L being 
zero, we have 

Ko = — Vog = Vqo ; 
: eo a 
0 that Sgro f 
8 & Kw 7 qo 
= Vqw 

since g is constant in the motion under consideration, Thus, it follows 
that « is at rignt angles to tha plane containing the vectors g and w, so 
that it is at right angles to the vectors ©. Hence w and w cannot ‘be co- 
directional for any point of the herpolhode, that is, the herpolhode has no 
point of inflection. } 


15. On some properties of Euler’s and Prepared Bernoullian 
Numbers—by Messrs. C. Krishnamachari and M. Bhimasena Rau. [Read 
by Mr. K, B. Madhava]. 


[Form a Table thus :— 


lin, 32+2, 3n?+2n, 15na+20n+16. 15n8 +20n2-+- 16m, 
2(n+1). 6n+8 12824187416. 
B(n+2). 12n4 20. 
4(n+3). V5n+40. 
5(n + 4). 
r(n+r—1), 
The second column is obtained from the first by an obvious addition, 
on + 2=1.n + An +1); 6n + 8 = 38n + 2 + 3(n + 2); de, 


The third column is obtained by multiplying the second column by 
the first. The fourth by addition from the third. The fifth by multiply- 
ing the fourth by the first column as before, And so on. Then, it is 
proved that the quantities at the top in the various odd columns are the 
numerators of the co-efficients of the various powers of @ in the expansion 
of sec” 2, 
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Ex. » = 1. From a table with 1%, 2% 3%, ... in the first column, 
we get Euler’s numbers, 


n = 2. We get the prepared Bernoullians, viz. 2°(22"—1) , 
i” 


which are the co-eflicients in sec? x (= tan «).] 


At the conclusion of the reading of the papers, Prof, Devi Dayal, 
President of the Punjab University Mathematical Association, proposed 
that the best thanks of this Joint Sessions of the Indian Mathematical 
Society and the Punjab University Mathematical Association are due 
to His Excellency the Governor, the Vice-Chancellor, the University 
authorities, and the Hon’ble Members and Ministers for their sympathy, co- 
Operation and financial help. Prof, Devi Dayal put this proposition before 
the audience in a short felicitous speech' and on being seconded by 
Mr. Balakram, it was carried with acclamation. 


It was next proposed by Mr. Balakram and seconded by Prof, P. V, 
Seshu Aiyar that the best thanks of the Indian Mathematical Society are 
due to the Punjab University Mathematical Association for the generous 
manner in which they had taken upon themselves the onerous task of 
allowing the Society to hold so successfully its Conference at Lahore. 
Also similar thanks are due to His Excellency the Governor, the Vice- 
Chancellor, the Members of Council, and the Ministers of the Province 
for their kind co-operation in this matter; also to Profs, Devi Dayal, 
Das Gupta, Hemraj, Mehr Chand Suri, and to students aud volunteers for 
their selfless help, without which the Society would not have been able to 
hold its Conference at Lahore, The proposition was carried unanimously, 


Finally, with a bearty vote of thanks to the Chair, proposed by 
Prof. Devi Dayal and seconded by Prof D. D. Kapadia, the proceedings 
terminated. 

In the afternoon at about 3 p.M., the visitors were taken over to the 
North-Western Railway’s Workshops, nearly the biggest workshops in 
the whole of India. The inspection of these workshops on the extensive 
railway grounds was somewhat tiresome, but nevertheless it was most 
instructive and interesting. After mutual greetings, and hopes of meeting 
again on similar occasions at future conferences, members bade good-bye 


to one another. 


1 Prof. Devi Dayal’s speech is given on p, 108, 
12 
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Address of Welcome by the Hon’ble 
Sirdar Bahadur Sundar Singh Mejithia. 

























“ Your Excellency: When in the unavoidable absence of the Hon’b 
Khan Babador Mian Fazl-i-Hussain, Minister of Elucation, Punjab, I was 
approached by my friends to take up the happy duties of welcoming Your 
Excellency and the distinguished gentlemen who come from such long 
distances to attend to-day’s Conference of the Iudian Mathematica] 
Society, I was assured that no difficult sum would be set before me to do, 
IT explained to my friends that when I left the Government College in 
1893, I did so with a sigh of relief; not that I disliked staying in that 
institution where I had spent two happy years of my life, but on account 
of the subject which will be deliberated upon to-day by the present day 
Indian savants in that science. In the first few months of my College 
life IT had the honour tu sit at the feet of the well-known Babu S, B. 
Mukerji, a mathematician of some fame. J must frankly admit that he 
was beyond my poor grasp. He was a brilliant mathematician and it was 
hard for a young student like myself to scale the giddy heights to which 
he jumped omitting the intermediate steps without which it is hard fora 
beginner to proceed. Then I was placed in charge of the well-knowao 
Professor Mr. G. N, Chatterjee who wished his students to follow him 
with the speed of a mail train, I am notin any way speaking with dis 
respect of my revered Professors but of the difficulty that I personally had 
to contend with. The courses were finished in the first three months and 
then we were regaled with happy and pleasant stories of his wide travel§ 
which kept us enchanted and the pleasant memories of the period I find 
it hard to forget. Of course there was a revision of the subjects later on 
To the above was added my school boys dread of the subject. So I am sure 
Your Excellency and the other distinguished gentlemen present here to- 
day will forgive me if, at the outset, I say that I find myself in an anomalous 
position as regards the subject-matter of to-day’s Conference. In my final 
examination when the time drew near for me to sit for my Intermediat 
test, 1 was not af all sanguine'of success and as I did not want to extend 
the period of my Court of Wards’ supervision I approached my respect 
Professor, Mr. Chatterjee, for advice. He always found some of u 
sitting at our fixed places as permanent members of what he called th 
bench of honour. I put my difficulties before him and asked. him how 
could pass the examination. He asked me if I could cram up som 
portions of Euclid, Trigonometry and Conic sections. I told him I had 
no taste for Algebra but would do my best in the above subjects to carry 
out his kind advice, He in his humorous vein advised me to throw my 
Algebra book in the chohla and this I confess I did though not by actually 
throwing the book. in the first place but-by laying it aside neyer to be 
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opened again, 1 could doa little of Arithmetic, the additions and sub- 
tractions which came in very handy when | was Honorary Secretary of the 
Khalsa College and also in keeping my private accounts. In my Matricu- 
lation, I knew the four books of Euclid by heart. I could repeat them 
from beginning to end and I had not forgotten these. The remaining two 
or three books—I don’t remember now how many they were—I also 
committed to memory. I still remember the formula of sin(A + B) 
= sin A cos B + cos A sin B, in Trigonometry. I confess I only re- 
member by cram. I hope I have remembered and expressed it aright. / 


If not, then the distinguished audience will excuse me asI can 
assure them that since closing my book with a sigh of relief in 1893, I 
have not had an occasion to open it. My inability to grasp the subject 
lay in my own weakness: as a boy I was not very. much attached to 
my subject and in my school days it was uot so lucidly explained as I 
saw it explained when I was Honorary Secretary of the Khalsa College 
by Professor Nihal Singh. If it had been taught me in school in that 
way, my aversion to Algebra might not have been there. And I was not 
able to climb the lofty heights of Professor Mukerjee, or to keep pace with 
the mail train speed of Mr, Chatterjee—perhaps owing to my dulness 
in the subject. 


All the same, I admit that the science of Mathematics is one which 
could not be ignored, Eyen the world is running smoothly in its 
mathematical precision in the courses chalked out or ordained for it by the 
Almighty. But for this, the land of Five Rivers, the home of the Rishis 
of old, would not produce the abundance of wheat which feeds the world. 
With the aid of this science, the Punjab rivers have been harnessed and 
the jungle tracts—once the habitation of the King of Forests—and the 
barren Bars of Lyallpur and Montgomery, the latter being called the Ganji 
Bar and where antelopes even died of thirst, are teeming with green fields 
all around. So I must say that though I am unfortunate in not having 
benefited myself and taken advantage of the opportunities that were 
afforded me in my College days in the personalities of the two eminent 
Professors at whose feet I had the honour to sit, but still I consider the 
subject one that we could not ignore. Your Excellency, we have many 
& difficult problem to eolve these days and it would be out of place for me 
to mention those. But if the deliberations of my talented friends to-day 
solve the questions they have ‘set before themselves correctly, which I 
have no doubt they will do, they will be adding to the knowledge of the 
world in a subject which I may safely say is indispensable to mankind. 
Let me further hope.that my friends will apply their store of knowledge 
te the finding of a solution which will bring them uearer to their Maker, 
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if one could only havea ray of light from that store of all knowledge, the 
life in this toiling and moiling world will be a happy anda ,contented one 
and realising our relationship of the Fatherhood of God and the Brother- 
hood of Man, we shall lead a happy and a graceful life in this world. 


Let me once more offer Your Excellency and my talented friends 
gathered together in this Hall from the four corners of my country, my 
most sincere and warm welcome, in the full hope that they will solve the 
problem of life successfully, I would now request Your Excellency to be 

so good as to declare the Conference open, ” 


The Opening Address of His Excellency Sir Edward Douglas 
Maclagan, K.C.8,.I., Governor of the Punjab. 


“TI need hardly say, gentlemen, that I greet the Members of this 
Conference with much warmth and I may add that I also do so with much 
awe. I am aware that the gentlemen who tried to teach mathematics in 
my youth would be much shocked if they could learn that I bad attempted 
even to approach the threshold of a learned Conference such as this. I 
do not wish to discourage the examination of candidates for the public 
service in mathematics, but I am free to confess that I have myself 
managed to get through a longish service without using any other 
mathematics than arithmetic. I was indeed once ordered as a Census — 
Officer to use a formula which my friends told me entailed the use of the 
Differential Calculus. I think it was to ascertain the average distance of 
one Post Office from another, or some similar useful information, and I am 
afraid that I was reduced to reporting somewhat evasively that the 
average distance was not very different to what it had been before. I am 
proud, however, to say that our services in the Province have from time 
to time included some admirable mathematicians, more especially among 
that fine body of Engineers who construct and maintain the celebrated 
system of Punjab Canals. We have also had mathematicians in the 
Civil Service, and we are just now arranging to give facilities to one of 
our best mathematicians in that service to devote some time tothe 
scientific examination of the forecasting of crops, A 


“IT am glad to see here to-day not a few of the best known 
mathematicians in India, and I feel that a great honour has been : 
conferred on the city of Lahore by their visit. 1 do not know whether : 
this part of India had any special claims to mathematical distinction before _ 
the era of Prof. Chowla and before we started the Honour Schools of 
Mathematics under a Professor with a European reputation. We have all 
pf as however heard something of the long and honoured career of 


93 


Mathematics in India generally, I notice that a recent writer on exact 
science in India is of opinion that the pure mathematics of the ancient 

- Hindus was on the whole not only in advance of the Greeks but anticipa- 
ted in some remarkable instances the European discoveries of the i6th 
and 18th centuries. The origin of the decimal system is attributed to 
them; and they are said to be the real inventors of Algebra, and I am 
told that some very early Indian mathematical treatises contain spirited 
attempts to square the circle. With these historical foundations stretch- 
ing so far below hin, it is no wonder that the modern mathematician in 
this country has risen so high. 


‘© We have noi so long ago lost that brilliant genius, Mr. Ramanujan, 
but we have I hope others of similar calibre still among us, possibly 
among us here to-day. 


“With the spirit of Brahmagupta and Bhaskara bebind him, as well 
as the teachings of Laplace and Newton, the modern Indian 
mathematician has a start which he will doubtless worthily maintain, and 
I hope that the distinguished gentlemen who have met here to-day will by 
their mutual intercourse intensify the favour and success of studies in 
India. 


JT could wish too that you would leave some of your enthusiasm 
behind you for our beneft in the Punjab. Speaking as a mere adminis- 
trator, I am bound to say that our most crying practical need here is some- 
thing far beneath your notice, namely, an improved knowledge by our 
peasants of the methods of calculating compound interest, but there are 
others and larger spheres of practical and intellectual value in which | 
trust that your presence among us may be found of much real use to the 
Province. 

“J shall not detain you longer, gentlemen, and wish you every 
success in your Conference. ” 


Report of the Hon. Jt, Secretary, Mr. D .D. Kapadia. 
“ Your Excellency and Gentlenen— 
On behalf of the Committee of the Indian Mathematical Conference, 


it is my pleasant duty to extend to you alla very hearty and cordial 
welcome on the occasion of this—the Third Conference of the Indian 
Mathematical Society—and to lay before you a brief report of the work 
done by the Society during the last two years. The Society cannot as 
_ feel extremely thankful to you, both members and well-wishers, for having 


taken the trouble to be present at the Conference and contributing your 
individual quota to make it a success, 
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We consider ourselves extremely fortunate that on each occasion on 
which we held a Conference we have been uniformly successful in securing 
the kind and patronising co-operation of the Governors of the Proy- 
inces within whose jurisdiction we had the good fortune to meet. 
His Excellency Lord Pentland opened our First Conference at Madras 
in December 1916: His Excellency Sir George Lloyd was to open our 
Bombay Conference in Bombay, but owing to His Excellency’s un- 
avoidable absence, at his own express wish, Sir, George Carmichael, the 
Senior Member of the Bombay Executive Council, performed the opening 
ceremony in January 1919, and to-day on the occasion of the Third Confer- 
ence, we have been fortunate in having Your Excellency amongst us to 
perform the opening ceremony and set the seal of approval of the Govern: 
ment of the Punjab on the humble work which our Society has been trying 
to do for the last 14 years. » Your Excellency’s presence amongst us to-day 
will inevitably act asa strong stimulant to our efforts; and our Societ y 
cannot but feel highly thankful to Your Excellency for this kind conde- 
scension on your part. 


When our Society was founded in 1907, it was buta very remote 
possibility to hold conferences. With great hesitation and diffidence, the 
first experiment was tried at Madras. The experiment turned out to be 
so very satisfactory, that two years later the Second Conference was held 
at Bombay, and after another two years we meet here to.day at Lahore, 
We feel very grateful to the Punjab University Mathematical Association 
for giving us this opportunity to meet here, as the Association have been 
doing the utmost in their power to make this Conference a success. 


In the last report of the Committee before the Bombay Conference 
the Committee had expressed themselves in some such words as these, viz 
‘the-dire war has now ended and peace is within sight and the humanisy 
will soon be again taking a breath of relief, People will now have leisure 
and energy to devote to their domestic problems, and our Committee hoped 
_ to achieve some tangible results in the near future.” These were our Pious 
wishes. But the Committee regret very much to say that they haye not 
been able to do what they so sanguinely hoped to achieve. The world- 
wide after-war reactionary movements had their dire effect even on the 
working of our peaceful Society, and beyond doing the actual routine work 
which the Society had been doing previously, nothing new of any y 
striking importance could bes done during the last two years ra 
to printing difficulties, our journal (which is as some members pa l a 
to say, the living monument of the existence of our Society) ck a 
through several vicissitudes, and had it not been for the indes hn = 
exertions of our Editors, Messrs, M, T, Naraniengar and P V, — 
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Aiyar, it would have remained far more in arrears than what it was at 
present. With the beginning of this year, we have entered into the 15th 
year of our existence, and our journal commences its thirteenth volume. 


_ Whsn we met last, the strength of the Society was 197 members—viz., 
1 patron, 1 hon, member, 9 life members and 186 ordinary members, 
To-day our net strength is 215 members, viz., 1 patron, 1 hon. member, 
11 life members and 202 ordinary members. 


- Daring the interval of two years, we have to record with regret among 
others, the sad death of H. H, the Maharaja Bhawinghji of Bhavnagar 
and Mr. S. Ramanujam, F. R.S. His late Highness the Maharaja of 


'-Bhavangar was along with His late Highness the Maharaja of 


Mourbhanj Baripada, one of the foremost life-members of our Society, 
and in the sad and untimely death of tha late Mr, S. Ramanujan, &. R.S,, 
at the early age of 32, India has lost a most talented Mathematician, whose 
place is very difficult to be filled up. Shortly after the late Mr. Rama. 
nujan’s return from England in April 1919, our Society elected him as an 
Hon. Member, but to the bitter disappoinment and regret of the whole of 
the scientific world,he breathed his last in April 1920, and to-day our Society 
is going to discuss a proposal to commemorate his memory. But whatever 
the outcome of that proposal is going to be, the name of Ramanujan shall 
ever be cherished fondly by India and his loss shall ever be deeply 
mourned. 


In the previous report, the Committee have already touched upon the 
important essentials wanting both in connection with our Journal and our 
Library and hence it is not thought advisable to speak at length on those 
subjects. The Society is well cognisaat of its deficiencies in these direc- 
tione, To-day immediately after the formal Sessions of our Conference 
are over, there will be a discussion at our general meeting of the various 
suggestions put forward by our President, Mr. Balak Ram, for the general 
improvement of the get-up of our journal and the subject-matter for our 
journal. Itis suggested that our journal should be published in two 
parts—one Elementary, for the ordinary students of Mathematics, and the 
other Advanced for research scholars. When our Society was started 


in 1907, there was no other society of a similar type in existence in 


India, Following in its wake, the Calcutta Mathematical Society was 
started, and recently the Benares Mathematical Society was started at 
Benares, Also the Punjab University Mathematical Association, as also 
a similar Association at Madras are now in existence. The number of 
Indians with European qualifications in Mathematics, as well as the number 
of students going to Cambridge and Hurope and America was then 
limited, But now the number is steadily increasing ; and suffice it to say 
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that talented Indians are now taking a more vivid and keener interest in 
mathematics than was possible in those days and hence the original lines 
on which the Society has been doing its work may require some modifica- 
tions and we are going to discuss to-day the ways and means by which the 
objects for which the Society has been originally started can be achieved 


better in the present times. 


Our Library has also its similar deficiencies and the number of books 
in our Library is only 500, and the number of volumes of Mathematical 
Periodicals is only 375. The Library receives nearly 30 mathematical 
magazines from Europe and America mostly in single copies, and at 
present there are nearly on an average 22 demands for each magazine. If 
then each member passes on the magazine after keeping it in his posses- 
sion only for 10 days, the last member would receive it after 210 days ? 
But human nature is weak and prone to err and itis found on inquiries 
that hardly 10 per cent. of the magazines issued to the members during 
the last two years have yet come back to the Library. There are 
some very interesting statistics and the réport of the working of the 
Library submitted by our Librarian, will also be placed before our 
meeting for information. Suffice it to say that our Library is suffer. 
ing both for want of funds and for want of active co-operation on 
the part of our members. Unless we canvass sufficient funds, we 
shall not be able to buy back numbers of at least some of the 
important mathematical journals and also a good number of volumes 
on Advanced Mathematics facilitating mathematical research. Also to 
ensure quick circulation of current magazines we badly want some impor- 
tant journals in duplicate or more copies. 1n connection with this, our 
Committee feel great pleasure in mentioning that our present President, 
Mr, Balakram, has lately given us a handsome donation of Rs. 1,000 to 
have back numbers of some of the important journals and the best thanks 
of the Committee are due to him for the same. At the same time the Com- 
mittee most earnestly hope that under the present regime, the Indian 
Ministers in charge of the Departments of Education in the various 
provinces will not fail to extend their help in the form of library grants 
to our Society and enable us to fulfil the objects which we have so fondly 
cherished up tonow. To achieve these objects the Committee expect the 
very active and enthusiastic co-operation of all, both the old and the 
young members of the Society, more especially the latter on whom the 
future regeneration of India so intimately depends. The Committee, 
therefore, take this opportunity to make this strong appeal not only to 
the members of the Indian Mathematical Society but to all those patriotic 
Indians interested in the science of mathematics—one of the most ancient 
and the most useful of the sciences—to contribute their mite towards 
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the fulfilment of the objects for which the Society was primarily 
founded. 


In conclusion, the Committee once again take this opportunity to 
record their high sense of appreciation for the trouble taken by Your 
Excellency to preside on this occasion, and to partake in the delibera- 
tions of this Conference in the midst of a multitude of pressing engage- 
ments, The Committee also take this opportunity to offer their best 
thanks to all those who bave been ungrudgingly contributing their mite 
for the welfare of the Society, during these 14 years of its existence. I 
is also a very gratifying feature to note that some of our members have 
taken the trouble to undergo the fatigue of a tiresome journey of some 
2900 miles to attend this Conference. The Committee take this opportunity 
to thank cordially these and all others who have worked so selflessly for 
the suecessful holding of this Conference at Lahore.” 


The Presidential Address by Mr. Balak Ram, M.A., T.C.8. 


Mr, Balak Ram, m. 4., I. C. S., President of the Indian Mathematical 
Society, delivered the following Presidential Address : 


Gentlemen,—Our Society includes among its members a large number 
of men who were eager students of mathematics in their early days, but 
whose other occupations leave them hardly any leisure for keeping up their 
studies, They. however, retain their interest in the subject because of the 
pleasure they derived and still derive from it, and they are willing to do 
what little they can to help the Society, feeling honoured when the pro- 
fessional mathematicians among you appreciate their efforts, as for instance, 
by electing one of them ‘as their President. But, however honoured I 
personally feel, I confess that I would have felt greater satisfaction if we 
had been able to carry out our original intention to elect as our President 
for the current term, Pofessor K. J. Sanjana, who has been one of the 
most energetic of our members since the Society was started fourteen years 
ago. We deplore his inability to accept office and trust he will soon be 
restored to health. 


Another stalwart whom we miss to-day is Prof, A. C. L. Wilkinson, 
my immediate predecessor in office, He presided at the First and 
Second Conferences of the Society and he has given us freely of his 
exparience and knowledge, first as a member of ths Committee and later 
as President for four years from December 1916. 
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Daring the last year, we have lost the active co-operation, due . 
departure from the country, of Sir John Heaton. Those of us who ere pe 
the Conference in Bombay in January 1919, will agree with me t a pa 
success of that meeting was largely due to his efforts as the ae aa 
the Reception Committee, Sir John Heaton was a member of the aa 
Civil Service for nearly 37 years and rose to bea High Court Judge, w ey 
post he held for nearly 12 years before retirement in April 1920, At on 
time he was Vice-Chancellor of the Bombay University on which body ne 
did useful work. His keen analytical mind, his deep and sympathetic 
knowledge of human nature, his complete freedom from communal and 
individual prejudice made him a great judge, and his capacity for loyal 
friendship and wise guidance won for him the affection and respect of all 
who knew him. Ho came to India at an early age, as was customary in the 
eighties, and never had an opportunity of going through a full course of 
mathematics at a University ; but mathematics always fascinated him and 
he joined our Society on his own initiative as soon as he heard of it. 


We could always count upon him in time of need. We wish him peace 
and happiness in hig retirement, 


Another gentleman whom I mention by name is the Hon’ble Mr, 
R. P. Paranjpye, our first Honorary Member and our Librarian, who has 
been prevented from attending the Conference by pressure of his new 
duties. We congratulate him on being in a position where his powerful 
personality and abilities will have fuller scope than hitherto. His genera] 
career is well-known to all of you, but most people are not aware 
of one of his activities in pushing forward a scheme which I believe is 
destined to have an important effect on the future of this country. I refer 
to his advocacy of the method of Proportionate Representation to provide 
for communal and minority representation on public bodies, In India, the 
problem is acute ; but the compromise solutions accepted ao far are, I am 
afraid, neither acute nor right, but quite obtuse. It is interesting to note 
that Mr. Paranjpye’s first observations on the subject were published asa 
short note in our Journal, under the heading “ An. Electoral Anomaly”, 
After some years of study, he came to the conclusion that the system pre- 
valent in several places in Kurope, America and Australia, of Proportion- 
ate Representation with a single Transferable Vote gave as satisfactory a 
solution as was likely to be obtained as long as man was what he is. The 
working of the scheme is eimple as far as the voter is concerned, but 
rather complicated when the votes are to be counted. A few weeks ago 
the scheme was adopted by the Council of State for election to their Com- 
mittee and I haye no doubt that one day it will be adopted for all purposes 
by gll elective bodies, But when the scheme was first brought up before 
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one of the provincial legislatures three years ago, it was rejected with 
&corn, one indignant opponent calling it ‘Mr. Paranjpye’s Mathematics”, 
So I take it that the final acceptance of the scheme may be legitimately 
put on the credit side of mathematical ideas as supplied to administra- 
tive problems, 


Probably some of the audience will be surprised to hear mathematics 
and administration mentioned together, It is true that the higher 
development of mathematics does not solve current difficulties of adminis- 
tration; but the same remark applies to ancient history, arcbzology, and 
most other branches of knowledge. What is useful here is the particular 
outlook which the study of science (especially mathematics) tends to 
produce with peculiar intensity,—a clear enunciation of the fundamental 
principles, areduction of the number of those principles to a minimum, 
exact thinking, and a quantitative appreciation of the degree of exactitude 
attained by the accepted tentative solutions. These qualities make for 
success in all spheres ; it is, therefore, not sarprising that men with sound 
mathematical training have left their mark oa non-mathematical subjects, 
such as philosophy and law. The contributions of mathematicians to the 
study of sociology, economics, and biological variations and heredity have 
been more direct, because these subjects deal with material in the mass 
and the science of statistics, (which i8 only another name for the mathe- 
matical theory of probability), deals with material in the mass. We all 
know the scoffer’s jeer that statistics will prove anything. The fact is: 
in the hands of an ignorant or an unscrupulous man statistics will prove 
anything; just as in tbe hands of an ignorant or an unscrupulous man 
a surgeon’s knife will kill anybody. Nor is there more truth in the 
celebrated classifications : “ white lie, lie, statistics.” In the hands of an 
expert, statistics lead to the discovery of unexpectedly accurate laws. 
~ An example probably known to you is the working formula obtained by 
Mr. Jacob, I.C.8., of the Punjab, for predicting the yield of crops. The 
most striking instance of the power of science in disentangling truth 
is furnished by Karl Pearson’s analysis of mortality figures. He first 
determined the number of deathe in old age, in middle age, in youth and 
in childhood, and found them to follow the known laws of distribution of 
chance events. Eliminating these numbers, he was finally left with the 
eurve of deaths in infancy. The curve was mathematically incomplete 
as if the initial part of it had been torn off, When completed algebraically, 
it wae found to end at minus 9 months, The inference is that humon life 
commences normally 9 months before civic birth,—a conclusion obvious 
enough when stated ; but the point is that it was arrived at by practically 
sitting at the cemetery gate, and doing nothing but noting the ages of 
the dead people. Those who are interested in this investigation will find 


100 


full details of the method and the results in Karl Pearson's lecture on 
“ Chances of Death ” in his book of that name. The generally accepted 
opinion is that the only reliable method of finding out laws governing ~ 
social phenomena is the collection and analysis of statistics. I venture to 
commend this view to the able administrators who are present here to-day, 


Since we met last, we have lost our most prominent member and one 
of the greatest Indians of modern times. I refer to Srinivasa Ramanujan, 
whose death at the early age of 32 is mourned by the whole mathematical — 
world, Details of his uneventful life and expert appreciation of his work 
have been published in scientific and other journals, and are probably 
known to you. To-day I need only express the unanimous opinion of the 
Society that we all loved Ramanujan and that India owes a deep debt of © 
gratitude to Professors Hardy and Neville for generously and ably be- 
friending him at a critical time of his career, The Society will, 1 under- — 
stand, be asked at the business meeting to-day to consider the question of 
perpetuating his memory in some form. 


- Mention of Ramanujan’s name suggests the question of the organiza- 
tion and endowment of scientific research in India, Now that the official 
educational policy is in the hands of Indians and there is an increasing 
number of eager and capable men anxious to make educational experiments 
outside the official bounds, it will beour own fault if we do not make 
our educational system as efficient as that of other countries. Progress 
has been made in technical education, and of late there has been talk of | 
research institutions, but the research that is attended to is such as is 
of immediate practical value, which means research which pays dividends. 
Very few people will deny the claims of technical education ; we all want 
physical comfort ; we much preter travelling ina loxuriously fitted mocor 
car on a smooth dustless road to travelling in what the municipality 
humorously calls a third-class hackney carriage on a kutcha path; we also 
want the best beloved to wear pretty silks ; and if the car is not comfort- 
able enough or the silk not pretty enough, we are willing to set up insti- 
tutious for improving mechanical engineering, sericulture and the dye 
industry. This as it should be in the beginning ; but it is to be remem- 
bered that technical education provides the pupil with a direct means of 
livelihood. If the trained student becomes a simple manufacturer, he 
makes goods of the old pattern and sells them ; if he, like Edison, is ose 
intellectually inclined, he becomes an inventor and sells his invenhiawl ; 
in both cases, his food problem is solved, and with luck he may sail 
become passing rich on £40,000 a year, if not a millionaire. What I wish 
to emphasize is that the worldly rewards manufacturers and inventors 
receive are a sufficient incentive to the pupils of technical institutions and 
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that after the initial stage is passed, the persons directly bonefited by that 
education may well be required to pay for their training. The very 
different results following the pursuit of pure learning are viyidly 
described in Browning’s poem “ The Grammarian’s Funeral,” There is no 
money to be earned, and the audience may be fit, but it is certainly ‘ few,” 
and not infrequently the work of a whole lifetime fails to score positive 
results. The desire for knowledge is, however, one of the primary instincts 
of the mind ; therefore, we find scholars in all settled communities, men 
like Archimedes and Newton, the stories of whose absorption in their 
studies have been a tonic to generations of humbler students. Again, 
every settled community is sub-consciously or consciously convinced that 
attempts at progress are apt to be wasteful unless guided by thinkers and 
teachers who have leisure to think and teach clearly ; therefore, we find 
these communities giving special protection and advice to learned 


men and thus providing them with leisure and the psychological 


incentives which replace the missing pecuniary reward. I speak of settled 
communities ; but the most telling instance of this view-point is furnished 
by the rude barbarian Timur, about whom itis related that, when camping, 
the learned men (without whom he never travelled) were placed in posi- 
tions of maximum security, while even the women and children had to be 
content with a less safe place. I do not know if Timur had a coherent 
theory behind his actions ; if he had, he never explained it; he was not of 
that sort; but the modern man whose attitude towards learning is the 
opposite of Timur’s and is symbolically represented by his thinking 
that Reading, Writing, and Arithmetic can be described by their initial 
letters as Three R's, makes no secret of his theory. ‘ Research,” he says, 
‘is waste of time. Here I am, making piles of money out of sugar or 
diamonds or musk or whatever it is. What use is it to me, to learn about 
the stars or electrons or the differential calculus? Look at Professor 
K. Loy. He is bald and short-sighted and absent-minded, and his socks 
never match his ties. This comes of algebra and euclid and the fourth 
dimension.” After this he talks patronizingly of schoole and says that 
it is enough if a person is practical and has horse sense ; and he further 
wants to know what those dashed dots are for. 


Fortunately, power is passing out of the hands of this type of thinker 
and it is no longer necessary to explain that scientific research has a 
practical bearing. Difficulty, however, is experienced when mathematical 
research comes to be discussed, but there is sufficient evidence to. shuw 
that though most results in pure mathematics are a8 a rule not applicable 
to any purpose of practical value, the work of a pure mathematician has 
frequently come to the help of physicists and others at unexpected 
moments, Students of probability know that the science of statistics te 
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which I have already referred, grew out of an academic study by pure 
matbematicians of games of chance, The laying of the Atlantic cable, it is 
said, would have been abandoned as an uuprofitable task, if Lord Kelvin 
had not been able to solve a particular differential equation. Heavyside’s 
skill in solving another differential equation enabled him to surmount a 
serious difficulty in long distance telephony, The latest instance of an 
apparently aimless research ‘proving handy for physicists is furnished by 
Hinstein’s reconstructing the universe by utilizing Riemann’s discoveries 
in non-euclidean geometry. I believe it is now generally admitted that 
during the late war pure mathematicians were able to render invaluable 
help in the development of aircraft, gunnery, and other matters, Ta- 
stances might. be multiplied ; as a consolidated argument in favour of the 
proposition that research pays directly or indirectly, I refer to the 
example of the hard-headed practical American nation endowing professor- 
ships for theoretical research in such unpractical subjects as the Theory 
of Numbers. : 


This is our appeal to the moneyed man for endowment of mathemati- 
cal research. To the mathematical. student the study of the subject 
itself transcends in interest all practical applications, He studies the 
subject for the sake of the artistic pleasure he obtains in following its 
rigorous logic and in contemplating the extreme universality of the 
formule. Experience of life or nature gives us the data which the 
mathematician, instead of writing in English or Hindi, translates into 
his universally accepted symbols ; but as soon as he has finished the work 
of writing down the symbols, he ignores for the moment their original 
significance and concerns himself with logical manipulation only. When 
he gets his final results, he translates them back into the language of the 
original data, leaving the physicist or the statistician or the engineer 
to verify the correctness of the data by further experiment. The 
mathematician is not concerned with the collection or the correctness 
of data. This aspect of the subject had led our most famous mathe- 
matical philosopher, Bertrand Russel, to describe mathematics as a 
science in which we neither know what we are talking about nor care 
whether what we say is true or not. The charm of mathematics lies 
in the fact that the description is accurate, . 


| Whatever the point of view be, I earnestly plead for endowment 
of research in mathematics and in other sciences. I do not imagine 
that we shall discover a Ramanujan every decade; but I am sure 
there are enoug’ people in the country who are Willing to follow a career 
of quiet study and do respectable, if not highly distinguished, work 
provided their minds are free from anxiety about the daily bread. | reel 
only to mention the names of Bose, Roy; and (coming to yonuger men) 
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of Ganesh Prasad, V. Ramaswami Iyer, C, V. Raman, ©, V. H. Rao, 
Birbal Sahni and Shivram Kashyap, to prove my assertion that there is 
indeed very promising human material in the country for work in all 
branches of science. Full opportunity alone is lacking, 


. I may take the liberty of giving a few suggestions of mine on the 
subject, not as an elaborated scheme, but as a basis of discussion. In the 
first place, it has to be noted that the research man cannot work to order 
any more than a Poet Laureate, even though fortified by an annual cask of 
wine. You must give the research man as much time as he wants and 
takes, and also must avoid as far as possible setting him a definite task. 
He has been well described as nature’s loafer, he will neither be hurried 
nor commandeered, except in times of severe stress, as for instance during 
the Siege of Syracuse or the late war; and even then you do not get the 
best out of him unless you leave him alone, It is exceedingly improbable 
that Newton would have discovered the law of gravitation if he had been 
placed on special duty, with the usual deputation allowance of 2 °/,, to 
study the solar system within six months. Another point to be noted is 
that the research-man is human and bas human needs and that you 
interfere with his efficiency if you do not provide him with a little comfort 
and free him from anxiety about the future of himself and his family, 
In addition to conducting his own research, he may be researchably 
required to discover his successors. For this purpose, he must be in constant 
touch with a number of selected students. The scheme that is suggested 
by these principles is that there should be research scholarships for the 


beginner and lectureships on a small pay for the student who has proved 


his worth ; the lectureships should not belong to a graded service where 
the question of seniority or extension of service will cause heart-burnings 
and depression of mind; and their number should be large and variable, 
to provide for the appointm2nt of yoong men without making the 
older men retire too early. To minimise distractions, there should 
be a fairly generous provision for individaal family pensions and 
as an additional concession the children of research lecturers of a 
certain standing may be declared to be entitled to free education up to 
the highest standard for a certain specified number of years, The duties 
of the lecturer should be mainly research and contrul of research by the 


- students, but he should be required to do routine teaching for two or three 


hours a week, as this would enable him to pick out likely men at an early 
stage. To allow the students themselves to focus their attention on 
research, the rules for the M. A. and higher examinations should be made 
more elastic. Finally, good libraries should be provided with complete 
files’ of all the leading scientific journals, and occasional visits by the 
lecturer to Europe and America should be encouraged. 
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‘Phe above is meant to be a rough sketch only ; but it seems to me 
that anything worked on narrower lines will not give satisfactory results, 
And even then, it will not give sixteen annas worth for every rupee we 
spend, if the foundations of education are not properly laid in the school 
and the intermediate classes. I invite your attention to this urgent 
problem, and hope you with your experience of school teaching will 
devote your energies to solving it. The object to be attained is that the 
logical principles of the subject should be clearly taught to suitably select- 
ed boys and habits of clear and concise reasoning inculcated in all boys. 
Unless we do this, the educational value of mathematics in building up 
character will be lost. 


Considering the wide interest taken by scientists and by laymen in 
Erstern’s Theory of Relativity, it would not be out of place ina 
popular address to give a brief exposition of these speculations. The 
broad results of the theory are not essentially hard to understand ; the 
difficulty, which is insuperable in many cases, consists in removing the old 
ideas firmly embedded in our minds in our younger days. It is not easy 
for any but the trained mathematician to realize thatja euclidean straight 
line has uo existence outside our conceptual world, and that there is no 
logical inconsistency in defining straight lines in such a manner that two 
straight lines can meet in two or three or a hundred distinct points. 
The euclidean straight line is simpler to argue about; but neither of them 
is really more straight than the other. Our children, trained differently 
will see this easily, as they will see that two and two are not alweys four, 
and will laugh at us as we laugh at our ancestors who thought the earth 
was flat. We, handicapped by our old notions, have to do the best we can 
by digging up the foundations of our mathematical beliefs and putting in 
as much of the new conceptions as we can, I therefore begin at the 
beginning, 


Our knowledge of the world -outside us is built out of our detached 


sense impressions, and the need for co-ordinating the knowledge establish- — 


ing a chain of cause and effect arises because of the necossity of self- 
preservation; for instance, the organism that fails to establish the 
connection between the sensation of hunger and the effects of eating will 
die soon. The number of sense-impressions is large; our minds are finite; 
hence it soon becomes necessary to invent some shorthand formula for 


economising thought, each formula expressing some relation between two — 


events (¢.g,, the relation of before-and-after, here-and-there) in terms of an 
imagined entity (e.g., time and space). When such entities become very 
well known, the human mind tends to endow them with objestive reality. 
Philosophers may fight about the objective reality of time and space, but 
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when it comes to describing events or natural phenomena, we quietly 
ignore these controversies and argue as if time and space had an existence 
independent of the observer or the group of observers. Hence it came 
about that geometry was considered to embody absolute truth and many 4 
weary soul found consolation in the thought that even on the farthest 
stars the three angles of a triangle are equal to two right angles.. We 
have broken away from this faith. We know that geometry as such, being 
only pure mathematics, has no concern with absolute truths, and that the 
practical correctness of the conclusions is to be verified by the physicist 
who supplied the geometrician with the data (or postulates), such as the 
postulate that two intersecting straight lines cannot be parallel to the 
same line. If further experience of the universe gives a different set of 


‘postulates, the geometry that deals with them is different, and the conclu- 


sions are also different, I[t is the physicist who has to decide what sort of 
geometry best describes the universe, Let us consider the case of a race 
of beings living on this earth, with senses sharp enough to see (with the 
eye) the variations in the curvature of the surface in a small area but not 
possessing a worked out geometry. They will draw the shortest distances 
between two points and call them straight lines, and they will find that no 
two shortest distances if continued, remain a constant distance apart, They 
will also find things which fit on the surface of the earth in a smooth place 
will not fit in a rugged place. Their conception of space will be that it ix 
not flat; and their geometry, when developed from these and other 


postulates will be a complicated non-euclidean geometry. They may, by 4 


process of abstraction, be able to imagine a flat euclidean plana; but their 
apace of experience (their space of physics) will bea non-euclidean plane. 


This example will show from analogy that there is no reason why our 


space of physics should be euclidean. The difficulties created by electro- 
dynamical phenomena led Einstein to enunciate a theory which was suhae- 
quently replaced by a more general theory in which the universe (con- 
sisting of space and time) is taken to be non-euclidear. This conception 
enabled him to dispense with the force of gravitation and to describe the 
movements of matter as always taking place along lines which were 
essentially straight ; only the type of line which was straight in one vlace 
was not necessarily straight at another, as “ matter” was nothing buta 
yariation in space curvature altering the type of straightness in its 
neighbourhood. Asa very crude and incomplete analogue in two dimen- 
sions of the theory, we may take a wash-hand basin with a sink to let ont 
water. If we think of nothing in the universe except the wash-hand basin 
and the movement of drops of water in it, the sink will be like a centre of 
attraction and a drop of water placed on the inner surface of the basin 
will run to the sink along a shortest line, 7.¢., along a straight line. But 
the drop of water will pass through the sink ; and here the analogy fails as 


a particle of matter cannot pass chrough another, 
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The universe as imagined in Einstein’s theory has four dimensions ; 
and this is the second stumbling block in the path of the layman. The 
space of our everyday experience has three dimensions : length, breadth, 
and thickness, and we cannot frame a mental picture of a fourth dimension. 
To understand the theory, let us again go back to our sense-im pressions 
which form the elements of our knowledge, We notice that every object 
(real or imaginary) has an existence in space and time, that is to say, it 
has extension (length, breadth and thickness or height) and duration, in 
all four variables. The mathematician expresses it by saying that every 
object, when its whole hietory is taken into account, has fowr dimensions ; 
consequently the statement that the universe is four dimensional is only a 
new way of expressing a fact known even to cats and dogs and most of the 
higher animals, But—and here we come to the greatest discovery that 
the human race has ever made—the time dimension is essentially of the 
same sort as the three space dimensions, and the four are interchangeable, 
one man’s time being compounded of another man’s space and time. The 
three dimensional analogy is that the separate measures of the three space. 
dimensions of a body change without the body changing in shape or 
volume, A brick placed on one face, and measuring one inch in the 
vertical direction, two inches in the northern direction, three inches in the 
eastern direction, will, if placed on a different face, and measuring 
2, 3, 1 inches respectively in the three directions ; and supported to 
stand on a corner the corresponding measures can be varied within wide 
limits. The length, the breadth and the thickness of the brick have no 
separate existence ; and what exists is a totality of the three. How the 


totality is broken up by the senses depends upon the circumstances of the . 


individual, Going a step higher, space and time also have no separate 
existence ; what exists is a totality which the mind is not able to grasp as 
a whole, and consequently the sense breaks it up into four convenient 
parts, different for different observers. This is not a metaphysical 
speculation ; this is a theory forced upon us by unexpected phenomena 


displayed by rapidly moving bodies,-the details of which are too technical 
to be described here, 


Two objections at once strike us: How can time and space be similar 
if we do not perceive them in the same way? And how is it that which 
in space we can move up and down and sideways, in time we can only 
move forward, and we do 80 move whether we want to or not? To see 
that the objections are not valid, we revert to our j uitial sense-im pressions 
and note that the three dimensions of Space are no? perceived by the same 
senses. Two of the dimensions become known to us through the eye, 
when our sight is obstructed ; the third dimensions—thickness or dis- 
tance,—has to be discovered with the help of sight, touch, and muscular 
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effort and binocular vision. The fact is that the three space dimensions 
are not interchangeable for a/l purposes, and a mile up-hill is not the exact 
equivalent of a mile on the leve}. The difference is due to the structure 
of the human body, and it is only when by a mental ¢ffort we eliminate 

part of the personality of the observer that we can say that space is 
homogeneous. The perceptions of time and of space come to us through 
different sets of sense-impressions ; but the discussion above shows that 
that does not necessarily indicate an essential difference, As regards the 
monotony and the apparent inevitability of movement in time, the expla- 
nation may be the: same—our pbysical and mental! circumstances. 


We are now in a position to give some account of the picture of the 
universe that can be built out of Einstein’s equations; this picture is not 
Hinstein’s, who steadily refuses to go beyond his €quations and symbols ; 
but the human mind is not satisfied with merely gand y and insists on 
knowing whether the symbols have an interpretation in the material uni- 
verse. The physicist gives the interpretation, but ke knows that it is only 
plausible being based on necessarily incomplete data, that the picture of 
the universe that emerges is only an approximation to reality,—if there be 
a reality,—and that the picture may have to be discarded when further 
data accumulate. Nevertheless, he provides the picture as a help to (his 
own and other people’s) clear thinking; and the picture he gets out of 
Einstein is something like thie. “There is a world-stuff spread in fonr 
dimensions, witb a three dimensional continuum (our universe) as its 
section or boundary, much as the earth is stuff spread in three dimensions 
with a two dimensional surface as its boundary. The continuum, like the 
surface of the earth, is uneven, the unevenness of the former being of 
course in four dimensions and uot in three like those of the earth, This 
unevenness we call matter. Our momentary view of the universe changes 
as if each point of it moved in the straightest line, and we call the change 
ths passage of time”, Why the universe seems to change and why the 
movement in the straightest line, we do, now know. 


The theory leads to the result that space, time and matter are 
essentially one, but it leaves electricity out as a separate entity. Weyl has 
framed a new theory, based on a geometry more general than that of 
Riemann, and has included electricity among the property of space, or 
rather of the world-stuff, But we bave not reached the goal in our search 
for a scientific monism, The entities we call life and mind still stand out 
of the mechanical scheme, The experimental method is, however, being 
applied rapidly to biology and psychology, and the next two hundred years 
might see the end of the isolation. 
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Prof. Devi Dyal’s concluding Speech. 


On behalf of the Punjab University Mathematical Association, it is 
my pleasant duty to offer you our heartiest thanks for coming to attend the 
Conference. 1 know that some of you have taken the trouble to travel 
over 2000 miles to contribute to the success of the gathering. It has in- 
deed been a great pleasure and privilege to meet so many distinguished 
delegates from all parts of my country. {t was only towards the end of 
February that the Indian Mathematical Society accepted our invitation 
and decided on holding its third Conference at Lahore. As soon as we 
learnt of it, we approached the Vice-Chancellor, the Chief J ustice and 
both the Ministers; their sympathy, co-operation and financial help were 
generously given, In fact, our‘popular Vice-Chancellor, without whose 
active support, 1 fear, it would have been almost impossible to hold thé 
Conference, moved the Syndicate to sanction a handsome donation of 
Rs. 250 to meet a part of the expenses. You have to-day befittingly 
recorded a resolution expressing your grateful thanks to him and to the 
Syndicate of the University. 


We are equally grateful to H.E. the Governor who was pleased to 
accept our invitation to open the Conference. It is needless to say that 
the Conference felt itself highly honoured by His Excellency’s presence 
at the opening session and flattered by his kindly welcome. Onur best 
thanks are also due to the Hon’ble Khan Bahadur Mian Fazal Hussein, 
who kindly agreed to be the Chairman of the Reception Committee and to 
the Hon’ble Sardar Bahadur Sardar Sunder Singh Majithia who, in the 
unavoidable absence of the Educational Minister, performed his duties 
with cheerfulness, and invited the members to a splendid tea-party at his 
bungalow, 


Gentlemen, it is thus evident that the success of the Conference has 
been due to the williog and cheerful co-operation of all. If we have failed 
to make satisfactory arrangements for ‘your comforts, I request you to 
forgive us; for, this could not be due to lack of thought. I once more 
thank you for kindly visiting our province and infusing in us a spirit of 
mathematical study and research. You have shown us how wide is the 
field for work, Let me assure you that your visit will long live in our 


memory and our Association will never forget the honour done to it by 
your presence, 
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» An Extension of Feuerbach’s Thecrem 


By Mr, M. Baimasena Rao, 
ts Research Scholar, Oentral Qollege, Bangalore. 





' Introductory. 


By the post-script to the paper on “An Extension of Feuerbach’s 
- Theorem” read by me at the last Conference of the Indian Mathe- 
matical Society -and published in the Journal of the above Society for 
December 1919, I stated as below :-— 


The following property suggested by Feuerbach’s Theorem may be 
found interesting. My proof is not complete : je 
“Of the system of pedal-contact circles, each circle touches four 
circles which latter is also touched by three more circles of the 
system.” 
The proof of the above property is presented in this paper. It is 
based on the following theorems :— " 
(i) Of the system of pedal circles of pairs of isogonal conjugates 
of lines passing through any fixed point, the envelope of the radical axes 
of any circle and the remaining circles of the system is a conic, 


' Gi) Isogonal conjugate pointe on any four lines through the fixed 
point referred to in (i), which taken two by two belongs to three definite 
systems of involution, form a pair of Steinerian quadruples,* 


The paper is divided into three sections, The first gives the pro- 
perties of pedal-contact circles which are required for the purpose of this 
paper. The second section deals with the conic referred to in (i) above, 
and contains the proof of the main theorem. In the last section, a method 
of associating each tetrad of circles mentioned in the main theorem 
with a definite point is given and the relation between the two tetrads of 
tangent circles is established. 


SECTION 1 
The Pedal-Contact Circle. 


§ 1. The pedal-contact circle is defined to be the pedal circle of a 
point P whose pedal triangle is in perspective with the triangle of refer- 
ence ABC.! The join of P and its isogonal conjugate P’ passes through 





MWabay spgeg BROS ——__—_—_——-—- 
* This result is stated on page 226, Vol, XI, Journal of the Indian Mathematical 


Society, 
2 Of, Author’s paper, Journal of the Indian Mathematical Society loc, cit, 
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the orthocentre of the antimedial triangle of ABC.?. The locus of P is the 
self-isogonal cubic which passes through A, B, C, the circum-centre, the 
orthocentre, the in-and the ex-centres of ABC and cuts the sides of the 
triangle ABC again.in the meets of AP, BP, CP, with BC, CA, AB, and 
the circum-circle of ABC in the points diametrically opposite to A, B, C, 
The circum-centre of ABC is also the centre of the cubic and its 
asymptotes are the perpendicular bisectors of the sides of ABC.* Its 
trilinear equation is 

(cos A — cos B cos C) «(62 — ¥*) + (cos B — cos C cos A) B(y? — «?). 

+ (cos C — cos A cos B) y (a — 47) =0. 


§ 2. Let DEF be the pedal triangle of P and D’E’F’, that of P’, 
the isogonal conjugate of P. Let EF, and E’F’ intersect in X and EF’ 
and E’F in X’, If Y, Y’ and Z, Z’be similar points obtained from the 
remaining sides of DEF and D’E’F’, the following points are collinear :— 


(1)°R WP (2) MOL (8 Wx, ay oe, 


The lines of collinearity are evidently the pascal lines of the 
hexagons DE’FD'EF’, etc. This holds good for any conic cutting the 
sides of A, B, Cin D, D’; EH, E’; F, F’. The lines AX, BY, CZ are 
concurrent at a point 7 which is the pole of X’Y’Z’ with respect to the 
conic, Further if AD, BE, OF meet in a point Q, AD’ BE’ OF’ will meet 
in another point Q’; the pascal line X’Y’Z’ passes through Q and Q’ and 
the pascal lines X’'YZ, XY’Z and XYZ’ respectively pass through A, B, C. 
The triangle XYZ will now be self-conjugate with respect to the conic, 


I'he above results for conics are well-known. In applying them to 
the case of the pedal circle, we note that for any pedal circle the pascal 
line X’Y'Z’ passes through the isogonal conjugate points P and P’ and 
hence is a diameter of the pedal circle. The lines AX, BY, OZ are 
parallel and perpendicular to the line PP’X’Y’Z’,4 the point 7 being 
now the point at infinity in direction at right angles to this line, 


§ 3. It is due to the concurrency of AD, BE, CF, that the triangle 

XYZ becomes self-conjugate with respect to the circle, Hence we have: 

(1) In the case of any circle DD'EE’!E’, the triangle XYZ is in 
perspective with ABC, , 


* Of. Author's paper on Double Lines, page 125, Vol. XII, Journal of the Indian 
Mathematical Society, 


* The geometrical treatment of this cubic forms the subjeet : 
of 
preparation, . J @ paper under 


* For an elementary proof, cf. author’s note on « The Pe dal Oi : 
ircle, 
Vol, WV, Journal of the dian Mathematical Society, eee 148 
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(2) 1f the circle is a pedal circle, the centre of perspective is at 
infinity, 


(8) If the circle is a contact circle, the triangle is self-conjugate 
with respect to the circle. 


The last of the results stated above is important, From this it 
follows that 
(4) DX, EY, FZ, concur at a point W on the circle, and D’X, E’Y, 
F’Z concur at a point W’ also on the circle. 
(5) The'line WW’ is the triangular polar of + with respect to ABO. 
The triangle XYZ is the common diagonal triangle of the 
qaadrilaterals DEF W and D’R’F'W’. If DW and DW’ 
cut YZin R and R’, the ranges (DX, RW) and (D’X, R’W’) 
are harmonic. Therefore DD’, ic, BC, RR’, ie. YZ and 
WW’ are concurrent, Similarly WW’ passes through the 
meets of CA, AB, with ZX, XY respectively, etc, 
(6) XYZ is the diagonal triangle of the quadrilateral formed by the 
sides of ABC and the line WW’. 


_ § 4. The following properties are special to the pedal-contact circle :— 


(7) The points X, Y, Z, lie on the sides of the medial triangle of 
ABC, 


(5) The conic circumscribing the triangle ABO, and passing through 
Q and its isotomic conjugate is a rectangular hyperbola.® 


(9) The points W,W’ referred to in (4) are the centres of the 
rectangular hyperbolas ABCQ and ABCQ’ and therefore lie 
on the nine-points circle of ABC.’ 

The maia reeult of this section which is required for the proof 

of the theorem of this paper may be stated as below :— 

The triangle XYZ is self-conjugate with respect to the pedal 
circle of P and also self-conjugate with respect to the in- 
conics of the quadrilateral formed by the sides of ABC and 
WW’ (which is the radical axis of the nine-point circle and 
the pedal circle). 

SECTION II, 
The Proof of the Theorem. 


$ 5. Let us consider the pedal circles of points on the self-isogonal 
cubic, 
pa (B2—y) +98 (y2—a") + ry (a*—A8) = 0... (1) 


5, 6, 1,—These results are taken from the paper referred to in foot-note (%), 
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‘The radical axis of any fixed circles of the system and any of the 
remaining circles touches a conic. In order to. establish this, | it is 
gufficient to prove that through any arbitrary point, two and not more 
than two of these radical axes pass. Given any point T, the power of T 
with respect to.S is known, and the locus of a point whose pedal circle 


has the same power with respect to T is another self-isogonal cubic of © 


the form : 
lo (8% + y8) + mB(9 + a2) + ny(o% + 8%) + 2s aby = 0. (2) 


The cubics (1) and (2) intersect in 9 points of which three are the — 


vertices of the triangle of reference ABC. The remaining six arrange 
themselves into three pairs of isogons! conjugate points ot which one pair, 


namely, the points) whose pedal circle js the fixed circle S, is known, { 


Hence there are two pairs of isogonal conjugate points on (1) whose pedal 
circles with respect to T has the given power ;, that, is to say, only two 
radical axes pass through T. The cubic (1) is the locus of a point which 
lies in a line with its isogonal conjugate and a given point (p, q, 7). Hence 
we have the following results.:— ) ets 

(10) O€ the system of pedal circles of pairs of | isogonal conjugate 
points whose join passes through a fixed point, the envelope of the radical 
axes of any given circle and the remaining circles of the system is a 
conic %, 

This conic may be briefly denoted as the envelops-conic associated 
with the given pedal circle. ’ 

(11) A given pedal circle of the system touches four pedal circles of 
the same system. 

This is evident from the above result, The tangents at the points 





of contact are the common tangents of the given pedal eircle and the ’ 


envelope-conic referred to in (10). 


§ 6. Let J be the fixed point in (1) and through it draw a fixed 
line L and a variable line M. Since the radical axis of the pedal circles, 
say (L) and (M) of isogon1l coujugate points on L and M touches a conic, 
there is a one-to-one correspondence between the line M and the corre- 
sponding radical axis. Hence we see that 


(12) Lines through J correspond anharmonically with the radical — 


axis of (L) and (M) and with their points of contact on the envelupe- 
conic, - 





8 The enyelope of the radical axis of the pedal circle of the fixed point J and 


the remaining circles of the system is the orthopolar ellipse of J, I have got a more 


direct proof of the result (10) by the anharmonic properties of conics. This inciden- _ 


tally determines the position of the centre of the envelope-conic, 


- 
' 
7 
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tn the general case when J ie an arbitrary point, a pedal circle 
) is touched by four pedal circles (M). Each of these latter is 
uched by 4 pedal circles of which the circle (L) is one. This result is 
t of much interest. Suppose that when J isa particular point we are 
le to prove that the isogonal conjugate points on the four lines M—say 
; M 1» Ma, M, whose pedal circles touch any circle (L) of the system, form 
pair of Steirierian quadruples. In this case, the lines L, L,, L,, L, corre- 
nding to the circles (L), (L),, (L),, (Lj,, which touch one of the pedal 
reles (M) are such that the isogonal conjugate points on them form aleo a 
r of Steinerian quadruples. When one point of a Steinerian quardruple 
given, the remaining three are uniquely determined, the circles (L), (1); 
)o, (L)s, are repeated for each of the 4 circles (M), (M),, (M)o, (M).. 
ence each of the four circles (LL) will touch each of the four circles (M). 

In order to establish the theorem, it is sufficient to prove that :— 
When J is the orthocentre of the anti-medial triangle of ABC, 
the lines M, M,, Mg, M,, corresponding to the line L are 
such that the isogonal conjugate points on them form a pair 

of Steinerian quadruples, 


§ 7. The condition that the isogonal conjugate points on four lines 
, M,,M,,M,, passing through J form a pair of Steinerian quadruples is 
atisfied when the rectangular hyperbola through J intersects on these 
nes in points forming a qudrangle having ABO as the diagonal triangle, 
., when the following systems are in involution :— 


(MM,, M,M,, JB, JC) ste sane hed 
(MM,, M,M,, JC, JA) a 2s bk BE 
(MM,, M,M,, JA, JB) se oe AO 


Lines drawn from J and through the points on the cubic forming 8 
teinerian quadruple taken two by two, belong to the above three systems, 
hich may be denoted as the (A), (B), (C) involutions. 

The (A) system is determined as follows :— 

Take any point U on the cubic, Let AU produced meet the 
cubic again in U,. Then JU and JU, are conjugate rays 
of the (A) system. 

Similarly for the (B) and (C) systems. 

§ 8. When J is the orthocentre of the anti-medial triangle of ABC, 
the cubic passes through H, the orthocentre of ABC, and AH, BH, CH are 
parallel to the asymptotes of the cubic. If J, J,,J., denote the perpendi- 
cnlars on the sides of ABC and J, denote the Euler line JONH (0 cir- 
cumcentre, N-nine-point centre of ABC), the rays (JnJa), (Indo), (F aves 
are conjugate rays of the (A), (B), (C) systems respectively, as also the 
rays (JiJ.), (Jed a)s'(Jad2). Hence the conditions under consideration may 
be| written as :— 


15 
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MM M Mes J digi JiJer) eee eee (A): 
tu" Mo May TaSodeda? ¢ cB) 
(MM.,, M,M,, Inde, Jado,) eee oes (C) 


The whole question has been reduced to one of showing that ¢ 
M-lines taken two and two are conjugate rays of the pencils in involaty 
determined by the four lines, viz. the perpendiculars from J on. the sic 
of ABC and the Buler line OH of ABC, taken twoand two, This is | 
form best suited for our purpose, 


circles of the pedal-contact system, viz., the side of ABC, and the rz 
axis WW’ of. the pedal circle of isogonal conjugate points on L, which | 
have denoted by (L), and the niae-point circle, Let a, a), %, a, be th 

points of contact of the envolope-conic with WW’ and the sides of ABO, 


triangle XYZ is self conjugate with respect to the envolope-conic. There 
fore XYZ is the diagonal triangle of the quadrangle ax,a,a,. Let t 
points of contact of the (L) circle with the M circles be @, @,, Bz, f 


theorem in conic sections, that XYZ is the diagonal triangle of each of 
the quadrangles @8,8.,8, and yy, YoYsz, since it is self-conjugate with 
respect to the circle (L) and the envolope-conic. Thus we see that the 
five quadrangles DEFW, D'E’F’W’, aa,a.%,, B8,8.8s, VY: Yo Var 
have a common diagonal triangle XYZ, 4 

Consider the a- and y-points on the envelope-conic. It is seen that 
the lines 


O04, %%2, Y¥as YoYs, tntersect'in X, cei, Ta 
O44, 4543, YY¥o, Y3¥q, intersect in Y, ot Corum 
O05,%4%9, Y¥sy Ya¥o, intersect in Z. see?!) (8) 


Therefore the points in (1), (2), (3) form three involutions, Accord= 
ing to the correspondence stated in § 6 of this section, the a-pointa 
correspond anharmonically with WW’: and the sides of ABC and 
these latter with the lines J,, J,, J;, J... The Y-points correspond with 
the M-lines, It is evident that the pencils 

rey MoM, Juda, JeJe) 

MMs, MsM,, Jnds, Ieda) 
(MMg, M\Mg, Jno, Judy) T 
form three involutions. Hence the condition obtained in § $8 of this 
Section is satisfied and consequently the theorem is established, 


SECTION III. - ¥ 


§ 10. In the preceding section, we have shown that a piven pedal 
contact circle (L) is touched by four similar circles (M), which latter are 
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ched by three more circles associated with the given circle. We shall 
w examine the relation between the (L) and (M) circles more closely. 

The pedal-contact cirsles may be arranged into two sets, each set 
ntaining groups of four peda! circles of points forming a Steinerian 
ruple, a group of the first set corresponding with that group of the 
oud whose members touch the circles of the former group, Any circle 
a group of either set determiues not only the other members belonging 
the group, but also the circles of the corresponding group of the other 
t. Hence corresponding groups may be taken to belong to either set, 
at is to say, the correspondence is mutual. If wecan establish a (1, 1) 
rrespondence between each group and points on a line, the corresponding 
ints will form an involution, This may be done as follows :— 

Let J be the point (l, m, n), where 1 = cos A — cos B cos O, 
‘= cos B — cos C cos A, n = cos C —cos A.cos B, The locus of 
gonal conjugate points on lines through J lie on the cubic, 

Ja(3? — y*) + mB(y? — a4) + ny(a? — 6%) = 0. 
1f P be any point on this cubic, its associated points of the Steinerian 
uadruple are given by the following construction :— 


4 


Let JP meet in R, the first polar of J with respect to the cubic, viz., 
e rectabgular byperbola. 

19/63 — y2) + m*(y* — a?) + n2(a? — A) = 0 wat, GD 
nd AQ, BQ, CQ intersect the rectangular hyperbola in Q), Qe, Qs. If 
’ ig the isogonal conjagate of P, then AP’, BP’, CP’ intersect respectively 
O,. IQs. JQ, in the required points, say P,, P,, Ps, lying on the cubic, 
t will be seen therefore that the pedal circles of P, P,, Py, P; ate associated 


espectively with the lines JQ, JQ,, JQ,,IQ;,. The rectangular hyper- 
ola (1) is self-conjugate with respect to the triangle ABC. The co- 


dinates of the Q-points may be taken to be (x, + y, + 2), satisfying the 


Gation D%y* — #) = 0 thes 
The four Q points may evidently be associated with a single point 
Bi (pa qy*, 72°), where p, 9, 7 are arbitrary constants. 


Thejocus of R is the line 


2) eC) +e G8) <0 
q Y r P P q 
ie. * (m® — nt) + 2 (nt —P) + LP— my =O. mw (2) 
k q ” 
The nine-pint-circle and the ‘sides of the triangle form a group for 
’ 1 Las hee Pie (ie ee La a 
hich the Q-points are — ( a aay ae :) , aod K ie ( ae b? =) 


he in- and the ex-circles form the corresponding group for which the 
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Q-points are.(l, + 1, + 1) and the R’ is (p, q, 7)- R’ obviously lies 
(2) and R also lies on (2) by virtue of the relation 

died dp bEwet "0d i" DD Aaa SOS AO) 

cos A cos BcosO cosB—cosCcosA cos0—cosAcos B’ 

To determine the involution to which R,.R’ belong, it is necessary 

find two more euch points. For the group to which the pedal circle of 

belongs R is (pl§, gm?, rn*), which evidently lies on (2). To find t 

corresponding group; bisect internally and exteraally the angles BJ 

OJA, AJB. If the bisectors meet the sides BC,-CA, AB in X, X 

Y, Y’; Z, Z the pedal circles of isogonal conjugate points on the pe 

peng ae from J to X’Y’Z’, X'YZ, Y'ZX, Z’XY, from the correspon 

ing group * J 
‘The co-ordinates of R’ corresponding to this group are found: to be 

p(2 cos* B + 2 cos? C — a sin” 4) ; 1 

sin* A Rn fe. 


The involution is completly determined by the ‘conjugate points 


he ae ee ee 

(p, a 7); (55 A sin’ B’ sin? 0) t 
§){ ee Be See ee 
: ————t 7 rg OSE pes ° 







and = (p/#, gm, 7 





sin? A 
Since these eens are collinear, we have 
aq kr 
2 + ch A ina ut q+ sin BO a sin’? © 1) 
ae qmtainy thie ratad ye ~ Ce 
and {Bait <a mn )= ab an? A (2 cos? B + 2 cos? C — sin? A) 
=(9+ ans) mr Tahal eed mail Ua ail” hf 
= m eo to 
From (1) and (2), we find that # 


sin® A sin? B sin? C ; 
z cos A cos B cos C ’ 
and k’ = — 4 cos A:cos B cos C; 
ano hence the constant of involution is given by 
kk* = 2 sin? A sin? B sin? C. 4 

The foci of the involution are real. Corresponding to eae! focus, there ¥ 
ate therefore four lines through J such that the four. pedal. circles of 
isogonal conjugate points on the lines touch one another, 


k= — 





- 
ne ee SSeS 
® Vide: Author’s note on page 105, Vol, 1V, Journal.of the Ind. Math, Soo, ' 


SOLUTIONS. 
Question 927. 

(M. K. Kewanramani)—A BO D E is a polygon whose sides taken 
in order are a, 8, c, d, ¢......1f the angles which the sides 6, c, d, ¢...make 
with the positive direction of the side a, be respectively called ab, ac, ad, 
@é.....prove that 


! 
> Stree br c® dt ( cos {rab+s. actt. ad+... b ) 


where » is a positive integer and 7, s, ¢ are also positive integers including 
zero but’ such that r + s + ¢% +... =m and > denoting summation of 
like expressions when 7, s, ¢ ... are taken in their entirety subject to the 
above restriction ; of course the right-hand side a not occurring. 
Solution by N, Sankara Aiyar. 
It can easily be seen that 

a = real part of 5 0 (cos.ab + i sin ab) the summation extend- 
ing to the (# — 1) sides but a. Hence a* = real part of { Sb (cos abt+i 
sin ab)}". The typical term in the expansion of this expression is 
given by the multinomial theorem in the form 
a br ce dt ... (cos ab + i sin ab)" (cos ac + i sin ac)* (cos ad 
+ isin ad)... wherer + stl +... = % 


! ae 
t.€.y sai br os dt .., (cos r, ab + isiny,ab) xX (cossact i 
Ts 8 . ee ef - 


sins gc) (cos ¢.ad + isin/.ad) X ... 
ives, ptt by brovdt .. [cos{v.ab+s.actt.ad+..} +t 
risit!... 


sin{ v.ab+s,actt.adt... } J. 
By summing up the real parts of all the terms we get the required result, 








Question 929. 
(S. Matar Rao) :—Express 2595600 as the product of two factors 
such that the sum of the factors of either factor may be equal to the other 


factor. 
i Solution by N, Sankara Avyar. 


The sum of the factors of aay number of the form «~” 87 y’... = 
(a e+? — 1) (8 att — 1) ove 
(a—1)(h—))... 

If AB = 2595600 = 2* x 5? x 32 x» 7 x 103 and 103 is a factor of A, 
104 should be a factor of B. This is clearly impossible. If however the 
‘the sum of the factors of either factor may be the same,’ 
38 should be a factor of B. So also should 7 be. 
a factor of A or B and then 5? will be a factor of B 
thus 5? x 103, 2* x 7 x 3? and 2* x 163, 


question is :— 
we get, a solution. 
Similarly 2* may be 
or A. The two solutions are 
52 x 7x 3% 


SSS 
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Question L121. 


(N. Durat Rasan):—Conetant lengths a are measured along the 
tangents to a curve. If the locus of the extremities be a circle of radius 
a, show that the curve is the inverse ‘of an involute of a circle of radius 
2a, the radius of inversion being equal to 2a. 


Solution by Martyn M. Thomas and others. 


Let a length PQ (= a) be measured gad the tangent at P to the 
curve required. 


Then, if P be (x, y), Q will be (w+a cos ¥, y+a sin ¥), where ¥ is the 
angle made by the tangent with the a-axis. 


Since Q lies on a circle of radius a, 
(w+a cos ¥)* + (y=a sin ¥)* = a*, 


Ay w2-y*+2a (ecos¥ + ysin ¥) = 0 
om v3 + y’ + 2a (agent) = 0. 
~ _ 25 _ Ande + uty) ce ’ : 
on feat GE d [log (#*+-y?)] = d (2 log r], 
aa _— = = 2log 7 + const. 
Differentiating with respect to, 6, ten 
| ds ‘Tl dr: | 
—— = %4.- —, 
dé A » dé 
: : ‘ dr\. ? 4a? (d+ 
Squaring 7? a =" 
quaring 7* + (%) 2 (3) 
e dy = 72 
da y4a® — 9** 


which is the polar differential eqn. of the reqd. curve. 


Now, the (p, 7) equation of an involute of a circle of radius 2a ia 
re = p* + 4a’. .., i (1) 


> sd ‘ ; 
Since for inverse curves, rr’ = i? and / = a , change 


a>: R 
ye and / to k*p 
" 7? 


iu equ. (1). 


Thus the inverse of the involute of the circle of radius Za is 


————— CT 
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Putting & = 2a, rs = p? + ree 


° big 1 aS At 4a2 
es 7) - = = SES 
r r a6 p? r*(4a* — 72) 
. apse: 
. do} - 4a* — 7" 
Hence dr #f 


dé J/4a4—r? 
which is the same as the polar differential equation found above. 





Question 1124. 
(G. S, M.) :—Prove that 
1 “ES gy n(n — 3) 

+ (r, 1) a8 + (7, 2) ee eT + ... to (vn + 1) terms 
(m + 1) (m + 2)... (m + 17) se 
Lina ey .(m—n +7) 

where (7, 1), (7, 2) ... are the figurate numbers of the rth order. 
Solution by K. J. Sanjana, V. M. Gaitonde and others. 


The given left side Ps be written more generally thus : — 





1 + 70,7 + *0, et 4 +. 


‘where n is a positive ‘oo but , m are any numbers, 
We have by Van der Monde’s theorem, 
(2 + y)n = An + "C0, Mn-1 Y, + "Co en-2 Yo + ... to (n + 1) terms, 
x Yn —1 

Hens Pmt tO yt eae teae tm 
where # and y are any numbers. Put cr =—m+un—l,y=s—yz, 
and we get 

(—m+n—1—7),_, Te, re + "0, — r— r— 1) he 


—(—m+n— 1), _ * — m(— m + 1) 
altri. + ei n= + .., to (n+ 1) terms. 


m 1.2 m(m—1) 
ie (—m+n—1—r), _ (m+r) (m+r—) .. . (m+r—n+1) 
(—m+n—!)n m(m—1) .. a cae + 1) 
where there are n factors both in the numerator and the denominator, 


When ¢ is a positive integer, . a, ... are the second, third, 





.. figurate numbers of the rth order; and we can cancel factors above 
- and below from m = {m + r —1) to (m — n + r + 1), and thus obtain 
the given result, 
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QUESTIONS FOR SOLUTION. 


1173. (S. Krisnnaswami Aryancan):—If wv, + % + w, =0, show 
with the usual notation in elliptic functions s,¢,d, + s9¢g%_ + Sag, 
= — (55598,)—3 [4 — (818989)8 (2 — €,C9¢3) k*¥ — 2 (815983) ]*» 
1174. (S. Krisnnaswamt Aryancar):—If w, + + w, = K, 
show that 80,0, + SoCgtq + 82¢,d5 


ad 
= (° a ) CCC, + Sk? 8,898, C,CqC, — Ht. 





1175. (M. K. Kewanramant) :—Shew that the area of any part of 
the curve (x +m) (a —m) = n, depends on the rectification of a certain 
parabola, and find out the general form of curves whose areas will be 
constant wultiples of the corresponding parabolic length, the same para- 
bola being employed in each case, Construct the above curve geometrically 
by means of the parabola. 


1176. (A. Narasrnca Rao):—In Basset’s ‘‘ Cubic and Quartic 
Ourves”* it is stated that the orthoptic locus of an. Epi-cycloid 
is an Epi-trochoid. Show that Basset’s Epi-trochoid is but part of the 


complete locus, which consists of as such epi-trochoids, or es 


trochoids and a circle repeated =a times, according as m (the ratio 
of the fixed to the rolling circle) is even or odd. | el 
Prove also that the orthoptic locus splits up into algebraically distinct 


surves, whenever a rational curve of class « has tan ¥ as a possible 
N 


parameter, and that this happens only when all the tgts, from the circular 
points to the curve, coalesce. 


1177, (A. Narastnca Rao) :—If the tangents at P and P' of a plane 

curve meet at right angles at O, show that the curvature of the orthoptic 
. I? — Pri — Ply y . 

locus at O is ARSE OE where P and P’ are the radii of curvature 


at Pand P'*) PO =r, P!}0 = r! and PP'=e. 


1178, (A. Narastnca Rao}:—Trace the curve whose equation in. 


intrinsic co-ordinates is 
(i) S me” sin by. 
(ii) S me sind,y + ¢%” sin dg). 


a 





ene 


“ Pages 213 and 214, 


—e ee 


THE JOURNAL 











OF THE 
[ndian \{athematical Nociety 
Vol XIILj «AUGUST 1921. (No. 4. 








_ ON THE CARTESIAN OVAL (Second Paper.) 
By V. Ramaswamr Atvar, M.A, 








Trigonometric Analysis. 


1. Let O be the triple focue and F,, F,, F, the single foci of a 
cartesian oval (1°), in regard to which we shall generally follow the 
notation in the previous paper (J. 7. M. S., Vol. XI, pp. 123-144.) 


Let P be a point on the oval of parameter 2 and let @,, 6), 65, denote 

the angles that F,P, F,P, F,P, make with the axis pointed leftwards, 

that is, with F,O, F,O, F,0. The trigonometric analysis of theee 
angles leads to a number of interesting results. 





2, The cosines of the angles 9,, 94, @s can be found from the 
trianglk:s OF,P, OF,P, OF,P, whose sides are known. For OF,, 
OF,, OF, are 4, 4, ¢, which we may speak of as the focal lengths of the 
oval. The side O P = Jio+ca+ab+2 (Section Il, First 
Paper). The lengths F,P, FeP, FsP, are Pir Pa Ps» when P is on the 
outer oval, where p, = Jbe + r/ Jb, &e. If P be on the inner oval, the 


6 
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lengths are py, — Pg, — ps, (Section II, First Paper.) On account 
this difference, our formuls will come to differ for the two ovals. But 
we can avoid this by a simple convention, that is, we shall regard ,/a (the 
square root of the smallest focal leagth) to be intrinsically aegative for 
the inner oval. To put it more fully, while Ya Jb, //c, are all taken 
positive for the outer oval, we shall regard ./a as negative, while ./b and 
,/c are positive, for the inner oval. Further, we shall uuderstand ,/ab as 
short for ./a./b, and /abcas short for /a./é,/c, and so on. On this 
understanding it is clear that the lengths F,P, F,P, F,P, taken — 
positively, are p,, p,, 3, for both the ovals ; and we obtain ; 


“cos 0, = (a +a+b—e) > 2p, 


r?2 
cos 04 =3 (4+ b — 9 = a) + 2p, eee eee (1). 


3 
abe 


Silicate 


cos 6, = ( +e—a—d) ~2p,. 


3. From these equations we find 








sin 0 = 4/4; c084 9, =} ja Vs. 4 
Py Pi at 
V.V iV.V . 
sin} @ = 3 ,/—2"*; cond 9 ai ,/—-i-i; og Je 
2 3 Ps 2 %2 2 a/ Ps 5 
— a w 
sin} 6pm 3) 2Vs ; 08} 65 =3 Js, | 
Ps Ps 


where V,, V., V5, V4 denote four new linear functions of a as 
follows :— 


eg 9 SE pec | 
1 chs + J/b + VC /a 
vee es Base xe 
2 Nt + /c+ Ja Jb 
we (3) 
Vso te Be 
2 ype + Jat Jb Jc 
Vi= J/O+ Jb 4+ Yo~_. 
abe 


Hence we get 





tan } 0, = [Vay tan} 6, = 'VVe 1 VV 
oN VV el gan ay NA Pee es = /9°¥" ow (4) 
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We also get 


e 


4p, = V; Vy a Vv, V. 
4p, =™V.V,+V;V, woe (5) 
4p; =V,V, + V,V,. 
_Let Y denote the perpendicular from P on the axis. 

Then Y = p, sin 6, = 2p, sin } @, cos 16,, 
which gives Y =} V,V.V,V, Ae Taal (1), 

4, It is desirable to note at this stage that the V’s (like the p's) are 
all positive, for points on the outer, as well as, the inner oval, For, from 
equations (2), since the p's are all positive, it is seen at once that the V’s 
are all of one sign, And this sign can be seen to be positive by examin- 
ing that of V,, say, for each of the ovals. 


5d. From formule (2), we next find that 


—___— 


sin 3 (6, —6,) =i Vote (J/c— Jb) ; 


008 3 (6 — 4) = 94/5258 (vet VB)s ae) 








A sf eee. V; Ve ali— Jb : 
= tan 5 (6, 63) = Vv, Th apot ih 
vith similar expressions for the sines, cosines aud tangents of 3 (46, — 6,) 


nd 3 (6, — 6,). 
Hence we get 





on ACY Wien OOP A } 

tau 4 6, Jet vb | 
tan 7 (6, — 63). /e—WVa 3 8) 
~ tan d 65 Jot Ja 
tan 3 (61 — 63) | Vb—Ja | 

tan 4 6, Jb+ Ja J 


Thus the expressions on the left continue constant as P moves 
n the oval, 
6. We next proceed to prove the important relations 
Y sin; (6, + 6 + Os) _ sin 2 (6, + 0;— 6) 

———_———— Ya 
/PiPsPs aE 

— sing (0,+6:—4s) — Sin 2 (0; sone 

Jb 











we (9) 
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2 
we 


‘Let A = sin} 0, . cos 5 O, . cos 
B = cos i 6, , sin 3 9, . Cos 
© = cos } 6, . cos 5 9, . sin 
D = sin} 9, .s8in } 0, . sin 


Qa ®d 
wo © 


dol role pole Bole 
o 


Then we have 
sin $(0, +9, + 9,) =A+B+CO-—D, 
sini (0, + 9; —90,)=—A+B+C+D, 
sin? (0; + 91 — 9.) =A-B+C+D, 
sin 2 (9: + 02 — 93) =A+B—C+D, 


Calculating their values by (2), we get 


A, B,O,D = 3 4/ WAV WV (Vi, Vay Vay Vi) reepectively. 





P'PsPa 
Therefore we have 
A PA 
sin 5 1 (6, + 6. + 6 )=4 z J EATS (Vi +- V4 Va—Va 
: Vie. Y 
810 "7 (6, + 6; — 6,) = ' ViVi Vavs (Vs +V; +V.—V; 


&, 


- But from equations (3), we get 


<a =:(V,+V, + MoFcs Va») 
va =i(V, + V3 + Vg — V,,) de. 
Also Y= yViViVsvee 
Hence we get eal i 
sing (6; + 6, + 8s) = ati : — 
| Vp.pip, abe 
sin} (8. + 6, — 6;) = ant aoe 


; VP, Ps 0, Ps 
which proves the relations stated, - 


7. The first application we shall make of these equations will be 
follows, From O'let us draw a line making with the axis pointed 
wards an angle equal to }(9, + 9, + @,) and cuttiog F,P, 
F,P at M,,M,,M,. The line will bvidendly cut FP, FyP, F,P 
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the angles } (0, + 9, — 9,), 4(0,4+0, —0,)4 (9; + 9. —O,). Now 
let us see into what parts the radius vector F,P, for example, is cut at M:- 


From the triangle OF ,;M, we have 


M,F, _ sin; (6; + 0s + 0s) 


F,O ~ sin}(6, + 0, — @,) 











A A 
__Jabi “Jee 
a deer os at 


But F,O = a, Hence M,F, = 4/./bc ; and thence we get 
P,M, = Jbc. 


The first property of the triple focal parpendicular on the tangent 
enables us at once to identify the line. It is itself the triple focal per- 
pendicular on the tangent at P, ; 


We have thus proved the fourth property of the triple focal perpen- 
dicular on the tangeut, namely, it makes with the axis pointed leftwards 
au angle equal to one-half of the sum of the angles that the focal vectors 
F,P, FP, F,P make with the axis pointed leftwards. 


We further see that it cuts F,P, F,P, F,P at the angles 
3 (9, SP 9, oak 93), 3 (6; ia 8, = C5), ; (9; + 6, — Q3). 


8. Draw the normal at P cutting the axisinG. We see that the 
normal GP makes with the axis pointed leftwards an angle equal to 


3 (0, + 62 + 43). 
Hence it follows that confocal cartesians intersect orthogonally. 


Further we see that if a point P describe a cartesian oval the angular 
velocity of the normal at P is one-half of the sum of the angular velocities 
of the three foeal vectors of P.* 


9, Let Q be the foot of the perpendicular from O on the tangent at 

P; and let PQ =¢, From the triangles PM,Q, PM,Q, PM;Q, we get 
t sin 4 (0, + 0, — 4) ke 

—_ = OU e® see eee 10 

»/ abe Ja (10) 


That is, we have the term = added to the list of equal quantities 
a 


~ 








in (9). 


i tennant 
* This property holds for bi-circular quartics, as it holds for the bifocal conics 
and the parabola, with reference to the number of focal vectors possessed in each 
case, and leads at once to formul for the radius of curvature, 
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In particular, we have 

| Tihs 4 
es. - eam. we 

We shall presently meet with many more terms equal to these in 


value and, for convenience sake, we shall use the letter M to denote any 
one of them. Using the value of Y, we have 


ove (11) 


M = 2, /ViVaVsVy 23 . (11-2) 
PrP 2P3 


For the truth of the results (10) and (11) for the inuer oval, we should 
regard ¢ as intrinsically negative, like ./a, for that oval, 


10. Let us consider our results in connection with the confocal 
cartesian oval (I) passing through P, Its triple focus 0’ will be a point 
in OF, produced. Let us denote its focal lengths F,0’, F,0’, F,O’ by 
a’, 6’, c’, The smallest of them is c’. Let the parameter of .P in 
regard to [” be x’; and let the distance OO’ between the triple foci be 
denoted by 8, sothat we havea+a’ =b+b'=c + o' = %, The 
6’s of the point P in regard to I” are the supplements of the 6's we are 
dealing with. Hence, noting that Y, Pi» Ps, Ps Mean the same geometrical 
quantities in connection with P for each of the confocals, we get from (9) 





" PiPsPr A ctchos Dt 3 
Va'be 


= © 4(0s + 6; — 61) _ cos } (6; + 6, — 6,) (12) 
Je We ioe 


which adds four more to our list of equivalent terms. 
11, Collating now the results 


Max ‘ina (G: + Os — 63) _ ciad(0, + 6, — ¢,) 
Ja Ja’ 


we got, by ratio, Mx. —! __; tharin Mao 1 
Ja+a' Wh) 
which makes an important addition to the set. 





vee (13) 


-_—_— 


Taking this result with M = Y/J/P1P.P3 we see that the distance 
between the tripe foci of the two confocals is given by 


=P ‘ 
Scie all ae r (14) 
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12, Taking (13) with M = “= we get 
b 


aoc 
tw , [abc 
Ve e we (15) 


Observing that ¢ is equal to the perpendicular from O on the normal 
at P, as (15) holds for all the eight points of intersection of the two con- 
focals and the right-hand side is the same for all such pointe, it follows 
that ¢ is the same for all such points and we have the theorem that the 
normals to the given cartesian [" at its eight pointe of intersection with any 
confocal I all touch a circle X whose centre is the triple focus O. 


The radius of this circle is ¢ which, from the value above obtained is 
OF ,. OF,. OF, 
ee TO oto 
Hence [from (48), First Paper], we infer that the circle X has 
double contact with the confocal T’. 


Make now T and [™ change roles. Weinfer that the tangents to 
T at its eight points of intersection with any confocal cartesian [” all 
touch a circle X’ whose centre is the triple focus of IY and which has 
double contact with the given cartesian I‘ * 


13, Wenext proceed toa noteworthy geometrical theorem in re- 
gard to the centre of curvature of the oval at P. 
Let PG be the normal and S the centre of curvature at P. Then 
[by (58), First Paper] we bave 
GP:SP =a + t)2:a 


os : GS:SP m= #:,x. 

Now GO = abe/a [by (28), First Paper) 
and OO’ = abe/t?, by (15). 

oe GO;OO° = t?:,. 


Hence we get GO:00’'=GS8:SP, 
whence O S is paralled to P O’. That is, we have the theorem : 


In any cartesian oval the line joining the centre of curvature at any 
point P to the triple focus is paraliel to the line joining P to the triple focus 
of the confocal passing through P, 

13-1, In close connection with this we have another theorem, as 
follows. 


* See Prof, Wilkinson’s Paper, J. 7, M. 8. Vol, XI, p, 172. 
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Tf Q, Qi, are the projections of O, 0’ on the tangent at P, then 
PQ. QQ, =A, the parameter of P. 


Proof. Since GP, OQ and O’Q, are parallel, we have 
PQ : QQ; = GO: 00". 


Hence PQ: QQ, = 2:4. 
Bat PQ = ¢, re QQ; = r/t. 
“ PQ.QQ, =r. 


Remembering that 1 = PM,. M,F,, &c, this fixes Q,. Thence we 
are enabled to fix O’ the triple focus of the confocal through P ; and 
thence S the centre of curvature at P, by the foregoing theorem. 


14. We next proceed to prove the following relations from which 
we can derive a good account of Genochhi’s Theorem. The relations are 
Lire’ 
Jb. cos 6, + J¢. cos 6; + /acos (9% Os are | 





a 
/C. CO8 6, + ./a, Cos 0, + ./b Cos (0; — 93) = abe f (16) 

N 
Ja. 608.6, + /b.cosd, + Jc. cos (8; — 6)=s5j 
Proof. These will be true provided they are true when for /a, /8, 
a we substitute sin} (0, + 0,—9,), sin} (9. + 0;—O,) 
sin} (0, + 0, — O,) and sin } (6, +9, +6.) which are proportional to 
them, On substitution, the results are seen to become pure trigonometric 
identities, 


/cand 


15, To deduce Genochhi’s Theorem, we require some development 
ef the system of quantities equivalent to M. : 





We saw that 
M at. = SAE tO. ep 
/ abo Ja 
_ sin }(05 + 6) — 6) _ sin 4 (0, + 6 — 6) 
Vb ili fe ‘ 


Hence, by ratios, and use of the identical relations 
sin? (@ + y) = sine + sin? y + 2 sinie sin y cos (x}]+"y) 


sin ( —(y) = sin’ & + sin? y — 2 sin w sin y cos (t —*y) 


ie 


cz 
a 


ye ae ee 


=e it dt i 


a 
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ve pet 


ee oe siné; 

vabo = (b + ¢ + 2 Joc Cos 6,)8 
== Se mea “ou 
(¢ + a+ 2,/oq cos 6,)8 
wah oe Ba 

(a + b + 2/ab cos 6s) 
At ee ee es 
(b + c—2,/bq cos 0, — O3)* 














= sin(6, — “s) 
(c+a—2/cqacos 6, — 6,)# 
; = sir (6, —— 6.) 


, 
| 
| 
oy (hs 
| 
| 


(a + b —2,/ab cos 6, — 6,)* 


which may be considered to give so many expressions for ¢ in terms 
of the @’s severally, and of their differences severally, , 


16. Now let P be a point of the outer oval and let the arc DP be 
equal to s. Then 6,, 65, 6; are the angles subtended by this arc at the foci. 


When s varies, we have 


dn 
ds 


=—t. 


This is the little equation we got in (25), First Paper, the negative 
sign coming in here as the arc is measured from D, and not C, 


From the relations (16), taking differentials, and noting da = o + a8, 


we get 
Jb. sin 6, .d0, + Vc. Sin 6, d6, + 
, . te 
i —6,)- 0, -- @;) = ——.ds. 
Jasin (65 s) 2 3) = Tak 





Je.sin @, d0, + /a@sin 6,.46, + 
t 


b si a . a6, — ST A 
J/bsin (6; — 62). a6 65 ere 


tae (a0) 


Ja. sin 6, d6,; + Jbsio 6, d6, + 
: z 
Je sin(6,— 92)- d(6, — 9) = Tae ds. 
Substitute now for sin 6, 8iD 65, sin 9;, sin (0,—9.), sin (6,—9s), 


sin (9, — 62) and t, in the above, the quantities propo ional to them 
17 | 
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forming the denominators in the relations (17). We get 
ds= Jhb(c +a +2 /og cos 6,)? dO. 
+ Jj/c(a+b +2 Jab cos @,)2 dé, 
+. 1/4.(b Hie co satig enaOaee aaltaiteeiee | 





L 1 vee (19) 
+ Ja(b+eo+ 2 bc cos 6,)" de, 


+ J/b(c+a—2 ca cos 6,—0,)3d (@:— 6s). 
ds = Ja (b+¢+ 2 Vio .cos 8)? dé, 

+ Jb(c+a+2 Jcacos 6,)3 dé, 

+ J/c(a + 6—2 Jayco 6,—6,)2 @ (6, — 6.) J 
Hence, by integration, we have 


7} 
ds= J/c(a+b+2 Jab cos 6;)2 dé; 
| 
| 





6 
s= f (vb #042 yea cos 6)? do 
o 
6; 1 
+ ab Je (a+b +2 Jab cos 6)? 00 


6,—6; 1 
+ i /a(b + ¢—2 Yee cos 6)? dO ve (20) 
0 q 


and two similar results, proving Genochhi’s theorem that the arc of the 
Cartesian can be expressed in terins of three elliptic arcs ; and we see that 
there are three ways of doing so, . 

17, By a slightly different treatment we can obtain an expression for | 
s im which the integrals involved are symmetric in 91, 9,, 93, but which 
involves an extra term, The first relation in (16) is 





J/bicos 0, + Jc cos 0, + J/acos(9, —9,) = nee 
‘ J abe 
This may be written ‘ 


/@ Cos 6, + yb cos 6, + ve cos Os + 





+ ya {cos (9, — 6,)— cos é,} = . 


— 


3 . 
Now Jab 


va {cos (0, — 93) — cos 9, } 
= 2 va, sin} (6, + 0, — 93) sin 5 (0, + 0, — @) 
= 2a. a z i 2t* } 


Jab" Jac Jabe 
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) Hence we have 
) 


J/acos @, + bcos 6, + yccos 6, + 2. Te * 


abc 0 J abe 





dn 
ds 
| VYa.sin 6, .d0,; + Vb.sin 6,.d6, + Vc.sin 6,.d0, 


Taking differentials, and remembering = — t, we get 


a a eae Op 


J aoc J/ abe 





Substituting for sin 0,, sin 6,, sin 6, and ¢ the quantities propor- 
tional to them from (17) as before, we get 


ds m= ya (b+ce+2 J/bc Cos 6)? dd, 
+ yb (c +a+2 Joa cos 04)* dOy 


2k 
+ yc(a+5+2 Jab cos 63)? d6,—4dt _ ,., (21) 
which gives 


6; z 
a= { Va (b+c + 2/5 cos 6) dO 
Oo . 


0, 5 
+ js yb (c+a+2 Jca cos 6) dO 


Qs cr i 
+ fe Ve(a +b +2 Jab cos 6)’ dO — 42... (22) 


where t = P Q and we know its value, as already observed, in terms of 
64, 0,, or 6; ; F 
18. P being on the outer oval still, iet the arc C P = 8” and let us 


seek to express it in terms of the angles ¢,, 42, 3 which it subtends at 
‘the foci. Since (s + s’”) is constant, we have 


ds = on. soe eee eee (i) 


Also we have 
0, = 7 — $i» 9, = 7— ts, 6, = >: oy (il) 
do, = —db,, d0, =— doy, d0, =Aos. —... (iil) 
By means of these relations we can transform the four expressions 
for ds contained in (19) and (21) and obtain the corresponding expression s 
in for ds’ terms of d>,, da, d>%, or of these and dé, 
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19. Let us next consider P to be on the inner oval. Let t 
arc A P = s’. Then @,, 92, 4, will be the angles subtended by this 
at the foci. It can be seen that the investigation for s’ is exactly 
same as for s. All the steps in the latter as well as the final results ho 
good ; enly, we should consider Va and ¢ to be intrinsically negative f 
the inner oval. Consequently explicit expressions for ds’ are obtained from 
those for ds in (19) by changing ya into — ya; or from that in (21) by 
changing both a and ¢ into their negatives. 


Finally, we observe that if the arc BP in this case bes”, and 
it subtend angles ¢,, ¢1, $, at the foci, then expressions for ds” could be 
derived from those for ds’ in the manner of § 18. 
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ON THE EXPANSION OF CERTAIN FUNCTIONS* 
(WITH PROPERTIES OF ASSOCIATBD CO-EFFICIENTS.) 
By C. KrisHNAMACHARI, 





Introduction.—Various series involving inverse powers of natural num- 
bers have been summed up by mathematicians. We have the well-known 
summations in terms of Bernoulli's and Euler’s nombers. Mr. S, R.-Ranga- 
nathan in his paper, “ Bernoulli’s Polynomial and Fourier Series,” (vide 
J. 1, M. S:; Vol, X1, No. 2), sums.a number of interesting series, Zhe 
object of this paper is to express the sums of various series (including 
those summed by Mr. Ranganathan) iz terms of coefficients of various 
trigonometric expansions, which possess interesting properties similar to 
Bernoulli’s and Euler’s numbers. Since writing this paper, I find that 
Dr. Glaisher has anticipated me in the ‘Quarterly Journal of Matbe- 
matics,’ Vol, XXIX, a volume which I have not been able to procure 
even now from any Indian Library. On page 187 of the Quarterly Journal, 
Vol. XLV, Dr. Glaisher makes a reference to an article in Vol, XXIX 
entitled “Ou the Bernoullian Fanction.” From the title I conclude that 
Dr. Glaisher’s method of proof is different from mine, and that the A»- in 
§ 1 of my paper is Dr. Glaisher’s P, ; and my A2z»-; is his Q,. Dr, Glaisher 
further points out that : 





Qer x? x® at 
“+1 =1—A,rz— A, "oI + Ass) t Aas gm nee 
§ 1, Let 
2 n 
Pees = 1 + A,v + A» ot + eee cee + An = + eerece 9 
cos Z—Ss1n « Zz: nN: 


so that, cross-multiplying and equating to zero the coefficients of the 
various powers of z, we obtain, 


2n Qn _ (2m 
ba (7) Aint (31) Aeon ('3' ) Anns 


ee Oe a Cont) latte (i ) A, e(—1)" 


oat 
ers onl On] oe Q) 
nm oe 
Dont ne ( l ) Asn | 2 )Aen—t ( 3 ) Aon—2 


n 


Baraca) (ek By As + (1. 


ee arr er ee arn et Gooleiy. Marct 
* Presented to the Third Conference of the Indian Mathematical Society, March, 
1921, 
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where ea denotes the number of combinations of » things r at a time, 
r 


In particular 
A, —— l; Ay = 3; A; = id: A, = 57, bi (2) 
A; = 361, A, I 2763, Be = 24611, A, = 250737. 

1 


Now Se ee eee (7+ e) 


cos « — sin & Z 


ial ar bid Cara (7 +2) FES bra [ 


Qam7 —7r+ %Z (Fit «) 





fe 
1 (4 l n—!] [ 4 l 
=S- — — + = I rr 
SiG 1~— 4% >! ) (4n — 1) 1+ 4a 

















T 1 (4n — 1) 
_ Brisk 1 
(4n + 1)r° 4g 
(4n + 1) 
irk 4 1 ] at! 1 oe i ee ) ‘ 
=f. (44; sma tatpm em 
42 1 1 t 1 
+ are (1 3a 53 + 73 + 92 ae wes) 
ee LAY 1 ea eee 
+ 38 Zz ( he 38 Te 73 + 93 + 112 — su) + Fee (8) | 
ae l 1 1 a 
abe Rape (2 a Stared ae i i pega sss) 
42n ea ered Matte bl > 
+ — ane Fi ks ( un a = Kee Q2n se} tow be 


Hence by equating the co-efficients-of the coresponding powers of « 
on both sides, we obtain, 


Arn- 
Tide): Be i oan ee Lae | Apt ee ye 





2n— 1! Sen 52n Jen gz” 
A2n <: 2n-+-1 J2 a 1 a 1 fs 1 pd ] eee (4) 
ail We : = gti 5mpi— gayi + 


eS PN Se, se ae Se Te — 





Quarterly 
Journal, Vol. XLV, See Introduction, 


+ These formulw are arrived at by Dr, Glaisher presumably by a different 
method. See Introduction, 
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§ 2. The following generalisation of this method is fruitful of 
various results in summation of series : 


1 
cos  — tan a& .sin & 


ee) . 
2 n—1 1 
COs & 1s — 2(%+a) s > (—1) [ se — (x — 2x + a) 
1 


= cos a . sec (@ + a) 


1 
2an x — Ue + a } 


00 
1 1 n—l 
= Oe —1 
2cos « {—, cae w sb sal ) 
~— 20 1 
l 1 
(Za—1) 7+4+2a ° Lacie eee 
. (2n—1)* + 2a 


12 l 1 | } 
(2n+1)r — 20°) ie Et 
(2n+1) w — 20 
4 1 Li er 1 
Sos ee { (eae i m$20 38r—Qa  ga+20 
1 1 
5 Pa aN pt 
1 pete! J We) 

(7—2a)* (7+ 2a)? (87—7a)s 








+ 22 ( 


l 1 
EEN a) 





s 1 1 = ] wy ] = 
be L eta + G20) — Gr—a)s (S442aye to | 


Qn—1 = 2n—1 [ ih’, Se 1 & 1 
77 es (4—2a)*" (a7 + 2a)?” (37 —2a)?” 
1 


1 
7, (37 +20. ;2” + (5a%—2a)2” + | 


1 l 
tf oe ony tn+1 + 2n4+1 
7 — 2a) (7 + 2a) 
i 1 
—_ are Ss — —————— Tes! + eee | 
: (87—2a) (37 + 20) 


+ er eee eee eee eee } (5) 
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after expanding the partial fractions and re-arranging in powers of z, We 
have taken the absolutely convergent series for sec 6. 


Hence by writing the expansion in the form 
Ln 
1 + 5 An (tan a) al 
and equating the co-afficients of the powers of x, we bave woo (8) 


Aon-1 (tana) 2 [ Se ee ae 
(Qn7—1)! Berges (a — 2a)" = (7+2a) 


1 1 ] 
—_— ee ee + ees eee 7 
(8%r—2u. )°” 5 (37+ 2a)?” ( ) 


Ad» (tan a) = an+1 1 ] 
2n! eae lets + eda) {i 


l . a | a (8) 


~ Grate =H — Ga + Qa 
In a paper on “A Table of Values of thirty Eulerian Numbers 
based on a New Method” by Mr. M. Bheemasena Rao and myself, it is 
proved that, if we write, tan a = a, then we have 
A, (tan a) = F (a) oF 
=n'!a" + (xn — 2)! S(n — 1)2 a®-2 
+ (n — 4}! S(n — 3)? S(m — 2)? a®--4 + - 
+ (a — 2r)! S(n— 2r +1)? S(n— 2742)? ... 
dX(n — r)2 art + ,,, 
where the ‘ >’ notation is used in a particular sense. 


(9) 


Se 


The above equations are fundamental, and a number of interesting 
summations can be obtained by giving particular values to a, We may 
note the following :— 


(a) Puta = ’ then tan « = ], We obtain the series of scction }. 


The properties of these cu-efficients will be discussed in another paper, 
We observe that : 


An =n! + (n—2)! S(x—1)? + (n—4*! S(n—3)2 D(n—2)? +... 
+ (n—2r) ! S(n—2r +1)? S(n—2742)?2 .. D(n—r)a +. 
(b) Puta = 3 tan « = 3, We easily find that, if the expan- 


sion be written in the form, 


Bees 


r2 x” 
Pt bya be oy + on Fe = 4 
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2arn> b 
then 1— 7 i = f 7 ce 1 Roe oad (10) 
5 % ” n ll R 132" 62" (2n—1) ! 
l a 1 2 l eo ont b 
52nFl gently antl + ove eat 2. —. 


We find also that b, is to be calculated from the equations, 


2n an 
n Gi ) bon—1 V3 + ES) Pan—2 


We (GN | Tice ae 


> 
we 
tI 


2 {—1) 


qi) 
_ £ mntt + In+1 
Ponti va Les. ) a J3t ( 2 ) O41 
—1/ 2n+1 —1 /an+1 
+(-1) Ga ') by /8 + (—l" ( ‘ ) gO Nes 


« 


The valués of the first few co-efficients are, 


b, = J3, by = 7, bs = 23,73, b, = 305, b;. = 1685 73, ... 


(c) Pata = as then tana = If we write the expansion as 


x? a” 
1l+a,e+ Ga Sy tenet Oe Pees 


an a 
1 _ 1 l 1 ia a 2 an—1 
then | gen = ee 5am za, a a 3 J3 (2n—1)! 
=) 1 1 1 1 


gant — fine — gang Tanti T pena (CT) 
inn antl 2 ag, 
gant v3 onl 
EE eae re Ae 
J3 3 J 


By comparing with the formule of Mr. Ranganathan (Joc, cit.), we 
may write 


Also a, = 


2n+1 
an = (— 1)*+1. B?nt?, =e a Y) »don4) (4 )s 





JB (13) 
et , (B22+2 — 1) (2+? — 1) By. 
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(2) lfa= 3 we get 








l — ! — Khe (he + mee is —— see cee ) 
ss BAGR 3 1h a age 
— ee 1 Kony i 
42" g2n—t (2x—1)! J24/2 | 
| b (14) 
1 eae 1 » 1 re i 
gent ¥ sant yp2ett 92041 om | 
| 
2n+1 
nia Meee Nene | 
MARTE BRT h oul Uaac/s bald 


where the K’s are the corresponding co-«-flicients, 
§ 3. Next consider the expansion of me in @ + tana. east ag an 


cos x— tana - in x 


ascending power series in x. Write the expansion in the form, 


Sele vg x (es 


n! 
Now we have 


ain c+ tana. - Cos & 


died Ses t = tan(a a. 
cos @ — tan %, sin & S er ) 


ae 1 . 1 
Je 12 tie —)r —2a+a) (2n — 1)r + Ya + a) J, 


43 fectee 
omy: 2a 
~~ Qn- — 1)t— Yo 
vt i ome i . 
(Zn — 1l)r ee i 2x i 


(2n — 1) + 2a 





= 24 ( eats ay ir Lt big oe I 
T —2a wt + 2a t dr—20  3mr+ Qa t = 


l 1 1 
+ 2 re ee ee a, . 
(m— a)? “ (7 + Qa)a (37— 2a) = (37 + Qa)? + «| 
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+ 29? [ ee Gad gta Fe ae ee S| 
(7—2a,8 (9 + 2a)8 - (Gr—20)" (r+20)** | 
+ eoeees 
ne Se ra ] 1 


1 
+2 le Move Ge Meson! PEN! Soe se 
(7 of. 2a)*" (7 + 2a)?” 3 (37 ae 2a)” 


sige? 
+ gam: t | 
ota? 1 ] 1 
oo Brig? n [<= ee eee — 
(7 2o.)="t? (7 Zap -t? + (37 Ya):*+2 


1 
— acpaaent woe | + som (16) 


after re-arrapging in powers of a. 


Hence, by equating co-efficients, we obtain, 


Len-1 3n—1 1 1 l 
pe ES Sy Bw ——_—, + — 3 fT Oo 
(zn—1)! (7 —20)” (m+ 2a)" (dr — 2a)" 


1 
+ (37 + 2a) + eee | eee 
1 - 1 (17) 


Lon 2n 
= 2.2 + (37 —2a)ynr 


1 
Zn! (acolo: 








ae | 
(Bar + 2ajtt + eee | *. } 
These equations are again fundamental, and by giving different values 


to a, various summations may be obtained. The following are interesting. 
The general expreesion for L, as a function of tana has yet to be 


investigated. 


(a) Put « = ™,thentan o = 1, The function to be expanded 


4 
becomes 


sin + cos +1 + 8iD 2m _ so0 On + tan 20, 
cos & — s1D £ cos 24 


We obtain the well-kaown summations in terms of Euler's and 
Bernoulli’e numbers. 
() Puto = 3 tana = ,/3. Hence if we write 


oe ee = J3 {1 +o,0+ 8 + awe + ye + te 


it follows that, 


so care oe dei Don aerial ereesesee 
V8. (2n— 1)!° 6 ; + Bin ss Den 15 1122 + 13°” mF 


C2n ants 1 1 1 
al She aag ees Ss Pier + intl [+1 + ecccece (18) 





It sb be seen that 
80 5824 
’ Cy = 8, C3; = v3 Cy = 352, ¢; = —~ ,C; = 38528, oetece 


= Fy J3 
and that . 
aad 1 _ 91s 
1 + 56 + 76 a 11¢ + eooece am 87480 eee ney (19) 


The result given by Mr. Raaganathan in bis paper for the sum of 
this series seems to be incorrect. By reference to equations given in 
continuation of this paper, we have _ fine 

Cn = (— o 2.6". We,(3). 


a tee Fr ae} 





or 


from Mr, Ranganathan’s aan (loc. cit.) 
(c) Puta = 3 tan a = a If we write the expansion as 

1 > v2 n 
agi {it die + ay F + dns a + a Ae 


J 
4 8 16 
we find d, a 2" dy, = 3° d, = ak d, = 32, eer eee (20) 


{3m 1 2n 2n 1 
4, oH ei ) Jon * V3 a es ) Fan —3 — ( ) ten—3 Jie 
oy SY oT 2) ENR ay oP ( Qn L 
(UTA sag) torte, on 1) 
_{ 2+) - 2 it 
ond =( 1] ) dan: mre gor ( : ry ) Be» ere LY 


+ (— "+1 re Hay + (9. + + (— 1)", /8 


and also, 
Ls din, win 3 1 1 1 ' 
BW Me ht ate. 
L dane Gp2R tt 1 1 : (21) 


V3 . Qn! . oat) -t. 1— Qenta 4-n+i eo Renta + areeee 
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(d) Ifa = ™ and /, denote the corresponding co-cflicient, we have 


= =—3 






line 1 yl , l | aie 
(2n—1)! . Q-% Zur 5 5am + 7 132 + eece i 
‘ . i 
” 2n4-1 
a 3 ¢, : : im + eenere 


nl Qiati 3iti Bent} - WUE a eee Pe 
§ 4. The above formu! may also be established by an application 
of Cauchy’s Theorem of residues, as under : 


1 
emareL ; in ascend- 
Cos z—slp 





Consider the expansion of the function f (2) = 


ing powers of z. Since | 2 f (2) | — Guniformly as z —» ©, it fol- 
lows by Cauchy's theorem that the sum of the residues of the function at 


all its poles is zero. Its poles are given by tan z = I, that is, 


“a P oT or __ 3a _Tr _ lle 
Se lat 6 4 Ae ge 


1 gh 
eh ET ey | Ase 
Let cos z—sin z + 24, n! 


A, 
Then a or is the residue at the origin of the function 





1 


a” (cos z— sin 2) 

4y" 1 
ES | aa 
[ss] ; a 
= [eel*: =a 
as = ala : i 

I 
”» ae 7|" ‘ a + BG 
An— 4 U ae en ks ek 

Hence st + en td 2 ° { ia +: 5 gn + ose 


) 1 1 1 
ne fat iis ee 7h 4+ lao ) = Q, 


p< e— 





Residue of > (z) at 


. “3 +| 5 |S | 


| 
welt 
i) 
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iiitad 1 1 n—1 1 
ee —— Bn + gn = / éee + (— 1) Ee 77 eh We «| 
_ An—1 wT ® a 
5 ecard ee 
Hence we have the formula established in § |, 


§ 5, Application to Definite Integrals, 


(6 8) —s con ag F 
We know that J Te gtr Eg are! Dan); 
ry) a” 
1 1 1 a 
Hence Se ge Me ae 
(7—2u is (7 +20)% (ia ee yan (37 4 2a)** 
1 ieee 
$e tl eT ie 


(S47—2a)’ (dr ¢2a) (77—2a)2n 
runt. ae | Bln 24) ses a(n +2%) —x(3n—2a) 
nH { « ; ‘ir’ 


—«(8K+2a) + eo OT — Fa) i, has 








+ ¢ 
he ent ee wer 4g dz 
ro) an ksi ee ; ; 
Hence from §2, we obtain, 
a 1 (tan a) age pants Pa ere Ya 
(2n—1)1* gen 2°” cos a -rnl. * gen eee o 
eh yay ee 22n—l gee oe hed 
le cos a ami fo op Tg Nen ae eH a 
Similarly we ree 
pCR GT od SINE a Ae cae 
] a (24), 


a TT 
2 cosa ‘ ae 


It is to be remembered that An as a function of a = tan 4, 
has been written down already in$ 2, The following are examples ;— 


(a)a = 5 . We have, 


A oe) F388 _*2 
a Be ={ yet} ( Pr ie aa i 
2" ro) ne —KZ my 
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which is transformed by the substitution " ='y into 


Aes ) BO eh laine aaa ie 
an—t s Waly = cosh on he 


mr l—a2 1\ 2n—1 ann 
= (sn (es) tyes * 85) 





— (TA  xose a \ 2%—1 
etere (ee) 
{a = tan y in the last. 


Ao) being the same as in § 1. 
Similarly 
A 7 ba ane 
xp Ji= f ete ede 
2 0 em? + e~™ 


which may be expressed as 


Qn+l © cosh x 
A 3) x a= f eet ee 
m (7 | o Sah tag ee 
1 ] + y 1\ 2n 
aa Oe Se ( toe 7) “y 


ay. (log cot - Ne 
f | 2! de, ve (28) 


0 1 + cos? a 


by the same substitutions as above, Since the valnes of An are known, 


we can write down particular integrals by giving different values to n, 


(b) Putas 3 We obtain from § 2 (6) that 


bon-, , 1 = l fa gent , — rea . ae 
T* (27) 0 eTe + € 


which may be expressed as 


or \2n i 2 sinh 2 dn—\ 
Bag 2 (a) iy cosh 3a‘ ; 
Laat (tog!) "a 
ol + 2° we 


Te 2 cos & 2n—} 
es t dz. 2 
=f, 1 + 3 cos? x’ .( tog cot 2 ) ae 
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Similarly, 


2. g yer = © cosh 2a a" de 
6 0 cosh 3 


=f, rte. (toes) ae 
o1l+ 2° x 


= ies l'+ gos? ® .( log cot 5 1 dz. (28) 





bg, 





1 + 3 cos? a 


(c) Puta = 7 We obtain, 





6" 
wT \Qn a sinh & y2n—l 
*an— ° (3 ie 412 cosh 32° ai 
1)]— saat ] 2n—1 
lo d 
apt olt+y® v ( e 7 4 
_ (*/2 sin 2 cos 2 e \in—] 
= 1% io Sea (oe cot A ) dg. (29) 
Similarly 
co 
eh 2 an ¥ ee 
ie feo PT ee ee 
6 : e +e 
pe an cosh # 

= £ ‘oe 

~ cosh 32 
eT ike ie 1\ 2n 
= ap ice x ( log :) dx. (30) 

2 sin & x \2n 

ib 143 008° a ‘ ( 10g cot 5 dz, 


(24) Puta = ~~ generally. If X,, denotes the corresponding co- 


efficient, we have 
—2% 


T ; 2a 
Xin—l Cbs : ofa are ~ ir ee foe 


cos— me —M9 
+e 


om \antl 1 0 2n 2x —2e 
Xan (= ) Vreon ™ “a fi 0 Hoe TO ae (32) 
™ 
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§ 6. We have again from § 8, 
2a : et ‘ sia * aarhye 
* ee * tne 
were i gent { ae (17—2a) 4. pat Cr $24) 


° 


+ nee see 


—x (87—20) cue (8397 +20) +... \ - 


’ 


+ e 
aera ie 2 kat Bou aa 
1 (22) 5 ' Tx ud ee ars 


é 


Hence we obtain, 











00 a at 
Lon] f ne” l goon Brel 2ax 
2 "i ° ie eel eae sad (33) 
ee 
Similarly, 
L oO ¢ 240 i —2ax ; : 
a i hd See. (34) 
9 n+ ° TX —TL 
These formulae are general, and we can obtain particular cases as 
follows : 
(a) Pat « = -. We get the familiar integrals for B, and Ex, We- 


need not dilate on these. 


(b) Put « = ? We obtain, 





9 1 Ira _2te 
PS Geen ki ed agp et Ni OM dx (35 
WP nu— 3" = T,2n) ° me se x (: ) 


(2n—1)! 
or what is the same thing, 


Qn a ez eee ene 
2n— 6 0 3x —8x 


11 + at 1\ 2n-1 
= i Tae (102 3) dx 


=i wf2 1+ cont ® cos? & lo; 5) 2n—-1 d 
Fi cos 2(3 + cos? os 2(3 + cos? a) ( eat 9 a (36) 
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Similarly, 
m \2n+l On OO ae oe ae 
J3 ston + (§ ) =f, CASS ceca (37) 


(c) Put a= : We obtain from § 3, (c) that 


1 w\ 2n a 2n-1, Ce Ore: 
Js don) (F) SS afr a” * (82 — e730 


1 T\ 2th 6? 9, ee —e-2 ; 
3° Man: (=) ={,. 5 (38) 











(d) Puta= a generally, Then if y» denotes the corresponding 


cc-efficient, we have 
Yon- 7 2n a ~® pen. es + ene ae 
pin * ™m 0 em? —. emer 
= “ = ay = “s en Sade gS ME dz. oes (39) 
genet m 0 ¥ ne 


§ 7, The following are a few additional integrals, Substituting for 
the series in § 2 the definite integrals obtained in the last section, we have 








2r—1 2n—1 2a —22a 2 
2 x 2 Qn—] é —eé 
= 2 pat nts as nhl 4 z pee ME ES) 
gec (x 4 0) [= @n—i)! ib oe ¥ 
2n In 2a —2a 
slg spte kt fie Pst AME 3: 
e + 6 
ta, af sinh 242. sinh 2az ss + 2 | ® cosh 2¢z.cosh cosh 2arz . cosh 20.2 rH 
0 cosh 72 cosh 1Tz , 
: 
° = @ cosh (# + a) 2z ge: 40 : 
shi: baie Badd ice coispcsrar as 1 TG 


This is a well-known integral for sec #. Similarly from § 2, and § 4, 
we obtain the well-known integral for tan a. 


N.B.—[The co-efficients A, introduced in this Note have interesting 
properties similar to Euler’s and Bernoulli’s numbers. These will be 
discussed in a future paper, ] 


7” = 
a eee 


ba a, 
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SHORT NOTES. 
Linear Systems of the third Order on a Conic. 
(Reference; ‘ Linear Systems of Points,’ J. Z, M. S, June 1919]. 


1, A general involution relation on a conic might be visualised 
as the relation between the extremities of a chord passing through a fixed 
point inthe plane. But pairs of points in involution form a particular 
case of linear systems and there arises the question of representation on 
the conic of linear systems of higher order, especially the third.. There 
are two types of systems of the third order—the complete and the 
incomplete, The former consists of «7? triads (or in the geometricai 
representation of e* inscribed triangles) and the latter, of © triads. 


2. Representation of the incomplete system or the pencil of inscribed 
triangles, 


The incomplete system of the third order (i,e., as we have termed it, 
the pencil of inscribed triangles) -corresponds to a straight line in three 
dimensions and is thus determined by any two of its members. Now 
let A,B,C,, A,B,C, be two triangles inscribed in the fundamental conic 
S and let S’ be the unique conic inscribed to each of the triangles. Then 
it is known that there arean infinity of triangles inscribed in and circum- 
scribed to 8, S’ respectively, and if any one vertex of any of these 
triangles is known the triangle itself is determined uniquely ; hence the 
set of these triangles constitutes the pencil determined by A,B,Q,, 
A,B,C,. 

It might be shewn similarly that the set of triangles inscribed in S so 
as to be self-conjugate to another conic form a pencil. 


Null Pencils, Jf the pencil isa focal pencil, S’ must have double 
contact with S. 

Since every group of the third order is self-harmonic, it follows that 
if /wo triangles of a pencil are harmonic, then any two triangles of the 
pencil are harmonic, Such a pencil will be called a nll pencil. 


Since a pencil corresponds to a straight line in the representative 
three-space with a fundamertal twisted cubic,® null pencils should be 
represented by lines specially related to the cubic ; in fact by the lines of 
the linear complex determined by the cubic. A ull pencil containing 
a given triad p should be represented by a straight line through the 


a tn et ee ee 





a 
; tems as flat spaces in higher 

* The standard representation of linear systems as— 

tons with a fundamental normal curve is dealt with in the paper mentioned 


in the title, 





— 
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” 


corresponding point P lying wholly in the polar plane of P and ¢herefore 
meeting the unique line-in-two-planes contained in that polar plane. 
Hence the null pencil should be the pencil determined by p and a triad 
of the form (a@y) where @¥ are the indeterminate pair (Hessian points) 
of panda may be arbitrary. Hence the null pencil containing a given 
inscribed triangle of S is the set of triangles inscribed in S and circum- 
scribed to S’ where S’ may be any conic, inscribed in the triangle and touch- 
ing the polar dine of the triangle with respect to S’; that is, S’ is a conic such 
that the invariants 0, 0’ of S and 8’ both vanish; or, as we might agree 
to say, S’ is harmonic to S. We thus reach the theorem : 


The null pencil of inscribed triangles of S is the set of triangles. 
circumscribed to (or self-conjug ate to) a harmonic conic of S. 


The Harmonic Relation. Two inscribed triangles 4,, MO, are 
harmonic when the pencil which they determine is a null pencil ; hence 


Two inscribed triangles A,, Q, of S are harmonic when. the conic 
inscribed to, and J, is harmonic to S, 


3. First representation of the Complete System. The geometrical 
meabing of the harmonic relation obtained above leads immediately to a 
representation of a complete system. The complete system whose foci 
are the points ABC on 8S is the set of all triangles harmonic to 
ABC, that is, the set of all triangles inscribed in S and circumscribed to 
the various conics of the 4-line system determined by the sides of ABC 
and ‘the polar line of ABC with respect to S, 


Zo represent a complete system with a double focus. 


Let the foci be ABB and let the tingents at A,B toS meet in T. 
Then the complete system consists of triangles inscribed in S and 
circumecribed to the conics touching AB at A and TB at T, 


4, Second representation of the Oomplete System, Let P be a point on 
Sand Q, R points not on S, Then the system of conics passing through 
PQR intersect S again in triads which evidently belong to a complete 
system, If QR intersects S in UU’, then itis obvious from elementary 
geometry that 


(1) UU’ is the indeterminate pair of the complete system. 
(2) If Q'R’ be two points on QR such that QR, Q’R’, UU’ belong 
to an involution, then the complete system determined on § in the above 
manner by PQ’R’ is exactly the same as the system determined by PQR. | 


Let ABC be the foci of the complete system -determined as above by 
PQR. Then the line QR should be the polar line of ABO with respect — 
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toS. Let PA, PB, PC and the tangents at ABC cut QR in A,B,C,, 
A,B,C,, respectively. Then, by elementary geometry and the fact that 
A, B, C are foci of the system, it follows that the involution determined 
by QR and UU’ contains the pairs A,A,, B,B,, C,C,. 


Hence in representing a given complete system with foci ABC in this 
manner, the point P is entirely arbitrary, the line QR is determined by 
ABO only, the points QR are unspecified except in that they belong to an 
involution which always contains UU’ and which is further completely 
determined when P is chosen. 


We can shew that no material alteration in the terms of our repre- 
sentation is necessary when the system has a double focus, 


5. The complete system determined by three inscribed triangles 
a ?; has Bz. 


Let S,, S,, 8, be the conics inscribed to every two of these triangles 
and let l,, L,, L, be the polar lines of these triangles with respect to S, 
There is a fourth common tangent to S, and 8, besides the sides of A, ; 
call this fourth common tangent L, The intersections of L with S 
have one correspondent in the pencil (A,, A,) and another corres- 
pondent in the pencil (4,, 4;). Hence these intersections have more 
than one correspondent in the complete system (A, 4, 4,) and there- 
fore must form the indeferminate pair cf the complete system. We thus 
have the theorm : — 


The fourth common tangent to any two of the conics 8,,8,, S85 ts the 
same line L. : 


Further, if & be the focal triangle, the pencil (A, A’) is a null 
pencil, hence the conic inscribed to A ard A, must touch Land L, (since 
these are the polar lines of 4 and 4,). Hence if P, be the conic 
touching L, L, and the sides of A,, we have the theorem : 

the conics P, P, Ps belong toa four-line system. Their common 
tangents other than L form a triangle which is inscribed in S and which 
is, in fact, the focal triangle of the c.mplete system (QO, &, Os). 


6. Zhe Parabola. 

The feet of concurrent normals is a complete system of the third 
order whose foci are A ~ © (where A is the vertex and o, the point at 
infinity on the parabola). We call this the co-novnual system. The 
triangle formed by the feet of concurrent normale will be termed ‘a 
co-normal triangle.’ The triads of points the centres of curvature at which 
are collinear form another com plete system with the foci AA ow, This we 


call the corcentrad systems. 
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From the first representation of complete systems, we have— 
(1) Any co-normal triangle is circumscribed to a parabola with the 


same vertex A and with its axis perpendicular to the axis of the given 


parabola. 

(2) Any co-central triangle is circumscribed to a rectangular 
hyperbola the asymptotes of which are the tangent at the vertex and the 
axis. 

The second represeatation gives 

(3) If a conic with definite asymptotic directions circumscribes a 
co-normal triangle, it cuts the parabola again in a fixed point P, such that 
the involution determined at o by the asymptotic directions and AP and 
the tangent at P has the point at o on the axis for a fixed point. 


In particular, the citcum-circles of co-normal triangles pass through 
the vertex, 

More generally, a conic circumscribed to a co-normal triangle with one 
of its axes parallel to the axis of the parabola, necessarily passes through 
the vertex. In particular, the o¢ier parabola which passes through the 
vertex and is circumscribed to a co-normal triangle has its axis 
perpendicular to the axis of the given parabola, 


(4) A conic which has an asymptote parallel to the axis and is 
circumscribed to a co-central triangle intercepts on the tangent at the 
vertex a length which is bisected at the vertex. 


Any conic having the tangent at the vertex for an asymptote and 
circumscribing a co-central triangle is a rectangular hyperbola. 


We may also prove the following : 

(5) A co-normal triangle may also be in addition co-central. This 
happens when the point of concurrence of the normals lies on the perpendi- 
cular to the axis at the cusp of the evolute; further in this case the line of 
collinearity of the centres of curvature is a diamever of the parabola. The 
axis of the parabola is midway between the point of concurrence and the 
line of collinearity, 


The polar line of a co-normal co-central triangle with respect to the 
parabola is the axis. 


(6) Two co-normal triangles are harmonic when the join of their 
pointe of concurrence is a diameter ; two co-central triangles are harmonia 
when their lines of collinearity meet on the perpendicular to the axis at 
the cusp of the evolute. It is also easy to find the relation between the 
point of concurrence and the line of collinearity of two harmonic 
triangles one of which ie co-normal and the other co-cenitral, 


R, VAIDYANATHABWAMI, 
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SOLUTIONS. 
Question 754. 
(S. Ramanvusan) :—Show that 
e+) = va 4 dot +a + E 
“w Jr 
where EF lies between ;3, and ;'; for all positive values of «. 





Remarks by RB. H. Neville and C, Krishnamachary. 


Mr. Madhava’s method (vol. xii, pp. 101-102) leads much nearer to 
the solution than he supposes, for in passing from the first formula on 
p. 102 to the third he has overlooked the alternations of sign on the left- 
hand side. On making the correction, we have 

B= so, F=— go 
With these values, Mr. Ramanvjam’s assertion is seen to be credible, but 
more powerful means must be used if it is to be proved. 





Questions 908 and 1012. 


(K. Appuxurtan Erapy, M.A.) :—Show that (a,@, .. da) (a, y)” is 


reducible to the form 
p(x + by)?" + polt + boy)” + rere + p(t + byy)?” 


if aa Fe Gp pti’: 
4, 4%, ose coo An+1 
woo | =. 0, 
oes PP ey 
An Ant1 ov vor on 


(N. Sankara ATYR) :-—Solve 
(1) 2° + 122° + Adat + 100x8 + 120r? + 7Xa 4 21 = 0; 


(2) 2a¢ + 1228 + 303 + 322 + 12 = 0 
by expressing the left-hand members in the forms A°® + B° and A* + B4 


respectively. 
Additional solution by N. Sankara Atyar. 


Expanding > p,(% + by)" and equating coefficients of x, we get 
> Pr = Ao > PrDr == a, > pb, = A}. eeaeee 
the number of these equations being (27 + 19) 
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Eliminating p,p ...... pn from the first » + 1 of them, we get an 
equation giving b,b9 ...... Ons viz, 


1 4 eee eee ao 
b, by ove ose Ay 
by? bo? .. vee Ig | 0. 
b,* by” see “af ax 


This can be expanded and written in the form 


= a,A, = 0 where A, is the minor of a,, 


Again from the second n + 1 equations we shall get 


by by eee eee ay, 
’ b,? Ps eee oer a» 
eee eee tee = 0. 
b,*+1 b,7+1 eee b e43 An+1 


which may be written in the form ¥ a,,, A, = 0. 


. From the ~ + 1 equations of the type 5 a,+, A, = 0 We get by 
eliminating the minors the required relation between the a’s/ If this 
relation is satisfied the (n + 1) equations are consistent and we get the 
values of A, and hence by solving the equations A, = & we can get the 
values of the 6’s and lastly of the p’s. As an example let us take the function 
a’ + 83 + 1872 + 202 + 8, where the coefficients are easily seen 
to satisfy the equation. 


Hence the equations for b,, bs are 
2b,b, — 3(d, + bo) + 5 
baby — 2(b, + by) + 3 


0 
0. 


ie 








Since b, = by this gives b, = ¥° Be a gad by mth ae p. 
Substituting in the equations for the p’s 


we get Pr = Rad and po = P= 3 





Hence the given expression can be written as 


= ye (« + = ): _ eas (2 sos cee y- : 





2 2 = 
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Solution to Q. 1012, dy K. B. Madhava. 


[Norr.—Applying this method to Q. 1012, it is easily seen- that the 
polynomial expressions there given are equivalent to 


5 +4395 JRE 148% 5—8Y95 1 exilybe\ 
hae ‘Chea, as 0m (7+) oh 


5 +295 J5+1\« 5— 2/5 I1— J5 \t 
aes: (2+ OFS) sabes 4 (=+ na al) omy 


from which the solutions of these equations are obvious, 
In general, if the polynomial is of the form 
22" + Qnc,. A, 22-1 + Qncg. Ag B2"-? + ree f+ Asn = 0, 
where Ay, @ A, + A,-; with A, = 2 and A, = 3; 
it can be expressed in the form 
BABI (ox BET) 4 At (14 yt) aa 


and the solution of the equation in this form is immediate. ] 





Question 957. 


(Martyn M, Tuomas, M.A.):—From a flexible envelope in the form 
of a surface of revolution formed by the curve s=f (y) revolving about 
the axis of , that part between two meridians the planes of which are 


- inclined to each other at an angle 27 is cut away, and the edges are then 
m 


sewed together. Prove that the meridian curve of the new envelope will 


be c= ( le ). 


m—1 





Hence show that, if a lune of angle =e be cut off from an oblate 


spheroid, the minor axis of whose generating ellipse is c, and eccentricity %, 
the meridian curve of the new surface of revolution will be the curve of 


, a 
sines y = , ¢ sin =< 
Solution by N. Sundaram Aiyar. 


Let y be the radius of the circular section at distance 2 from the 
origin, and y’ that of the new section at the same distance from the 
origin, The two perimeters of the section are in the ratio 

Dory ee Ly, 


m 
m— fee ory’ = =6m—l 


20 
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But the surface of revolution is formed by the curve s =f (y). So, the 
meridian curve of the new envelope is 


m—1 





t 


The equation to the meridian curve of the oblate spheroid is 
as + e = 1 where a is the semi-major axis, so that a? 
c? a4 


' 5 
or =; aloo = Ge 


The equation to the curve is therefore 25a? + 16y2 = 25¢8 


gf) Mee’ Ley a PN ie aL sad tte 
“ dy © ~~ 25a a ( dy if 25 (25¢®—16y2) 
tee ee 625c? — 144y2 

eadyey #4) J 2d (45? — 16y*) 


os sm {’  (y) dy = % (y) say. 


Then the meridian curve of the new surfaca of revolution is given by 


fang NB (Sy 
, ey " (3) 
or ds 


ee fe De | 625c? — 16,25y2 
dy 3 3 25 (25c* — 16.25y2/9) 
— 725e# — Z5c* — 16y? 
9c? — 16y2 16y? ° 
% (2) fest ove Boreas 
dy 9c? — 16y? 
or | 


o V9 — iby! 


= ¢ siden Bs 


Se... 9 
9 = —- 7 BID 5 
é 4 


c 


8 





or 





Question 996, 
Find the conditions that the conics 





— 


art + Bhay + by? + oe + Bfy "+o! m0 
and 


Wa? + Qh ry + b'y? beet y+ Pag 
have one asymptote in common. 


~ sae ee amy = 
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Solution by P. R, Venkatakrishna lyer and others, 


Let y = maz + ” be the common asymptote, The «-co-ordinate of 
the points of intersection of az’ + 2hay + by? + 2gu + By + cm 0 
and.y = mz + n are given by 

ax? + Q2he (mz + n) + b(mx + n)*® + Bon + Bf (me + x) + c=0, 
te, @* (at+2hm+bm’)+ 2x (int bmntg + fm) + bn* + 2in+c=0, 


If y = me + 7 is anasymptote, then 


a + 2hm + bm* = 0, oi one” PO 

and hn + bmn + 94+ fm = 0, naa ion eel) 
Similarly, if y = mx + x is an asymptote of the other conic, then 

a’ + 2h'm + b'm*® = 0, oth Ae (iD 

h'n + b'mn + 9’ + f'm =O, ob eee 1Y) 


Eliminating m between (i) and (iii), we get 
Hi! = 4A.B, eee ees (1) 


where A = bh' —Uh; B= ha'—h’'a; H sad’ — ab, 


From (ii) and (iv) 
_gtfim__g +fim 


h + bm h’ + bm’ 
ise, m2(b'f — bf) + m(b'g — bg’ + hf — hf’) + (h'g—hg')=0. — (¥) 
Eliminating m? and m between (ii), (iii) and (v), we have 
a 2h b 
a’ 2h’ b’ = 0, 
(hig —hg’) (Bg — bg t+ F—AS) — (h'g — hg’) 
which on simplification reduces to 
(9 JK + fa/B) (O/B +h’ VA) = Ce JA + £18) (OVE +h VA). C1) 


The conditions (I) and (II) are the required conditions for a common 


i= 





asymptote, 





Question 1OLO, 


(K. J. Sarsana, M.A.) :—Solve the equation x*° + y® = a° + b,° 
where a and 0 are given positive quantities and 2 and y are required to be 


positive. 
ss Example. a ty EGP + ety He 4° 4. 38 
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Solution by NM B, Mitra. 


A particular solution of the problem may be given by following 
Vieta’s method, | 


Let 8, — oy = a® + DB. 
Assume u=at+2z,0=hke—b. 
Then a (1 — kh) + 82 (a + bk?) + 3 (a? — b*k) = 0 


To get a particular solution assume & = a?/b2, 
3ab® be Ha a(a® + 2b*) 3 __ (20° — i) 


Then . arene | 385 1 a’ — b% ’ a° ie 





‘Now we have a& + y= u® — vo, mee 


If u® > 2v*, assume x = p—v, y =~ Uu—rp; 
then, p*(l —r*, + d3p°(r7u —v) + 3p(v? — u*r) = 0. 
A cartiouiee solution is obtained by putting r = v*/u?, 





We get 
a3 Suu 
Pir ge + v? 
and finally Res, t 
a = Ue 20): eee) 
uv + v® ue + v® 
If, Eoweree: u> < 2v°, we perme thus : 

Assume u,® — v,° = uv — 9°, 


Let uw, =p; —v and v, =p, —u«; then proceeding in the same 
way, we get . na 





ay = 2H 8) ue — at), 
u® + v3 ur o% ’ 
and finally eo = 1 (2a, — a) en TH and y = wale 20") 
u°* + v,° s+ v; 
Examples: (1) a= 8, b=3: then 
7 _ 895 669 
we 108 10e" 
1134416441 895 , 118080757 


and ™ 196. 1016335684' 4 ~ 196. 1016335681" 


(2) a= 4, 6=3: then 


2 472 er 303 
Cyn 37° 
and _. 303 . 182489969 — 472 .49517794 


~ 132972175, 37; 4 ~ 139072175 -37° 


eS ee ee 
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Question 1030. 
(Senucren) :—If a2"-) 4 yl 4 a,2"-1 + ay?) 4,,.4 a2r72"-1=0, 
for ail integral values of ” from 1 to r inclusive, then 
(+a) (eta2) ...... (@ + dor ) = (y + ay) (CY + dq) wrrece (Y + G2r). 
Solution by F, H. V. Gulasekharam, and N, G, Leather. 


Let S,, denote the sum of the m'* powers, and p,,, the sum of the m— 
ary products of the quantities 2, y, Ay, Ay, seesseeee Grr » Let P,» denote 
the sum of the m —ary products of the quantities G,, Go seo-sseeBrre 


By the question STM EN eet antici arse Ugeangactie™ Oe" 9 Sz Oe 


Hence Pi = Ps = eee ese teesse eee see see eee = P2r-1 —=_ 0. 


These are equivalent to the following (r — 1) equations :— 


(atyt+p=0 
Piety t+ po (2+ y¥) + Ps = 0 
Ps ity tps. (ty) tp =0 


Pas «CY + pir-z. (% + y) + pw-1 = 0. 
Now, denoting 2” — y™ by D,, multiply the above (r — 1) equations 
in order by Do,, Diy-», ses Dy ; and add the results, Then 
Day. (0+ y) + Pr (Dey + ay. Daya) 
+ py Dar-2(@ + y) + Ps [Dor-2 + zy Dar-4) + we =O. CY) 
Now remembering that Dimt+ ay « Dim-2 = (@+Yy) Dim-1y « (2) 
the equation (1) may be written in the form \ 
(w+ y) [Dor + pi Der-it Po Dop-2 severe + Pere? Dy + prea D,J=0 
Hence, 
alt py at) be ceceeeeee Paper © 
= yt pr yr" oe F Day-1 Ys 
ce (@ Gy) (Bf Ag) vrvvee(@ + Oy”) 
= (y + 1) (Y Ay) vereseves (Y F Bur) 





Question 1031. 
/(G, K RISHNAMACHARI) :— With the usual notation in elliptic functions, 
show thatif utuvu+wu™= 0, then 


! i '(% — p'(v) p (uv)? 
p(a) pv) p(w) a tgs tt {POE a ree 





Deducoe that 
p (2) (bP (4 + w,) + plz + Wo) + p (4+ ws)] 


1 1 1 
= 1 ‘i 5 eee ————SS + a ee 2 . 
if Loar a ee 
Solution by F, H, V. Gulasekharam ; and V. Tiruvenkatachari. 


Since u+v+w=0O0, 
the points = {p uw), p' (3, {po Pd, {pws vw}, 
of the curve y® = 40° —g,t—g, are in astraight line, 


Lot the straight line be y= Axzt+ B. 
3) Ap(y) + B=p' (4); Ap(v) + Bo Z (0), 
. Be — PP) (0) pt) 
p (u) — p (r) 
also p(w), p (v), p (w), are the roots of the cubic equation 
4x° — 9.% —g, —(Ax +B)? = 0. 
“ P(“) P(r) p(w) =i9, + f B 
=tg, +i SP MP) —pP@)y oY. | 








P (uM) — pir) 
The second part of the question seems to be inaccurate. 
wb 1 1 p'® (2) 
For, P(e) p (a + w,) ey 493 + 4 vt aT 


Hence p (2) {p (2+ wi) + p(2 + we) + plz ws)} + 4g 
(after some easy reduction) is equal to 


1 +2 é 
© 2 (2) ‘> ae eee 
4 tp (2) — er } 8 
[Noiu.—That the question is inaccurate can be easily sean by 


applying Liouville’s Theorem ; for, a pole, say z = 0, is of order 2 for the 
left side, while it is only simple for the right-hand expression: K. B, M.] 





QUESTIONS FOR SOLUTION. 


1179. (EF. H. V. Gucasexaaram):—From an external point T (a, y), 
tangents TP, TQ are drawn to the conic S = ax? + 2hay + by? + 2gqz 
+ 2 fy + ¢ = 0, prove that the area of the triangle TPQ is 

} Bty— A | 
A—CS8 ’ 
and that the area of the quadrilateral OPTQ, where O is the centre of the 
conic, is 





1v—A4S5s as as 
eas OR LP ae be |” 
: a, h, 9s 
, and OC = ab — h?, 
where As h, b, re | 
9; ds C, 


1180. (F. A. V. Gucasexaaram):—If g and A are the lengths of the 
bisectors of the angles B and C respectively of a triangle ABO, prove that 
4a? > g? + h2. 


1181. (C, N. Sreenivasa Tyencar):—A’B’C' is the triangle formed 
by joining the midpoints of A ABC; A”P'’C” is similarly formed from 
A’B’C’, A’”B’"C” from A”B”C” and soon, If S, 8S’, S”, etc, N,N’, 
N”, etc., and O, O’, O”, etc., denote the corresponding circum-centres, 
-N.P. centres and ortho-centres respectively, then the three sets of points 
all tend to the same limit. Find the exact position of this limit in relation 
to the triangle ABC. 


1182. (B.B, Bac) :—The sides taken in order of an n-gon (n being 
odd) circumscribed to a circle are @,, 45,43, ...4 Prove that the radius 
of the inscribed circle is given by 


x 
§— a, — ‘ds a a; a6tcnr > An—2 





(i) tan-! 


, oo] 
+ tan-? 











8 — Ay —. Ag — 45 — 100 Gn] 
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x 
tan- -1 ____ + ove 
5 — as; — as — LT eax Oy Naga ae Un 
wT 
4. tan~! ° Dee. eee SS (1n— 2), 
8 — Qn — By — 44—8n-3 2 


(ii) and that the area 4 is determined by 








tan—! —____ 6 ____., 
SS —a, — ag — a; 9 An-3 
+ tan-! —_—_____ i= Senna Y 
5(S — As a. ay a ee ee, An—1) 
+ tan! Afro wily Bi + ee 
S(S nS ae os edt ae ay) 
+ tan=! i ee ——ore T° 
5(s a Ay  -—_ as aay a, ves 7 ae—") 


= 5 2, 
where 25 = @, + Gy + Og + we + One 


1183. (B B. Baat):—The circles round AQR, BRP, CPQ where 
P, Q and R are points in order on the sides BO, CA, AB of a triangle 
ABC, meet in O. If A’, B’, C’ are the middle points of the arcs QOR, 
ROP, POQ then show that A’B’C’ is a triangle similar to the triangle of 
the ex-centres of ABC, and also that A’, B’, C’ and the in-centre of ABO 
are concyclic. 


1184, (G.S, Mamasani):—In any triangle, we know that 
c? = a? + 5? — 2ab cos C, 


Similarly, in any polygon of n sides (a, @y ... @n) 


n—t1 
An? = ‘ a,2 — 2 > a,a, cos ee 


r and s being unequal and ae all integral values from 1 to (x — 1). 


Symmetrically, the sides and angles of a polygon are connected by 
the following relation :— 


n “~N 
> a,* — 2S a,0, cos a,a = 0, 
i . 


r s being unequal and taking all integral values from 1 to x. 


een = 
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iXTENSION OF DR. STEWART’S THEOREMS 
TO NON-EUCLIDEAN GEOMETRY. 


By M, K. Kewatramanl, M.A, 
Samaldas College, Bhavnagar. 


[Dr. Stewart’s “Theorems” have been proved geometrically by 
ral persons. Mr, Robert Leslie Ellis, Senior Wrangler 1840, gave 
ytical proofs by means of a formula which is of a general interest. It 
6 Object of this note to use this formula in the case of some closed 
es and to find out the analogues of the theorems in non-euclidean space. | 


1, We shall first state the analytical formula of Mr. Ellis and give 
roof in the words of the author. 


Lemma. If f(¢) isa rational integral function of sin ¢ and cos ?, 
a value may always be assigned to n, such that 


S=/fi¢) + / (#:+=7) Foe +f(b+ es Qar) 
be independent of ¢. 
2a 
If D/H =f (++ =), 


weceding expression is equivalent to 
(1 + D+ ... D*-}) f($), 


_ D*f(¢) —f (¢) 
ie ye 1 


= th} + 2m) —F(6)} = 0-100) 





26 


202 


Now obviously, 
A-(0) = Dam sin mn > + Z by cos mn >, (m integral). 


Hence S = Dap sin mn > + LY bm Cos mn $. 






Let the index of the highest power of sin ¢ or cos > in f (>) be x 
then it is easily seen that when f(¢) is developed as it may always be in 
series of sines and cosines of multiples of ¢, (pp) will be the large 
angle that can eater into the development ; but if n is greater than p, mn¢ 
will be greater than pd, except when m = 0, Hence the development 


Sam Sin MND FH aeeove 


cannot coincide with that obtained by summing the separate development 0 


f(¢), f (¢ + ou ). etc., unless a, = bn = 0 


in every case except when m = 0. Hence, as sin mn = 0 when m =0 
the expression will be reduced to b, and we shall have, when x > p, 





F(P) H ever F (+ a on | om )= b, = a constant. 


The constant J, will of course be the sum of the constant parts of the 
development of f(¢), r( ¢ + =) , etc., and as these are xin num 
ber, it will be n times the constant part of /(>); but this is by Fouri my 
theorem equal to 

1 2a 
a f i F(t) dp. 
Hence 
2a - n—| n an i 
f(¢) +i (¢ +2 ) tis (¢ 2 "lon ) =f, fle) 
when 2 > p, which is the analytical formula of Mr. Ellis. 
2. We shall now give some of its applications to simple curv 


before stating Dr. Stewart’s theorems and finding their analogues” 
Elliptic Space. ti 
i 


Ex. (1), If any n radii vectores be drawn from the centre of 
ellipse at equal angles to one another, the sum of the squares of 
reciprocals is equal to n times the square of the reciprocal of that 
vector which is equally inclined to the major and minor axes, 


2038 


[ For, we have 


1 1 
te (1 — e* cos® 6). 
e 1 n e? 
g Ey he p oo" Hi 
d SS 9= nf 2 * 
an cos? @ re ie cos? 6 d@ a? by $1. 


1 n ner on 82 n | 
ua —_ = rl 1 a = _ as a T 
> B — 35 = ba 3) 7 i) 
which proves the result. 


Ez. (2). In the previous example, consider the fourth powers of the 
reciprocals of the radii vectores : 


a = (1 — e? cos? 0)? = + {1 — 2¢" 00s? 0 + e* cos* 6}. 
i 1 -i% s* e* 
ee Sn = dled Devs" 6 “ i deos* é 
Now S‘cos* @ = ie cos* 6 d@ = a 
27 JO 8 


1 n 2Ze* n e* 3n Se4 
. —_—_— >_> — = — . - — — —<— = 3 tial : 
Be ee a = ie ( oF) 
In general, > a is (1 — e* cos? 6) 


rem 


T[1 — 20, ¢* cos? 6 + "Cy c* cos* 6 — ...... + 67” cos” Q] 





= im — mO, S eos? 9 + re — ee deo 0, 
-m 
2 9 
where Soo §= = f a cos™” 6 d@ 
be 3 Seta (2m — 38) «0 i an |. 
al i pe Ps ) RE iJ 


Similar properties exist for the limacon and the lemniscate as may be 


readily seen. 
Fx, (3), If % radii vectores be drawn from the centre of an ellipse 
equally inclined to one another to meet its inverse with respect to the 


centre as base, shew that Sper? is constant, where 7 is the radius vector 
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to the inverse curve and p the radius of curvature at the point on t 
ellipse determined by 7 ; 


3 
For p= mee : 








2 normal)? aad sin? @ , cos? @ 
z P= Cota = (aby® ry" ( bt + at ) , 
13 
where 7, is the corresponding radius vector of the ellipse. 
j g ; 1 1 1 : 


k being the radius of inversion, 


; ge 3 _ ‘ n n [1 1 
- > t= pete — 5 (= — x) y 
which proves the result. 


As significantly remarked by Mr. Ellis, every curve could have 
interpretation for the analytical formula, The interpretation that 
have given is applicable only to closed curves, 


3, We shall now state Dr. Stewart’s theorems and find out corr 
sponding results in Elliptic Space. 


The following are the theorems of Dr. Stewart :— 


(1) From any point in the circumference of a circle draw perpen 
culars p, 7), ...... toithe'’sides of a regular n-sided circumscribed polygo 
then if r is the radius, 


2>p* = Snr®. ay ace 


Dem, Let the assumed point subtend at the centre an angle > f 
the adjacent point of contact, Then 


“3 —_ a ~, 2a 
p = r(1 — cos ¢), p, = rfl cos (¢ + =) t, etc. 
“ =(p*) = r* S(1 — cos ¢)*. 


By the general formula 


xe — cos)’ = = (1 — cos ¢)° d¢ 


| 


bo 


Tr 
a Ss eee | 
of "6.52" 
ee 2p" = Snr*, 


oa on 
=" 94 ib sin’ @ dO «0.0. (6 = 24) 


ls 


= m= 2 Qa, 
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Cor, If the assumed point be at a distance / from the centre, instead 
of on the circumference, prove that 


2>p* = 2nr*® + Bnl’r, ae ae eta) 


(2) A regular n-sided polygon is inscribed in the circle and lines 
Cy, €g, sees. are drawn from its corners to a point assumed on the circum- 
ference, then det = Gnr4, a: jas oan, CO) 


Cor. If the assumed point be at a distance ? from the centre, shew 
that Dot = nr* + 4Snr%l? + ni‘. ... raat) 


(3) We return to the circumscribed polygons and determine the sum 
of the fourth powers of the perpendiculars 


8Sp* = 35nr*, es wa .. @) 


Oor. In the general case when the assumed point is at a distance / 
from the centre, to shew that 


8S pt = Burt + Wdnrl? + 3nl’. fasckas 


(4) To find now the sum of the m‘* powers of the perpendiculars ; 
that is, to shew that 


Q2n —1.2m—3...... l 
gy Seale nat Saheb 


Ms WU" secack 1 


=p" = es fon DER 








Cor. Ifthe assumed point is at a distance 7 from the centre, to shew 
that 





Sp" = nr"+n, a arm? 2 +n, ‘Adept ei om “= ; os ym—4 ]4, 
+ ede (n > m). ee a me (By 


(5) Lastly, consider the 2m" powers of the chords in the case of the 


inscribed polygons : 
c? = 2r*(1 — cos >). 


e sc =x mpm (1 — cos d)™ 





Cor. In the general case when the assumed point is at a distance l 
from the centre, we have 
cf = v2 + 18 — 2rl cos. >. 
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oS" = S(r? + 1 — 2rl cos $)” 
= n.(r* + 12)™ + Cy (7? + 12)-? (2rl)? Zcos* > 
+ 70, (v2 + 2)m—4 (2rl)* Yeos* > + sees 
(odd powers vanish in the summation) 


= ny? $B + MOy(e" + BRM? (2r1) 2 


a sC; (7? - ad eo (2r7) 4 2 = + setece see (10) 





[Proofs of the above depend upon the following :— 
n an 
m = m d 
Dos fp ape aR cos” cd dp 


2 
eee f i cos” ¢ dd (when m is even integer) 


27 
— 9” m— Lim —38 seseee lL T 
7’ C78. Ont Oe be 


4, To extend these propositions to non-euclidean space : 





In elliptic* space, let a circle have a radius r, P, any point at a dis- 
tance / from O and TQ the tangent at T and PQ 1 from P to the tangent 
and equal to p say. Drawa lPSon OT. Then the quadrilateral S’PQT 


is tri-rectangular ; if we write the parts 


[-—§+ <sra, Ft _—S" = _ 10 PQ 
2 kOe e*.9 k* ok 





* Results in hyperbolic geometry will be obtained b i j 
y changing & into ik in th 
results of elliptic geometry and consequently need not be proved separately : 
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in cyclic order, then we have the rule: 


sine of the middle part = product of the cosines of the opposite parts, 
Hence we get 


SP sin ST 


Wy 8g ea 
sin = cos ; 


ie. sin . = ccs pa sin (ry — OS) 





= cos rf sin ” cos OS — cos ” sin OS 
: k k k k 


cos SP cos O8 — cos” cos SP sin OS 


k k k k bk 
U OS 


= sin * cos 7 — cs 7 08 zon 7 


(by solving the right-angled A OSP) 


= sin 


Sd 


ra 1 


; r l 
= sin iy 00 — Cos - cos ” tan - COS p 


a jean Spee 


a l ree 
= sin ; cos ; — cos 7 sin 7 008 the ess pth) 


In particular, if the point be on the circumference, we get 
2 sin 7 = sin = (1 — cos ¢). ove to EY 


If the chord PT be called c, we get by solving the AOPT, 


l , sf 
cos : = cos 7 cos z+ sin ;, sin i 003 $3 ho) 


and when P is on the circumference, 
cos ; = cos? i + sin? 7, 008 >. er (8) 
5, The following are the analogues of Dr, Stewart’s theorems : 


(1) sin? = 5sin - (1 — cos ¢), 


kes 
4. . Lk, Son 
ae DS sine Fg sie FD cond) = pain E39 
= sine 
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sn 2 ex sin £000 / — ook bine on Oe 
Oor, sin 7, = Bid 5, 008 7 cos ; sin 08 + 


on 
a » sin’ : = n sin® < cos : — 3sin2 4 cos2 i cos i sin i>" i) 


Chet fe l aire. l 3 shod + sin? 5S) cose 
+3 BID 5 O08, ROE os i> ) cos att Z >} 


5m sin F cos “(2 sin’ © cose 7 + 3 cos® > sin® i) ? 
: ek 
aif 2S sins = n sin : cos ; (2 sin? ; * cos? + 3 cos? ; sin2 z) 


(2) cos ; = cost = + sin? 7, 008 , &e. 


a >: cos? S = cost” z + 2 cos? ~ ; sin? > 8+ + sin Se cos* > 


» n.,Y 
=ncost. + - sin*., 
k 2 k 


Cor. cos ; = Cos 7, 008 : + sin : sin j 008 >, &e. 


l l r l 
° zs — = _ - — ~ -~ 
ee . Cos i n cost | cos? 5 + 2 sin “sin 7 oe i > 008 4 


+ sine ; sin? i> COs? > 
ae oe he eee 


= 5 | fem bg %; ike 
n COS oe Z tg ee z 


(3) > sin* < = — i ‘Sint sa % > (i008 )* 


35a. , Qr 
eer 4 


—_ 


Cor. sin ’ = sin ~ cos ae cos” sin) cos >, &e, 


k k 


li 


* > sint 7 =n sin* 7, 0084 : — 4sin3 ; cos8 s cos : sin i> cos ¢? 


+ 6 sin* C082 : cos? ; sin? : > cos? ¢ 


—4 sin” Z cos : sin® : cos ~ i i> cos’ ¢ + cos+ “sin ; > cos* } 


x F l tou l i l 3 . l 
= nsin* ” cost ° 3 een te ‘2 ahs = a7 4 
i P + 3n sin pee ;, 078 Z sin i he cos zue G 
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(4) sin? = 1 sin — ra — cos ¢), &. 


ko 3 
ee > sin” . = ,,, sin” — z> (1 — cos ¢)” 
Oor. sin 4 = sin 4 cos ‘008 4 sin “£08 >, &e. 
ee > sin™ 4 = nein” Foose 7 


+n."Cq 3 ine? = 5 Coen? : cos? 7, in? : 


: ee where n > ™. 


(5) cos ; = cos? 5 + sin? ; cos ¢, &c, 


ag > cos" = ncos' ” } + - = "0; » Cos*m—4 z 7 aint | 
3:1 : 
+n, re) rien sin® + as 
Cor. When the assumed point is at a distance / from the centre, we 


can likewise calculate > cos” - 


27 
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ON A CERTAIN THEOREM IN GEQMETRY. 


By F. A. V, GubaseKaaRAM, M.A. 





[1. A point P in the plane of the triangle ABC is defined by the | 
angles PAB, PBO, POA called angular co-ordinates and denoted by @, 6, y | 
respectively, 

2. The normal co-ordinates of P and its isogonal conjugate P’ are 


deduced in terms of a, @, y and a’, 2’, y’, where a’ = A —a, &, | 


3. The equation to the inconic of ABC having P and P’ for foci is” 
deduced in the form ¥ [(cot a + cot a’) a] = 0. (areal) 


(a) The co-ordinates of the centre of this inconic (referred to 
the medial triangle) are determined in a simple form. | 


(0) The semi-axes of the inconic are found to be 
pp R sin A sin B sin © | 
(> cot a + Scot a’) sina sin @ sin y ) 
= R sin A sin B sin C ih 
~~ gos a cos B cos Y + Cos a’ Cos Bb’ cos y’ 
Pp? = 4 R» sin A sin B ein C | 
a > cota + > -cot a’ 
(c) The semi latus rectum 7 = 4 BR sina sin B sin y. 


4, Twoof Mr. V. Ramaswami lyer’s theorems and two of Mr. M. 
Bhimasena Rao’s theorems are proved from the above results, 


5. Finally, the following new theorem is proved :— 


“ Tn any triangle, the radical axis of the Director circle of an inconic 
and the N. P. circle cuts the latter at an angle equal to the angle TOT"', 
where OT, OT' are the tangents, from the circum-centre O, to the in- 
conte.” 


1, Any point P in the plane of a triangle ABO may be defined by 
the angles PAB, PBC, PCA (denoted by a, @, y respectively) which 
may be called the angular co-ordinates of P. 


Lhe identical relation satisfied by (a, 8, y), Let x, y, 2 be the absolute 
normal co-ordinates of P with respect to ABC, 
Then “¥ = 2 C4—a nt (Beet 


, © _ sin (O—y) 
2 sina ’@ sin 8 ca eBay) ae 


*. sina sin Ssin y = sin (A—a) sin (B—*) sin (C—y) ,.. (1.1) 
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Writing a’, 8’, y’ for A—a, B—%, C—y respectively, the relation 
(1.1) becomes 


sin «sin 8 sin y = sin @’ sin @’ sin Y’, ase pes (E°R) 


Norn. a’, @’ Y’ are the aagular co-ordinates of P’, the isogonal con- 
jugate of P with respect to ABC. 


2, IE (a, 4, y) Ca’, 5’ ¥’) be the angular co-ordinates of an isogonal 
pair of points, the following ideatities are interesting and usefulin what 
follows :— 

IfS = D(a), S'=' (@’), sothatS + 8S’ =7; 

>. = Dd sin 20; 5” = Sain 22’; 

yo ZS cos 2a; > a>} 00s Za’; 

S cota + Scota’; 
Ds + De De nae Ze’ 
sin 8 cos S 
= 4 cosa cos @ cos y + 4 cos a’ cos 8’ cos Y’. 
(6) 4 (sino sina’ sin A) + 4 sin A sin B sin C 
= > + rie 
To prove (a): From (1. 2), 
4 gina sin # sin Y = 4sina’ sin #’ ain Y’ ; 
and sinS = sin 9’; 
2. Dsin (@ + ¥ — 4) = d'sin' (8’ + y'— 2’). 
*. Ssin (S — 2a) = > ain (S’ — 2a’), 


ion 


then (a) =4o sin & gin @ sin y 





Hence rememberiog that sin S = sin S’; snd cosS = —cosS’, 
we have 


Pare eka Foe fe (easy (S. 1) 


sia 8 cos § 
Again 
4o sin a sin 8 sin ¥ = 48in e sin 6 sin y Y cota 
+ 4sin «’ sin Q’ sin y’ ¥ cot a’ 
= 4 > cos «sin @ sin y 
+ 4 > cos a’ sin 8’ sin y’. 
Hence remembering that cos (0 + 6 + Y) = — cos (a'+A’+y'); 
4o sin « sin @ sin Y 
= 4 cos a cos 8 cos ¥ +4 cos a’ cos A’ cos Y’.., (2.2), 
= Scos (6 + y— &) + DY’ cos (h’ + Y — @) 
= > cos (S — 2) + >’ cos (S — 20’) 
= cos S[S- — DS.) + sin S(S5 + &’). 
= k (from 2.1) oe vee we (2.3) 
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Hence the results (a). 
To prove (h). 
4sina sina’ sin A = sin2a + sin2a’—sin2(a + a’) 
*. 43 (sina sina’ sin A) = >, + Ys’ — Dsin2 A, 
°. 4D (sin a. sin «’. sin A) + 4 sin A sin B sin OC 
=D Sy Fy ine vee (2.4), 


3. To find the absolute normal co-ordinates of Pand P’ (isogonal 
pairs) in terms of their angular co-ordinates. 


As before let (a, 8, y), (@’, 8’, y’) be the angular co-ordinates ; and 
(a1, 41, 21), (Za y2, @2,) the absolute normal co-ordinates of P and P” res- 
pectively, So that 





| 
©, f, = y) y2 = 2 22 = p”, say. | 
Let a, b, c be the sides of the triangle of reference. f 
2 2 
Now am=p',. 2= fp (cot 2’ + cot y) } 
a | 

the ' +i Q ’ 
Similarly by, = p’. wo p’ (cot y’ + cot a), -. (Sau 

? Cc ed ° 

and Oat PL aa (cot a’ + cot 8), 


2 

Hence from (3 . 1) , if M denotes the area of the triangle ABO, 
2M=aa + by' + czl=p". o, 

, = 2M 


om 


See We Ae oT “ .e §=(3. 20m 


Hence from (3,1) and (3.2), the absolute normal co-ordinates 
%), Y1, 2, are determined in terms of a, @, y. 


Similarly 


a2» pr (cot @ + cot y°) | 
by» p’ (cot y + cot ’) yee ow (3.3m 
cz, = p’ (cota + cot 6’). 


Note. — Zhe quantity p' of this section expresses the length of the 
semi-minor axis of the inconic of ABC having P and P’ for its foci. 


4, To determine the normal co-ordinates of \S. th 7 , 
ee f S, the middle point 


From (3. 1) and (3.3), the absolute normal co-ordinates of S are 
immediately obtained, | 
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Referred to the medial triangle of ABC, the relative normal co-ordi- 
nates of S are 


(cosec a cosec a’, cosec 8 cosec 8’, cosec y cosec y’), 





oe (3 sin Y sin y sin a sina sin 8 (4) 
sina’ ’ sin 8’ ’ sin y’ ) \ 
5. Zhe inconicof ABC having P and P’ fur its foci. 
(a) Its centre is the point 8 of § 4, 
(b) From the co-ordinates of the centre, the areal equation to 
the conic referred to ABC is 
D [cota + cot a’) x} Sw Bs aye TU ee) 
(c) The lengths of the axes of the inconic: 
From (5.1), the tangential areal equation of the inconic is 
(cot a + cota’) mn + (cot 6 + cot ’) nl 
+ (cot y + cot y’) lm = 0, 


Hence, if p*, p be the squares of the semi-axes of the conic, Prof, 
Wilkinson’s equation (vide Q. 1038. J. Z. M. 8.) immediately gives 
fos 4 R* sin® A sin® B sin® C 





Nery gan 
PP =~ ~¢* sin? a sin? B sin * y * 
2 % gi j 7 
But from § 3. Note, p’ = ci ahah beatae wee (5. 2) 
. R sin A sin B sin C (5 . 3) 


¢ sin a sin 8 sin ¥ * 
(ad) The length | of the semi-latus-vrectum : 
L = p’/p = 4Rsinasin8 siny. we (5. 4) 


6. Zhe equation to the line PP", 


We have 2.4 APP’ = AP. AP’ sin (a — a’) 
pd ake) 6. 1) 


—s r eee 
sin @ siD vu’ 


. 





Hence, if p, q,” be the lengths of the perpendiculars from A, B, C 


respectively on Pr’, 
sin (a — a’) , sin (8 — 8’), sin(¥ — Y) 


— —ins —-—— 


p:g'* = sing’ sin Asin f sin y sin y’ 
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Hence the trilinear equation to PP’, is 


> sin A. sin (% — a’) H * ie 0, ove (G6; 2) 


slD % sin a’ 


7. The pedal circle of the point P. w. 7. t. the triangle ABC. 


Since the pedal circle is the auxiliary circle of the conic of § 6, its 
centre S and radius p are known from § 5. 


The absolute normal co-ordinates of S referred tothe medial triangle 
are easily proved to be 





p sin @ sin Y p sin y sin a p sina sin (7.1) 
PPT TT ——— 7 $ er ap ERT a eee r) 
sin @ sin 2 sin y 


Hence the pedal circle cuts the sides of the medial triangle of ABC at 
angles whose cosines are respectively 


sin 8 sin y sin Y sina sin a sin @ 
os ’ > <1 in? Sas ae ee oon (7 . 2) 
sin a’ sin @ sin y’ 





8. Zoprove Mr. V. Ramaswami Lyers Theorem : “The pedal circle 
of P cuts the N. P. circle at an angle equal to _ —(a + 2+ y).” 
J. I. M. 8., Q. 863. 


By a well-known result, if d be the distance of a point (whose 
absolute normal co-ordinates are x, y, z) from the circum-centre of the 
triangle of reference, then 


(R*? — d?) sin A sin Bsizn C = > yz sin A. 

Hence from (7 , 1), if D be the distance of P from the N. P. centre, 

(R 2/4 — D*) sin A sin B sin C = p® © sin @ sin @’ sin A. 
Again if 0 be the angle of intersection required, 

R pcos 6 = p* + R2/4 — D2, 
*. 4R pcos 0, sin A sin B sin C = 4p* sin A sin B sin C 
+ 4p? sin asin a’ sin A, 
= p%. (X; + &,] from (2, 4), 

ee cooeG =m rode ie ay 
sin (4 + 8 + y) from § 2. (a) 
“e Oa (ee ee 
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9. Zo prove Mr. M. Bhimasena Rao’s result: The area of the 
triangle OPP’ is Rp cos (1 + 8 + y), where O is the circum-centre 
of ABC” (J. J. M. S., Vol, IX., p. 168). 


4 OPP’ _ BR ScosA sin A. (cot a’ —cot a) 
Brom (6.2). Soe a 
a 


. sin A (cot a’ — cot a) 


*, A OPP = R? > sin A cos A. sin iS —a’) 
o sin a, sip @ 
from (6.1) 
R2 
~ 4¢38ino sin @ sin y 


where V = 5 [cos A sin A (4 cos a’ sin 8’ sin y’ — 4 cos a sin 8 sin y)] 





’ 


= > [cos A sin A (cos S — 2a — cos 8’ — Za’ 
— cos 8 — 28 + cos S’— 2p" 
— cos S — 2y + cos S’ — 2y’ + cos 8’) J; 
whereas in§2,S=a+@+4+y;S =a0’+ 6+ y;St+ Se. 
Hence V can be thrown into the form 
V = 4sin A sin Basin C,cosS + UcosS + WasinS, 
where U =! [ (sin A cos A — sin B cos B — sin C cos C) 
(cos 2a. + cos 2a’) ) © 
= — 2 cos A cos Bcos C. ¥ 2 sin A cos (a — 2’) 
= — 2cos A cos Bcos C (5; + 2's) 
= —2kccs A cos B cos OC. sin S, from (2 .1) 
and W = S{ (sin A cos A — sin B cos B — sin C cos C) 
: (sin 2a — sin 24’) } 
= 2cos A cos B cos C 5 2 sin A sin (0’ — a) 
= 2cos A cos B cos C (>. — de) 
— 2k cos A cos B cos C. cos S, from (2 . 1) 
Hence V = 4 ain A sin B sinC. cos S. 
a, sin A sin B sin C 
ad OBR es Po ae ara ais Y 
= Rpcos(a + 8 + Y)- 
Notef:— (i) It can be deduced from (6 . 1) that 
DB APP = 2 Rp (cos a’ sin A’ sin y’ —cos a cos # sin y) 
(ii) Hence sin 2 A. QAPP' + sin2 B. ABPP' 
4+ sin2C. QCPP = (Sein 2 4). A OPP. 


cos § 
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(iii) In fact, if Q be any point whose absolute areal co- 
ordinates are (x, y, 2); and P, P’ any two points (not 
necessarily zsogonal) 


a, XQ APP’ + y. A BPP’ + z. A'CPP’ =4 QPP’. 
(iv) If G@ be the centroid of ABC, 
OQ APP’ + A BPP’ + QCPP’ = 34 GPP’, 
10. Zo prove (R? — OP?) (Ra — OP") = 4R?P'. 
By the result cited in § 8, 
(R? — OP?) sin Asin BsinO = Sy,z, sin A, 
(R2 — OP”) sin A sin B sin C = Sygz, sin A, 
“. (R2 — OPs) (R? — OP’2) sin? A sin’ B sin? C 
= (Dy,2, sin A) (Syg2, sin A). 


: oy 

SLL. YY. 2372 (> =) (> va ) 

ey, 1 in A ry Sin *) 
Ler ES 


= p’? (> a, sin A) (= 2, sin A). 
(R? — OP?) (R2 — OP”) = 4B p’4, 


and 











Hence 


ll. To prove (a) OP . OP’ = 2R. d, where d is the distance of the 
N. P. centre from tbe centre of the pedal circle 
—Mr. V. Ramaswami Iyer. 
(b) The radical axis of the NV. P. circle and the pedal 
circle cuts the former at the angle POP’ 
—Mr, M. Bhimasena Rao. 
Let OP . OP’ = 2xR, where a is to be hereafter determined, 
Now in the triangle OPP’, 
PP’? = 4 (p? — p’”). 
From § 10, (R® — OP?) (R* — OP”) = 4 R» p’s 
: R2 — OP* — OP’? + 4,2 = 4"2 


(11:1) 
“. = R? + 4.9 —.4p2 = OP? + OP’2— 4 (p2 — p’?) 
= OP? + OP" — PP’? 
— 2. OP, OP’ cos POP’. 
ee B® t+ 4,8 — Ap — 402 ; 
+ 4.R cos POP’ = 4%, see Che 
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Again from § 9, AOPP’ = RP cos(a + & + ¥) 
‘. OP. OP’ sin POP’ = 2Kp cos (a + 8 + Y). 


i WeiniFORy ee ptce (a 4 8 +4); an (118) 
Again if N be the N, P. centre, and W the point of intersection of 
the N, P, circle and the pedal circle of P, then in the triangle NWS, 


NW=R/2; WS = p;NS=d;NWS = 5—(2 +8 + y) by§8, 


A 
Hence R2 + 4d' — 4dR cos SNW = 4p, ove (hE 8) 


and dsin SNW = pcos (a +B + Y). va (115) 
Hence from (112), (11°3), (11:4), (11°5), 
.=4d, OP. OP: = 2Rd, 
and POP = SNw, 


12. To prove: “ Jn any ¢riangle, the radical awis of the Director circle 
of any inscribed conic and the nine-point circle cuts the latter at an angle 
equal to the angle JOT’, where OT, OT’ are the tangents from the circum- 
centre O to the inconic.” 

Proof. From Salmon: Conic Sections, p. 212, we have 

20P.OP’ cos TOT’ = OP? + OP!? — 4p2, 

Now remembering that OP .OP’ = 2Rad, 
and R!? + 4d? = OP? + OP? + 4p’, (vide § 11), 
we have R?.+ 4d? — 4d cos TOT’ = 4(p* + p’’), ee Tek ae 

Again, if the Director circle cuts the N, P. circle at V, in the triangle 
NVS, NS =d, NV = R/2, SV? = p* + p”. 

2 Ra + 4d? — 4Rd cos SNV = p® + p”?. ve (12.2) 


Hence from (12.1) and (12.2) we obtain 
sNV = TOT. 


Corollary: (i) Tf the in-conic passes through the circum-centre O, the 
Director circle touches the WN. P, circle. 
This is a well-known theorem, 


Corollary: (ii) Jf the Director-circle of any in-conic passes through 
the circum-centre, then it passes through the ends 
of a diameter of the N. P. circle ; and conversely, 


28 
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if the Director-circle of any in-conic passes through 
the ends of a diameter of the WV. P. circle, then it 
passes through the circum-centre as well. 


[The result stated in § 12 may be considered as an extension of 
corollary (1). which is a particular case of the following theorem of 
Mr. V. Ramaswami Iyer published in the Edinburgh Mathematical 
Society’s Proceedings, 1896 :— 


If a conic is inscribed in a triangle and one of its confocals passes 
through the circum-centre, then the mutual orthoptic circle of the two conics 
touches the nine points circle of the triangle. 


The following extension corresponding to this theorem may be 
stated :— 

The radical axis of the mutual orthoptic circle of a conic inscribed in a 
triangle and a confocal, and the nine-points circle of the triangle, cuts the 
latter at an angle equal to that subtended by the confocal at the circum-centre 
of the triangle. 

Geometrical proofs of the above extension and Mr, Gulasekharam’s 
Theorem of § 12 easily follow from the result (stated in § 11 (b) of this 
article) by the application of Question 192 of Mr, V. Ramaswami Aiyar, or 
Question 253. M. B.] 
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MATHEMATICS IN INDIA—THEN AND NOW. 


By V. Sankaran, MANGALORE, 


It is a characteristic of the present times in India that we feel as if 
~ we have been shut out from all knowledge of the glories of this ancient 
land in the palmy days of yore. The cry is now “ Look back into your 
past history and you will learn more than what you can by merely study- 
ing what you are taught in schools,” In every department of knowledge 
this looking back into the past is necessary. We have begua to realize 
how advanced our fore-fathers were in the study of the Humanities, Politi- 
cal and Social Sciences, Arts and Philosophy. It is therefore, but natural 
to expect that in other departments of knowledge also, they should have 
reached a tolerably high standard of advancement and efliciency. 


The task of making available to the world at large the ancient Mss. 
concerning Mathematics does not seem so far to have been taken up in 
right earnest. 


_ We are indeed thankful to persons like the late Prof. M. Rangacharya 
and Mr. Trivedi, who spared no pains to bring out Gevernment editions of 
Ganita Sara Sangraha and Rékhé Ganita. At present we want more men 
like these to make known to the people the existence of ancieat mathema- 
tical treatises and their contents. 


The place of the ‘ Preface’ in modern treatises was taken up in our 
old works by the ‘introductory verses’ Thus, in the first of the above- 
mentioned works, viz., Ganita Sara Sangraha, MahAaviracharya says :— 


“Tn all those transactions which relate to worldly, Vedic or (other) 
similarly religious affairs, calculation is of use. In the science of love, in 
the science of wealth, in music and in the drama, in the art of cooking, 
and similarly in medicine and in things like the knowledge of architecture. 


In prosody, in poetics and poetry, in logic and grammar and such 
other things and in relation to all that constitutes the peculiar value of 
the arts—in all these, the science of computation is held in high esteem. 


In relation to the movements of the sun and other heavenly bodies, 
in connection with eclipses and the conjunction of planets, and in con- 
nection with triprasna and the course of the moon—indeed in all these 


mathematics is utilised. 


In short, whatever there is in all the three worlds, possessed of 
moving and non-moving beings, canuot exist as apart from measurement,” 
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It is thus clear that mathematics was studied in those days because, 
it was found indispensable in ordinary life and in its study the 
practical aspect was always kept in view. No branch of mathematics 
was studied which did not have its application in life at the time in which 
it was writien. Further, things were studied only to that degree of accu- 
racy which was consistent with the practical needs of the people, People 


in those days were not interested in calculating the value of 7 to 707 places, « 


For, they realized that decimal fractions to more places than 3 or 4 are 
useless for all practical purposes. That calculations were not carried 
beyond 2 or 3 places of decimals can be easily understood from a perusal 
of the contents of some of the mathematical treatises in Tamil and 
Sanskrit. 


There seem to have been about a dozen mathematical works in 
Tamil and Sanskrit, of which Kari Nayanar says he intends writing a 
summary. Among mathematical books in Sanskrit, the author mentions 
Anjanam, Daivam, Bhuvunadipam and Ganitaratnam. Among the trea- 
tises in Tamil are mentioned Govindanarpadi, Kanakkadhikaram Oram- 
bam, Kalambakam Tribhuvanatilakam, Kanakaratnam and Chirukanakku, 
Of these, only the ‘ Kanakkadhikaram’ is now available and very little 
is known about the others, No mention is made, however, of Lilavdti or 
Ganita Sara Sangraha, thus showing that the ‘ Kanakkadhikaram belongs 
to an earlier age. 


Bhaskaracharya, the author of the Lilavati, says towards the end of 
his Bijaganitam : AA SAA TIAA AANA A qearaalsegatta suggesting 
that there were many authors before him who had written treatises on 
mathematics—chief among them being Brahma Gupta, Sridhara and 
Padmanabha. Of these Brahma Gupta alone seems to have gained recog- 
nition, the works of the others being almost unknown. Mr, Sudkakara 
Dwivedi in his ‘ Ganakatarangini’ gives a big list of mathematicians, But 
as it is written in Sanskrit, its contents are not widely known. 


Confining our attention to Lilavati and Kanakkadikaram, we may 
begin by noticing that these are works on ‘general mathematics’—the 
analogue of what we now call ‘elementary mathematics,’ 


It may be useful to compare them with modern treatises as regards 
the general treatment of the subject, 


We know that most of the modern treatises contain a good man 
examples after each type. The type is explained and worked out we: 
number of questions are given on the same or mainly the same model 
though with some verbal changes and with sume chapters on what pe: 


ee 
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known as ‘miscellaneous examples.’ But in the Zil/avati as aleo in 
the Kanakkadikaram, we find only one or two examples after each 
type. The reason for this is stated by Bhaskara towards the end of his 
Bijaganita,\where he says : 


ies bo 


TATU SHA lsat FF Aa: II 
* * * 


Ula wet aa alla aa aera: Il 


Examples can be easily multiplied by the intelligent student, Hence 
only a few examples are given.” 


Again, the idea of suggesting miscellaneous problems towards the end 
of a treatise is not solely a modern one, Though the Lilavati lacks it, the 
same author has suggested several problems in the last chapter of the 
Siddanta Siromani, his masterpiece on Astronomy, 


A second feature of the modern text-book is that it does not give 
ready made rules for types, while the Jilavafi and Kanakkadikaram 
give them. The reason is not far to seek. The people in the early ages used 
to compress most of their learning into short mnemonic verses or sutras, 
Those were not the days of elaborate treatises written in extenso, The 
art of printing bad not then been invented. The teacher was expected 
in each case to arrive at the method by independent work and in the end to 
give the result in the form of a rule; then, read the correspond- 
ing sloka or stanz. and finally elicit from the student himself its explana- 
tion. Again, a last point with regard to the treatises of the Middle Ages 
is that they are almost always written in verse thus throwing some side- 
light on the literary advancement of the times, 


Néw proceeding to the contents, we find that the Lilavati of Phaskara 
and Ganita Sara Sangraha of Mahavira are essentially treatises on 
elementary mathematics as it is understood to-day. ‘Till very recently, 
the several departments of mathematical knowledge, arithmetic, 
algebra and geometry were regarded as watertight compartmente, 
But now, the angle of vision has changed and instead of regarding 
them as separate and mutually exclusive subjects, we have begun to see in 
them common elements which give them a corporate and inter- 
dependent existence. A question is first solved arithmetically, generalisa- 
tions are made therefrom, the results are then expressed algebraically and, 
whenever possible, illustrated geometrically. Though to most of us this 
might appear as an idea of recent date, we have ample grounds to 
believe that the notion of the inter-dependence of these subjects was in 


existence and has been applied in India from the earliest times. Hven 
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to-day, if we go to any old gentlemen without any experience of western 
education, it will be interesting to know how he finds out the equare of 
any number. The process by which he works out the result will suggest 
to any thoughtful man the application of what is known as the distributive 
law for multiplication. For example, to find out the square of 27, the work- 
ing will be as follows: ‘20 times 20, 400; 20 times 7, 140; 540; 20 times 
7, 140 ; 680; 7 times 7, 49; 729—so that the square of 27 is 729.” Again, 
taking up another instance, the multiplication of mixed fractions, say 33, 
43, the process is more patent. ‘3 times 4, 12; 3 times 3, 15, 135; 4 times 2, 2, 
153; 3 of 4, +, 153.” In working questions by this method, we see how 
unconsciously the distributive law is applied. {n the “ Zilavati,” the 
author does not introduce the word “bija”’ anywhere in his book, 
though free use is made of the rulee of algebra, For example, in the 9th 
sloka he says, 


GAT: HaAeAda AA SeAIMDAUNAaAA: II 
* * %* * 


Megaiueaiataa Kasaiea ZarHfaar ll 
**The square of a quantity is obtained by multiplying it by itself. To find 
this, to the square of the last digit, add twice the product of this and the 
preceding number ; and to all this add the square of the preceding; and 
proceed like this ”—evidently applying the general formula 


(a+b +c) =a? + 2a(b +c) + (b + c)?, 


Another method is : “ divide the number into two parts and to twice 
the product of these add the squares of the parts.” 


Again in the 13th sloka, the author says: 
AAATUIATA: WAT? ACAI AS adseagy: 
aufataraa: aa Srieavt: aaraledt areaaraad || 
* * . * * 
qosrai Tet Ue: fawA: aSTFATy II 


In the first part the author applies the expansion a* + 3a? b + 3ab? + b* 
and in the second a* + 5° + 3ab(a+4) for the cube of the binomial 
(a+). Thus we find that the rules and formulz of algebra are freely 
applied in the work. 


Next, taking up the contents of the Lilavati in greater detail, the 
author begins with ‘ abhinnaparikarmdshtakam,” comprising the four 
rules applied to integers and raising them to the powers 2, 3, 5 aud 4, Then 


6 14t) ” s : F 
comes “* jatichatushtayam,” or conversion of mixed fractions into vulgar 
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fractions reducing them to equivalent fractions with common numerator or 
denominator and comparing them, followed by ‘‘bhinna” and “ sunya pari. 
karmashtakam”—the eight operations aforesaid on fractions and zero, Here 
it will be interesting to note that the result of dividing a number by zero is 
left as undetermined and indeterminate being simply called ‘ khahasa.” 
Then follow the chapters on problems leading to simple and quadratic 
equations, “trairasika” and “ pancharasiha” (proportion, simple and 
compound, direct. and inverse), ‘‘ bhandapratibhanda” or barter, 
 misravyavahara ” or alligations or mixtures. Then the author takes up 
“sredi”—simple arithmetical and geometrical progressions, the sum of the 
squares and cubes of the first » natural numbers. This is followed by 
“ kshétra vyavabdra ’—meneuration of the triangle, quadrilateral, circle, 
sphere, rectangular parallelpiped, frusta on rectangular bases, and 
square and cubic measure. The last two chapters are devoted to “ kuttaka” 
or continued fractions, and “ ankapasa” or permutations and combinations. 
The above give in brief the contents of the Lilavati and we can see how 
far these compare with the elementary mathematics of to-day, Before we 
take up the other works for consideration, one thing that could be said in 
favour of the Lilavati is that it meets almost all the requirements of 
every-day life in India, Each one of the sections above enumerated has 
got an application in life. The questions set forth are mostly practical 
and no question is dry. Hach has got a bearing, historical, social or 
religious. Thus while suggesting questions for mixtures, the author takes 
up the mixing up and melting together of different qualities of gold 
in varying proportions. A question on quadratics rans thus : 


QI: BUTI ARG RST TT GTA 
qeda far aout qeaa sears | 
aed gehraahuRatidlt sd ast FF 
Paedarer Pact ae Hite AlaMa: ZF II 


Se 


Again a question on proportion takes the form : 
grant a Trezacacr eat area fererferreaer FH 


“Tf a maid-servant 16 years old gets Rs. 32 what will a maid-servant 
of 20 get?” Here some western historian of mathematics takes this verse 
to mean: *‘ If the cost of a maid of 16 be Rs, 32, what will be the cost of 
a maid of 202” and goes on to infer the social condition of the period and 
says that slave trade was prevalent in India in those times, The meaning 
itself ie far-fetched and the inference unwarranted, 
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A question on permutations reads: 
qaigueemnartere: azargiar aagatarT | 
sansa: Baader: waters aaaIsees I 

s even different idols of Siva and Vishnu can be made by inter- 

change of ayudhas, it being given that Sivabas ten and Vishnu four differ- 


ent ayudhas.” 

These questions are essentially Indian and these appeal to 
the Indian reader much better than the dry and unpractical examples given 
in most English text-books. 


' Thus in point of contents, modern elementary mathematics includes 
the same portions as are dealt with in the Lilavasi with something more 
of formal geometry and algebra. 


(Zo be continued.) 
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SHORT NOTES. 
Transformation of (xP —1)/(x—1). 


In ‘Nature’ of June 9, 1921, Prof. G@. B, Matthews announced the 
polynomials y and 2 in # in connection with the well-known transforma- 
tion of the polynomial 

= in — 
ste” in the form y? — (—1)* (p—)) p27, 
(p being an odd prime number) for the value p = 37. Sometime later; 
Prof, Pocklington, F. R. S., announced tbe polynomials y and z for the 
primes 41, 43, 47, 53, 59 and 61, following the method given on pp, 
216, 217 in Art, 194 of Matthew’s Theory of Numbers, Part I. 


The following is perhaps a simpler and readier method of arriving 
successively at the co-efficients of the powers of gin y and zand does 
not involve any high knowledge of the theory of numbers, 


ap — 1 
g—) 





1. We may write x= (p being an odd prime) 


y = 20? (pl) 4. P22 (P—9) + Pod Sard Hace ove y 


it i 1 
and g.= ,Q,a* (p—3) + Qox? (p—9) os ised ntact 
Now, following the notation of Prof, Matthews in his Theory of 


Numbers, let us put 
(i}» Be = : (Sn aa 4Sn-1 + poSn-2 + PTY ea Pn-1 8,) 


where py = Gr + br%q, %o and %, being the roots of the equation 


5 (p—1) 
(ii) ya 7 4 i= Cl _?= 0; 


S, =, or %, according as h is aresidue of. p or is a non-residue 


of p that is, hRporhN p. 
Also (iii) “X, =e + pit + Pee beers + Py-g © + Py 
. 2 


U + % Vs 
polynomials in & with integral cc-¢fficients. 


lll 


where U and V are 
29 
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(iv) y= 20—V;z2=-—V 
2, From (iii) and (iv), we infer 
(v) Li 2 (Xa), = —i 
Equating the co-efficients of powers of ‘x’ in (iv), we deduce 


, ik a aa —i 
C).V/ora 36) 


Evidently [Si], , =—}, 
5 A, 
whether hRp, ovh N p, since 744 +%, =— 1 


When (n—?) Rp, Pr S,-» =H (a,. + b,. Ne) No . 
= (a, — b,) 1 — Be £1 PD) p} 


When (n—r) Np, py Sn-+ = (ay + 0, No) (—1--%,) 
= — a," —a, + % {1—(-1} Pie 


*. [pr Sn-r] , =— da, + br }} + (—1)3(P-)) p}. 
WQ=—-s 4 


the + sign being taken when (xn — r) Rp and the — sign when (n — r) Np 


eS ae 





vii =—i r : 
( ) 2 [p hy a 4 4 — (+6,) 
1 
im 1 (—1 + (p—1) * F 
ee P,— Sa Q,. eos from (vi) 


where Cy—mp= ((n—1r) |p}, with the usual notation. 


Hence, we get the reduction formula 


n—l1 
menage See 


l 


n—t1 


“54 > Pit (—1)? ®—D , Q, ee 


0 


227 


n—1 


(viii) = = > \P, 2S (—1)? (p—1) PQs, bs assuuning P,=2. 
0 


=—]1 


3. Again, since y + z =2(U—V) =2 [XJ 
equating co-efficients of like powers of » on both sides, we get 
(x) Pet Qe = 2 [Ply = 1 


When (n—r) Xp, 


Tet (iP) p 
ae 





[prSn- rly »=—! == —(a,—b;,.)—b, 
= 1—1—1)3(P—)) p 
5s Py el Docs 4 
—(—1)3(f—-1) 
= — 3 (e, +O) 4: Ose: pete ae 


When (x — 7) NA, 
[pe Ser] = (1—(- 2D p) 


= + the aT eS 1)3 (p—1),) 


n—t1 
ot Ps +. = — = [s. +4 Fs ced | Sa, on 
1 
n—t1 
—; >@+aat err) | 
t : 

since when are = lor0, according a8(—r) kp or (n—r) Nop. 

But [Si], 1 = —lorOaccording ashRforhNp. | 
Pare! Lect it (SiJy 1 = + 1 or — J, accg. ashRporhN p 


mm (h/p) = ie with the usual notation, 


228 





gis 
l 
(2) Pa + Or = 5 3 fe 1 O,ick Ee row 
, ( — 1e—Y) ph Q, Cn-r } 
since Sx» = — nes P, =,2; and 0 =0. 


4, Subtracting (viii) from (x, we get © 


n—1 


(xi) Qn <5 > {Q) + Py en-r}. 
0 


Thus, we get two convenient reduction formule for Pn and Qn, 
Viz, 


n—1 


n—1 

zt 

o > {a + P, tron} ove » I 
0 


5. From the formule I and II, we can easily deduce the following 
two formule which are more suitable for numerical work : 


and Qn 


Qn Pa — (@n—1) Peer = (— IPP 5 (Q4-1 — 2B Qu 
+23Q58 
and 2n Q, — (2u—1) Qna1 = Pani + 2 { é, — er 
— & Pa-r + S Pa-+-1} 


the summation on the left-hand side extending over all the values of 
r <n and non-residues of Z, 


Since the mth co-efficients of y and z from the beginning and the 
end are always equal numerically, it will be sufficient if we calculate the 


3 ; ; —1 . 
first 2 = co-efficients in y and the first i co-efficients in z, when 





p=1 (mod. 4) ; and the first 4 + | co-efficionts in yand the first — 


co-eflicients in 2, when p = 3 (mod. 4). 


ee See ia ae 
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6, The following table gives the values of P,, and Q, for the primes 
67, 71, 73, and 79. 


tae 


OE EE ne ee eee 


ers ee rsa. bo, 16 (Brot 3, 4, — 8, 1,9 
75, — 35, — 14, 69, — 89, 10 ao 7, —8,5, 5,—14, 
1068 


oe eS 


2,1, — 17, — 26, — 5, 31, 58, 64, 60} 1,1, — 2, —5, — 5, —2,2 
33, — 29, ee ee Ol, — 70, 6 1, Ree eee 
ea = V6, —3 





73 | 2, 1,19, 28, 61, 106, 158, 251, 322, eee uae (i, 1, 4, 7, 12, 20, 27, 40 
442, 544, 652, 783, 868, 983, 1050, | 50, 64, 78, 89, 104, 113, 
1113, 1164, 1156 124, 131, 134, 138 








| Oe re aa 


79 2,1, — 19, — 29, 24,69, 4, — 64, 19 1,1, — 3, —6,1,%,0,— ? 
75, —-67, — 125,81, 166, —60, — 137 | 5, 11, eis al tet bt 
87, 110, — 152, — 148 SB Ls 14, 14, —* 98, 


a 


A, A. KRisHNASWAMI AIYANGAR, 
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ASTRONOMICAL NOTES. 


Interference Method in Astronomy. 


i, The recent announcement of the successful application of this 
method at Mount Wilson, to the measurement of the angular diameters of 
some of the brightest stars has created such a widespread interest that a 
brief account of the method may not be out of place in the astronomical 
page of this journal. Following so closely, as it does, the theoretical 
researches of iiddington?, Wilsing?, and other investigators, it forms one of 
the many remarkable instances in the history of Astronomy in which 
theory and observation have advanced side by side, the one helping and 
checking the other, 


2, The method itself is not in any way a recent discovery ; in fact 
the possibilities of the method were indicated by Fizeau so early as 1868 
and in 1874 Stephan made at the Marseilles Observatory some sttempts to 
measure the angular diameters of some of the brightest stars; these, 
however, were not quite successful on account of the small aperture of the 
telescope used. 

3. The principles involved in the method may be summarised 
thus :— 

In an astronomical telescope the image of a star (a point source of 
light) formed in the focal plane, is not also a point, but consists generally 
of a small circular bright disc in the centre surrounded by a series of 
diffraction rings—the angular diameter of the first ring calculated from 


: LS vee 
theory is 1.22 D’ where © is the mean wave length of light and D the 


aperture of the telescope, Ifa star, which is a close double, is observed, 
the images will appear just separated if the angular distance between them 
is such that one image falls in the first diffraction ring of the other, 
Lord Rayleigh has thus deduced an expression 5’/D for the resolving 
power of a telescope, where D is the aperture of the object glass in inches 
t.e., a telescope D” in aperture will just be able to separate the two pes 
ponents of a double star whose singular distance apart is 5”/D, 


4. If a narrow slit were placed in front of the object glass, the 
diffraction rings will be transformed into a series of fringes Rei ve the 
edges of the slit. Michelson and later on M, Hamy rae he investigated th 
theory of the phenomena which occur when two narrow slits : i ; : 
each other are placed in front of the object glass. It ae ke A ip iF to 
to recount some of the results obtained by Michelson (Phil. Mag 1880) lng 





ne ert 


t Presidential Address: Section A, British Association 1920 
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(1) If the object observed isa bright circular disc, the diffraction 
fringes will vanish for the distances of the slits given by / = (1'22, 2:24 
3.26 ...) \/a, where % is the mean wave length of light and & the 
angular diameter of the object. 


(2) Tn the case of a double star with components of the same bright- 
ness Close to each other, if the slits are placed in such a way that their 
length is perpendicular to the line joining the centres of the component 
stars, the fringes will vanish for the distances 


ere = 
? By eee eee tenes ner ) Pip. 


where « is the angular distance between the component stars. 


5. These two results have been used with remakable success in 
measuring the angular distances between some very close double stars and 
the angular diameters of some of the brightest giant stars. The 100-inch 
telescope at Mount Wilson was specially directed towards this research 
and some very good measures have been obtained. Capella was the star 
first chosen for trial. Campbell and Newall had discovered. its binary 
character by spectroscopic methods, but hitherto the largest telescope 
could not separate the components. By the interference method it was 
found possible to obtain satisfactory measures of the distance and posi- 
tion angle which are in sensible accord with the results obtained by 
spectroscopic methods, 


6. Michelson then extended the method by using an interferomete) 
for the measurement of stellar diameters. The giant red stars with a low 
density and considerable luminosity were fonnd most suitable for the 
purpose. The stars whose diameters have been so far :easured with the 
100-inch telescope at Mount Wilson are « Orionis (Betelguese)? and 
Scorpii (Antares). The angular diameter of the former was found to be 
0,047, and as its parallax has been determined as 0.018, its linear 
diameter should be about 240,000,000 miles, with an uncertainty of only 
about 10 per cent. The results for Antares indicate that this star is of 
even larger linear dimensions. The angular diameter measured by the 
interference method is 0’’.040, but as its parallax is exceedingly small, 
about 0.009, its linear diameter proves to be about 400 x 10° miles, 
The method seems to be of immense possibilities and it may confidently be 
expected that further devolopments will be made, so that angular 
distances down to 0”.01 may be accurately measured. 


T, P, Buaaskara SASTRI. 





1 Astrophysical Journal, May 1921, 
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SOLUTIONS. 
Question 987. 


(H. R, Kapapra) :—If n bave any positive integral value except unity, 
and r be any positive integer which is not a perfect power, show that 


2 (0 Ty A 1) eS; 
and if d(n) denote the number of divisors of », that > { d(n) —1} /r*=1; 
also that S(n — 1)/* = SI/(r — 1). 
Solution by N. B. Mitra. 


Consider the series sy, = a a + Pa + ...... toa (1), where x 


is any positive integer > 1. 


The series is absolutely convergent and we are, therefore, at liberty 
to rearrange the series in any manner. 


Let r be any integer which is not a perfect power (r > 1). 
Now the series (1) can be arranged in groups like these :— 
1 he ine | 2 1 1 

(5 + 4n + Bn + oo) th 3x 4. g” + Q7n + wos) + escece 

t(at+itat eeeeee ae 

r qn ig te 
where r = 2, 3, 5, 6, 7,10, 11... 

Now the group beginning with - = 1/7” — 1), Hence giving to r 


all possible values, we get s, = =1/(r7 — 1), where > refers to eimma- 
tion with respect to r. ao - ae ese (2) 


Hence se Tat = (n — 1) sn, 


re | 
Substituting 2, 3, 4 ...... in succession, for 7, in this we get, 


2 ee ] l 
Yara iP ra ie Aare tas a re aa to oo 


3—I_ : 2 
Sa TE es = ge tag F gg F eee tow 





r*— 1 94 44 
and so on, 


4 —] 
>. =(4—Iy, =F +343 + .seeee $0.00 
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Each of these series is absolutely convergent, for s, is so ifn > 1; 
and it is easy to see that the double series on the right satisfies Cauchy’s 
test for absolute convergence. 


Adding up these, the addition on the right being performed column 
by column, and ee ee that the sum of the p*" column 


3 
(p + Sy {! ty 1 + ety as 1)? + eoceee « } 
1 —F 
nn ae 
(p + oat p+ Salt 3 


we get, es ae Sues 
p=1 


Nots.—The summation on the left-side is to be performed doubly, 
with respect to r as well as ton; hence it would have been better to use 
two 5’s instead of one as printed in the question. 


Let the notation § denote summation with respect to p. 
4 
(ii) It is known that 2 + w2d(2) + 23d(3)+ v0... is equal to the 
v2 


ea rat 
i —vwge ay eae eveuse (/x/< 1) 





Lambert’s series 
Hence if 2 be as defined in the question, we have 
wv + 


or Sent = ene SH eer) 





In this, put « = 1/7, where 7 is as defined in the question, so that 


els = aan + > 7 


Also ~ 1/r™ = 1/r? + 1/78 + seveee & I/7Cr — 1), 


r>i. We get 


Hence = {d(n)— 1} |" = * U(r? — 1), 


wd SHAW 1 DD war 


Now the double series on the right can be easily shown to be abso- 
lutely convergent. 


30 
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Hence TEYr—Ye2xSSli/r7—)Y= = sn by (2). 
r 


yn n 


] 1 
Now > 8s, = 1 + BY + is + covsee 
n 


- 
2% 
a 


} ] 
+ 33 + 43 + eeecee 
1 1 


5a tats 5 TT ETT 


fb 


+ 


The double series on the right is evidently absolutely convergent and 
so we shall arrive at the same result in whatever way we proceed to sum it, 


Adding by columns and observing that the p‘” column 
1 | 1 


_—_——— + a + eetase = , 
(pF TD)? Sage + ee pCp + 1) 
we get 


28m = J I/p(pt+1)=1/1.241/2.3+41/3.4+4...... toc =], 
n 
Hence > D{d(n) — 1} /r" = 1, 
rn 
(iii) Lastly 


W(r—1)? = L (1-2) SPAR a irs ay pn Se — 1)/r", 
r2 r 
n 





r2 fe 
e ] = n—l 
ci > tah yS st 
Tr se n 


Notz.—There appears to be a printing mistake in the 3rd part of the 
question, where on the left side of the equality 7 should be replaced by 7” 


= 





Question 1011, 
(SeLecreD) :—In an ellipse the tangent at P cuts the directrices in 
4, Z', and the remaining tangents from Z,Z’ to the ellipse meet at T. Show 
that PT is normal to the ellipse and bisected by the minor axis. 


Solution by N. Sundaram Aiyar, 8S, M@. Malurkar and several others, 


Let the equation to the ellipse be as RS Lay” 2h 
a®— «68 
Let TZ and TZ’ touch the ellipse at 


Q and R respectively. Let the 
eccentric angles of P, Q and R be 6, 61; 


and 6» respectively. 


2385 











a cos 1 =o b sin eh 
Then, the co-ordinates of T are ray eect & ae a (i) 
cos 0, —92 cos 6,— 62 
2 2 
a cos (5) 
Also =f 4 eee? ona (it) 
cos 2 
2 
P a cos (e+ 
and _- = eee ses iii 
é 0—O, : GH) 
cos 





2 


where ¢ is the eccentricity of the ellipse. 
; 6 0, O¢ . 
Putting ¢, 4, and ¢o, for tan 5) tan % and tan —* respectively, we 


have by adding (ii) and (iii) 
Tet 0a a, 0, or tf, a" i oes LA”) 


: - a (1—t#,) (lL—t¢,) | 2 —# (h+4) 
Again from (ii) and (iii), a= (i+it,) (14a) Zt (t, 44,) 








et ets 2) 


ta 1 — é 2 


| a (hte) bia +4) 
The co-ordinates of T now become ‘ Peeget,? d+ it, fj’ 








{— a(l— 7) —2b¢(1 + é) 


e 1 +t ” (1—e*) (1+?) 





b* 


a. Da 
tee. f= acos 0,— 6sin 9 alert, ee ven ¥) 


Since the 2 — co-ordinates of P and T are respectively @ cos @ and 
_— a cos 6, PT is bisected by the y-axis which is the minor axis, 


lt is now obvious that the normal at P, the equation to which is 


Be ae by = a'— b', contains T, the co-ordinates of which are given 
cosQ sind 
in (v). 

So, PT is normal to the ellipse and bisected by the minor axis, 


ral 
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Question 1091. 

(Enquiner) :—lf a, 4, ¢ denote the radii of three circles which touch 
one another externally and 7, and 7, be the radii of the two circles which 
can be drawn to touch these three, prove that 

i SPs Gi PO eae 
Additional Solution by G. A. Srinivasan, 


This has been solved in various ways in the pages of this Journal 
(e.g. Vol. XII, pp. 237-8 ; Vol. XIII, pp. 22-4); an additional solution, 
however, may not be out of place. 


Let A, B, C be the centres of the given circles, a, b, c their radii; let 


(A) and (B) touch at P, Invert with respect to P, The inverse figure ~ 


isas shown. Let p andg be the distances from P of the inverses of 
(A) and (B). 

Then 2a.p = 2bq = R?, = oan 
where R is the radius of inversion. 


The two circles, of radii 7, and r,, which touch the three given 
circles, and the circle (C) invert into equal circles, of radius p say. Suppose 
the distances from P of the centres of these three inverse circles are in 
order d, d,, and d, 


Then, we have at once, 
R3p R’ p R*p 


a,2—p?’ To = pi—d,*' a— ps vee (ii) 





n= 


and 2p =pt+q fe ids o «se (iii) 
We have, from (ii), 
1 1 _ dj + dy? — 2p? _ 2d? + 2(2p)* — 2? 
ry 812 R*p Kp 
(from the triangle PO,O., in which O is the middle point of O, 0.) 
2d" — p) 5 8P 
R*p R* 


2 4(p + . 
. + oh de from (ii) and (iii) 
2 2 2 : 

== i c + 5 from (i), 


a <——<— OT 
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Question 1109. 
(SALDHANA AND MaApuava).—Prove that 


“[7@) | = (1 + ;) S(a@+ 1) 


where A, =( - + : ) : (Bombay, B.A.) 


and extend the result as follows :— 


one [pp7@] = (5 sy 2 ae al 
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“fir@]=(5+2t a) fet 
3 


d 2 a 
where A —. & — and = — 
ae az + x ae ‘ax 


) f@+, 


Remarks by Balakram, 


The results quoted in the question are (as pointed out by several 
gentlemen) special cases of a general theorem. This ‘general theorem is 
capable of being generalized still further a8 follows :— 


If F (2) is a function that can be expanded in ascending and descend- 
ing integral powers of k, then 


F(A) y = a7" FD). (ey) 
where J is the operator D + r/¢ = djdx + v/a. 
Proof :— 
Ay = a-"[aDy +9 att] = a-* D (ay), 
Ay =a"D@. Dy) = a-" D? («"y); 


> ty = avr D® Cary), 
and so on, for all integral (positive) values of m. 
If Am". .y= 4, 
y = Anz = a7" D* (2°). 
a, aor D-*(a"y) = 2 = Ao*y, 
Also Do y = y= 2-* (ay) = -" D° (a"y), 


Hence for all integral values of 
Ary = 2-" D* (wry), 
and consequently 
F (O)y = 27" F (D) . (ay) 
Taking F to be the exponential function, we get the res ults given io 
the question. 


ee 
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Question 1123, 


(G. Si M.) :—Find a formula for the number of regions into which 
space of three dimensions is divided by % planes, 


Solution by N. B. Mitra, and also by the proposer. 


We shall consider.the most general case ; viz the case in which no 

wo of the planes are parallel, no three of them pass through the same 

straight line and no four of them have a common point, Lot F (N) denote 

the required number. Also let f (7). denote the number into which a plane 

is divided by n straight lines in it, no two of which are parallel and no 
three of which meet in a point. 


Now consider the nth plane. Itiscut by the other planes in n—l 
straight lines and these ~—1 lines divide the nth plane into f (n—1) 
parts. - And these parts are such that if any one of them were removed, 
two regions into which space is divided would become one, 


Hence F(z) = F (n—1) + f (x—1). a The 


Now to find f (n). We observe that the nth straight line is cut by 
each of the remaining x—1 lines and therefore it is divided into n parts 
Now there are two parts of the plane on two sides of each of these parts 
of the nth line which would become one if the nth line were removed. 

Hence f (n) = f (n—1) + n, 


Puttiog # equal ton—1, n—2,,,,...2 in succession in this and adding 
all the equations, we get 


f (n) = 2+ (n—1),....4 2+f (1) and f (1)=2, 
Thus f(n) = 1+ dn(n + 1). 
Hence from (1), F (n) = F (n—1) + 34 (n—1) + 1, 


Putting n—1, n—2, ...... 3, 2 in succession for n in this and nding 
all the results, we get 
F(a) = 3 2a (n— 1) +2—1 + F(1) 
= (n—1) n(n + 1)/6 +n +1, since F (1) = 2 
wn (n® + Sn + 6)/6, 





~ 
— 
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QUESTIONS FOR SOLUTION. 


1195. (K. J, Sansana, M,A.):—From the point P (p, q, Y) per- 
pendiculars PM, PN are drawn to the planes given by the equation 
ax*+ by? + 0224-2fyz4+2g24-+4+2hay=0 : 
prove that the length of MN is given by 
{A gG—rH)s + B7'rH—pF i? + O-ltpF—gG)? } # 
{A+B+C—}(a+b+c)s}# 
where A, B, C, F, G, H have their usual values. 
1196. (K, J, Sanyana, M.A.) :—Solve the equation 
dy n—1 dy 


— - .. Ts wd 
dx? — 3" dg? + { 8na22” 3 3n(n—!)ax" : } dz * 


— { nbx9"—8 __37(n—1)0°®—8 + n(n—1) (n—2)2"—3 } yO. 


1197, (N, B. Mirra):—If 2n + 1 is a prime p, prove that the 

numerator of 24” + p( Oe CS eee .) — 1 = 0 (mod. p*). 
n 

1198. (F. A. V. Gutasexaaram) :—The major axis of an inscribed 
conic of a triangle ABC is given by the trilinear equation 

poatgqeb+ry =0. 

(i) Prove that the equation of the conic is 

> { p(p? — g* — 1? + 2gqr cos A)} + = 0, 

(ii) If tbe axis be fixed in direction, the centre traces out a rect- 
angular hyperbola through the in-centre and the e-centre, w. r. t, which 
the original triangle is self-polar. 

~ 

1199, (F. H. V. GutasexuaramM):—Prove that the radius of the 
pedal circle of a point P with respect to a triangle ABC is given by 

R sin A sin B sin€ 
cos PAB. cos PBC , cos POA + vos PAO. cos PCB. cos PBA’ 
where R, is the circum-radius of ABC. 

If the pedal triangle of P is in perspective with ABO, prove that the 
ression reduces to 









R sinA sinB sinC 
“cos PAB .cos PBC . cos PCA 
1200. (MaerixsM. Tuomas) :—Stow that the parabola 
(a?y2 — b2a)sin 20 — 2absy cos2@ + b2a* + a8y2 — 402b? 
+ 2,/2ab { (bs — ay) sine + (bx + ay) cos 6} = 0, 
where @ is variable, osculates its envelope, 


4 
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1201, (Martyn M. Tuomas) :—A periodic comet when at an angular 
distance 9 from the perihelion of its orbit, of eccentricity e, suddenly 
encounters a resistance which brings it to a stand-still. Show that it will 
fall into the sun intime —“— (ae ) 7 where t is the periodic 

4,/2 \l + ¢cos 6 
time of the comet. 


» 1202, (Sgnucrep) :—Being given that 


eg = C+ ur) (u— _ 2 f uv(l — u?) (1 — v2) } 2 
= (i —wu) ’ (1 — uv)? : 


find what dz? + dy? becomes, in terms of u, v, du, dv; and explain 
accurately the geometrical meaning of the result. 


1203. (C. N. Srepnivasa Ivencar):—If Q (2) be the quotient, and 
R (x) the remainder when f (&) is divided by its (2m + 1)" derivative, then 
the roots of Q («).R (z) = 0 separate those of f (x) = 0, supposed to be 
all real, 


1204. (A. A. Krisanaswmr Alyancar) :—Conics are drawn having 
quadritactic contact with the Folium of Descartes at one point and bitactic 
contact elsewhere, Show that the chord of contact envelopes a rectangular 
hyperbola, 


1205. (A. A. Krisuyaswami AtyAncar) :—If n be an even number, 
prove that all the non-repeated factors of (2” — 1) are prime to n and that 
the repeated factors occur once oftener than in n. 


1206. (V. RaMmaswami Iyer):—Three collinear points FY. Fy, Fas 
being the foci of a confocal system of Cartesian ovals, prove (1) that there 
are two ovals T,, T, of the system that have vertices C,, C, respectively, . 
which are points of undulation ; (2) that the vertices of equilateral triangles 
described on FY F,, ¥, Fi, Fs F, both ways, are six of the points of 
intersection of T, and T, ; (3) that the centres of these equilateral 
triangles lie on a circle X whose centre is the mean centre of F,, F,, F 
and which cuts the axis in C,, C, ; (4) that the circle Y ecnedderse ae 
X and of double its radius cuts the axis in O,, O, the triple foci = 
T,, T, 5 (5; that F,, F,, F, are the projections on the i 
vertices of two equilateral triangles inscribable in oe: ‘ 
remaining intersections of T,, T, are the points 
F,, F,, F, invert into the vertices of equilateral tri 


me, axis of the 
and. (6) that the two 
with respect to which 
angles, 


oo ee we 
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